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PREFACE 



• The present Treatiae is oomposed substantially of the Elements of Alg9 
bra of the author, with suoh additional matter as ftilly to adapt it to the 
adyanced course of mathematics now generally pursued in the American 
Colleges. In its preparation the object has been to give a clear yiew of 
the nature and powers of Algebra. The analytic method is uniformly 
pursued, and the topics ace so presented as, in general, to lead the 
student to feel the want of a new principle belbre proceeding to its inyesti- 
gatlon. Thus, the work commences with the exposition of Algebra, as a 
concise language adapted to fiusilitate the processes of reasoning required 
in mathematical inyestigations. The operations of Algebra, therefore, with 
which most treatises begin, are not introduced until, in the use of the 
algebraic language in the solution of questions^ the manner in which these 
operations arise, and the reason tor them, are seen. The same general 
plan is pursued throughout Much attention is paid to the Discussion of 
Problems and Equations, a topic of the highest importance to the clear 
understanding of the true nature of Algebra. A section is giyen on the 
Indeterminate A^^ysis, a subject not usually introduced into our text 
books, but of great yalue in itself and in its relation to Analytic Geometry. 
A full yiew is giyen of the General Theory of Equations, and of the method 
of solying Numerical Equations of any degree. The seyenJ subjects are* 
presented in the manner found by experience best adapted to the conyen- 
ience of recitations and the progress of the pupil. All needed help, it is 
belieyed, is furnished, without that diffuseness of explanation which leayes 
to the learner no room for the exercise of his own powers. The difficulties 
to be encountered are such only as pertun of necessity to the subject, and 
which serye to furnish a healthy stimulus to exertion and the mental 
discipline necessai^ to the successftil prosecution of more adyanced studies. 

The work in its present fbrm is still better adapted, it is hoped, to the 
use of Academies and High Schools, in which it has heretofore been exten- 
siyely ui^ed. For a younger class of pupils, the Elementary Algebra of 
the author will be found sufficientiy simple, and an easy introduction to 
the present work. Wk SanrxE 

Bowdoin College, 1858 
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ELEMENTS OF ALGEBRA. 



SECTION I. — ^Explanation of Algebbaic Signs. 



1. Let it be proposed to divide the number 56 into two such 
parts, that the greater may exceed the less by 12. 

To resolve this question, we remark that, 

P. T/ie greater part is equal to the less added to 12. 

2?. The greater part, added to the less part, is eqtcal to 56. 

It follows, therefore, that, 

3". The less part, added to 12, added also to the less part, is 
eqiud to 56. 

But this language may be abridged, thus, 

4**. Twice the less part, added to 12, is equal to 56 ; whence, 

5°. Tmce the less part is equal to 56 diminished by 12. 

Subtracting, therefore, 12 from 56, we have 

6®. Twice the less part equal to 44; wherefore 

7**. Once the less part is equal to 44 divided by 2, or perform- 
ing the division, we have 

8**. Once the less part equal to 22. 

Adding 12 to 22 we have 34 for the greater part. The parts 
required, therefore, are 22 and 34. 

2. In the process of reasoning required in the solution of the 
pro]'osed question expressions, such as " added to,*^ " diminished 
hy,* ^* equal to,** &c. are often repeated. These expressions 

A* 
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refer to the operations, by which the numbers given in the ques- 
tion are connected among themselves, or to the relations which 
they bear to each other. The reasoning, therefore, which per- 
tams to the solution of the proposed, it is evident, may be rendered 
much more concise, by representing each of these expressions by 
a convenient sign. 

It is agreed among mathematicians to represent the expression 
" added ^o" by the sign +, read pltLS^ the expression " diminished 
hy" by the sign — , read mintcSf the expression " multiplied by^^ 
by the sign X» that of " divided hf^ by the sign -f-. Lastly, the 
expression ^^ equal ^o" is represented by the sign =. 
• 3. By means of the above signs, the reasoning in the question 
proposed may be much abridged ; still, however, we have frequent 
occasion to repeat the expression " the less part,** The reasoning, 
therefore, may be 'still more abridged by representing this also 
by a sign. 

The less part is the unknown quantity sought directly by the 
reasoning pursued. It is agreed in general to represent the 
unknown quantity or quantities sought in a question by some 
one of the last letters of the alphabet, as, x, y, z. 

4. Let us now resume the question proposed, and employ in 
its solution the signs, which have been explained. 

Let uy^ represent by x the less of the two parts required, we 
have then 

a: + 12 = the greater part, 
X + 12 + x = 56 
2 X a: + 12 = 66 

2Xx = 56 — l'2 
2 X:p = 44 

a:==:44-5-2 
a: = 22. 

The multiplication of a: by 2 may be expressed more con- 
cisely thus, 2,x, or still more concisely thus, 2x, Division 
also is more commonly indicated by writing the number to be 
divided above a horizontal Hue, and the divisor beneath it in 
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the form of a fraction ; 14 divided by 2, for example, is indicated 
thus,—. 

5. The question, which we lia\e solved, is simple; it is 
sufficient, however,- to show the aid which may be derived 
from convenient signs in facilitating the reasonings, that per- 
tain to the solution of a question. Indeed in abstruse and 
complicated questions, it would often be difficult, and sometimes 
absolutely impossible to conduct, without such aid, the reasonings 
required. 

6. The signs which have been explained, together with 
those which will hereafter be introduced, are called Algebraic 
signs. It is from the use of these that the science of Algebra is 
derived. 

Let us now employ the signs already explained in the solution 
of some questions. 

1. Three men. A, B, and G trade in company and gain $405, 
of which B has twice as much as A, and C three times as much 
as B. Required the share of each. 

Let z represent the share of A, then 2z will represent the 
share of B and 6 a: the share of C. Then, since the shares added 
together sljould be equal to the sum gained, we have 
a: + 2a: + 6a: = 405 
9a: = 405 

» # ^ — 9 — ^• 

Thus we have A's share = $46; whence B's share is $90 
and C's $270. 

2. A fortress is garrisoned by 2600 men ; and there are nine 
times as many infantry, and three times as many artillery as 
cavalry. How many are there of each ? 

3. From two towns, which are 187 miles dis.tant, two travel- 
lers set out at the same tune, with an intention of meeting. One 
of them goes 8 miles, and die other 9 miles a day. In how 
many days will they meet * 
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4. A gentleman meeting four poor persons distributed 6 shil- 
lings among them; to the second he gave twice, to the third 
thrice, and to the fourth four times as much as to the first. What 
did he give to each ? 

5. Four persons, A, B, C and D made a joint stock ; B puts 
in twice as much as A, C puts in three times as much as B, and 
D puts in as much as the other three together. The whole stock 
is 820,000. How much did each put in ? 

6. To divide the number 230 into three such parts, that the 
excess of the mean above the least may be 40, and the excess of 
the greatest above the mean may be 60. 

Let X represent the least part, then x-^iO will be the mean 
and a: + 40 -f- 60 will be the greatest part ; we have therefore 
a;^a:-(-40 + a:+40-f 60 = 230 
3a: +140 = 230 
32=90 
a: = 30. 

Th6 parts will then be 30, 70 and 130 respectively. 

7. A draper bought three pieces of cloth which together mea- 
sured 159 yards. The second piece was 15 yds. longer than the 
first, and the third 24 yds. longer than the second. What was 
the length of each ? 

8. Three men, A, B and C made a joint stock ; A puts in a 
certain sum, B puts in $115 more than A, arid C puts in S235 
more that B ; the whole stock was $1753. What did each man 
put in ? 

9. A gentleman buys 4 horses, for the second of which he 
gives £12 more than for the first, for the third £6 more than for 
the second, and for the fourth £2 more than for the third. The 
sum paid for all was £230. How much did each cost ? 

10. A man leaves by will his property, amounting to $14000. 
to his wife, two sons and three daughters ; each son is to receive 
twice as much, as a daughter, and the wife as much as all the 
children together. What will each receive ? 
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11. An express sets out to travel 240 miles in 4 days, but ui 
consequence of the badness of the roads, he found he must gc 6 
miles the second day, 9 the third and 14 the fourth day less than 
the first. How many miles must he travel each day ? 

12. The sum of $800 was divided among 4 persons; the 
second received three times as much as the first, the third as 
much as the first and second, and the fourth as much as the 
second and third. What did each receive ? 

13. A silversmith has 3 pieces of metal. The second weighs 
6 oz. more than twice the first, and the third 9 oz. more than 
three times the second. The weight of the whole being 52 oz., 
what is the weight of each ? 



SECTION II.— Equations. 



7. The difierence between two numbers is 25 and the greater 
is 4 times the less ; required the numbers. 

Let X represent the l^ss, then a;-|-25 will represent the 

greater ; but since by the question the greater is four times the 

less, 4iX will also represent the greater ; these two expressions 

for the same thing will therefore be equal to each other, and we 

have 

x + 25 = Ax. 

An expression for the equality of two things is called an 
equation. The two equal quantities, of which an equation is 
composed, are called mejnbers of the equation ; the one on the 
left of the sign of equality is called the first member and the 
other the second. 

If a member consists of parts separated by the signs + and — , 
these parts are called terms. 

Thus in the equation :r -|- 25 = 4:r, the expression a; -f> 25 it 
the first member and 4 a: the se|cond. 

The quantities x and 25 are the terms of the first member. 
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A figure written before a letter, showing how many times the 
letter is to be ta!ken, is called the coefficient of that letter. In 
the quantities 4^;, Ta;, 4 and 7 are the coefficients of x. 

Equations are distinguished into different degrees. An equa* 
tion, in which the unknown quantity is neither multiplied by 
itself, nor by any other unknown quantity, is called an equation 
of the first degree. 

8. In the solution of a question by the aid of algebraic signs 
there are, it is evident from the examples already performed, two 
distinct parts. In the first, we form an equation by means of the 
relations established by the nature of the q\iestion between the 
known and unknown quantities. This is called putting the 
question into an eguatton. * 

In the second part, from the equation, thus formed, we deduce 
a series of other equations, the last of which gives the value 
of the unknown quantity. This is called resolving or reducing 
the equation. 

9. No general and exact rule can be given for putting a ques- 
tion into an equation When however the equation of a question 
is formed, there are regular steps for its reduction, which we 
shall now explain. 

Since the two members of an equation are equal quantities, 
it is evident, that, 1®. the same quantity may be added to both 
sides of an equation loithout destroying the equality ; 2?. the^ 
same qtcantity may be subtracted from both sides of an equation 
without destroying the equality; 3°. both sides of an equation 
may be multiplied ^ or 4°. both sides may be divided by the sarrve 
qtiantity without destroying the equality. 

10. Let it be proposed to resolve the equation derived from 
the following enunciation, viz. To find a number such that if 
one half and one third of this number be added to itself the sum 
will be equal to 30. 

. Let z represent the number, then one half o^ ^iiis number will 
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1 X 1 X 

be represented by ^x or 5 and one third by ^x or s» and we 
hav^e 

To resolve this equation we must free the fractional terms from 
their denominators. In order to this we multiply both sides of 
the equation first by 2, which gires 

multiplying next by three, we have 

62; + 3a: -f. 22; =180, 
an equation free from denominators. To free an equation there- 
fore from denominators, mvltiply the equation hy the denondnor 
tors mccessively, 

Ex. 1. Free from denominators the equation 
x , X X 
-9 + 5-7-''- 
Ex. 2. Free from denominators the equation 

3 + 7~12 + TT'^^^' 

Since in this equation the denominator 12 is a multiple of 3, 

multiplying by 12, we have 

. , 12a: , 12a: .^ 

4a: + -^ a: + -yy.= 156. 

Thus by multiplying first by 12, the number of multiplications 
necessary to free the equation from denominators is diminished 
and the equation itself, when freed from denominators, is left m 
a more simple state. 

Ex. 3. Free from denominators the equation 

7 + 9~2l~18==^^^- 
Ex. 4. Free from denominators the equation 
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Ex. 5. Free from denominators the equation 

The' least number divisible by each one of the denominatora 
of the proposed, it is easy to see, is 20. Multiplying by 20, we 
have 

10a: + 2a:+ 15a; — 4x4-120=180; 
thus the proposed is freed at once from denominators, and the 
equation which results, it is evident, is the most simple to which 
it' can be reduced free from denominators. 

From what has been done, we have the following rule to free 
an equation from denominators, viz. Find the least common 
multiple of the denominators; multiply each term by this com- 
mon multiple^ observing to divide^ as we proceed^ the ?iumerator 
of each fractional term by its denominator. 

11. Let it be proposed to resolve the equation 

3a: + 25 = 60 — 4«. 
To resolve this equation, it will be necessary to transfer the 
terms 25 and 42; from the members, in which they now stand, to 
the opposite. In order to this, let us first subtract 25 from both 
members, we then have 

3a.+ 25 — 25 = 60 — 4a; — 25. 
or 3a; = 60— 4a; — 25. 

Adding next 4a; to both sides of this last, we have 
32; + 4a; = 60 + 4a; — 4a; — 25. 
or 3a; + 4a; = 60 — 25. 

Ccmparing the last equation with the proposed, the term 25 
which is additive in the first member has, it is evident, passed 
into the second member with the sign of subtraction, and the 
term 4 a; which viras subtractive in the second member has passed 
into the first with the sign of addition. Whence the following 
rule, for transposing a term from one member of an equation to 
the other, vnll be readily inferred, viz. Efface Jhe term in the 
member in which it stands, and torite it in the other with the 
contrary sign. 
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12. Let it be proposed next to resolve the equation 

5x 4x i^_7« lac 
12~3"~^'^ — 8 6"- 

Freeing from denominators, we have 

10a: — 32a: — 312 = 21 — 52a;; 

transposing and reducing, we have 
30a; = 333; 

whence dividing both sides by 30 we obtain 
a: =11 A. 

The unknown quantity in equations of the first ^degree can be 
combined with those which are known in four different ways 
only, viz. by addition, subtraction, multiplication, and division. 
From what has been done, we have therefore the following rule 
for the resolution of equations of the first degree with one un- 
known quantity, viz. P. Free the proposed equation from die- 
nominators ; 2®. bring all the terms, which contain the unJcnoum 
quantity into the first member and all the known quantities into 
the other ; 3®. unite in one term the terms which contain the un- 
known quantity, and the known qtumtities in another ; 4^. divide 
both sides by the coefficient of the unknown quantity. 

13. Applying the above rule to the equation 

?_|4-10 = |_| + 11, we obtain a:= 12. 

In order to verify this result we substitute 12 for x in the pro- 
posed, it then becomes 

12 12 12 12 

whence performing the operations ihdicated we obtain 

9 = 9. 
The value a: = 12 satisfies therefore the proposed equation. 

In general, to verify the value of the unknown quantity de- 
duced from an equation, we substitute this value for the unknown 
quantity in the equation. If this renders the two members idea: 
Jcally the same, the a'^swer is correct. 

B 



2+3+6" 


31. 


x — 7 = 


=1+ 


X 

3 


4^^6 


X 

10 = 




3« + 4- 


X 


= 46 



14 BLBMENTS OF AI^EBRA. 

14. The following examples will serve as an exercise Jcr tli# 
learner in the redaction of equations. 

1. |j.|-L.|.3i. Ans.ziB30. 
zoo 

2. x — 7 = %A-l z—16. 

x»46. 



- 7x . 2 5x 6 . 

5. _ + 6a; + g = 28 + y— ^. zs=4 

- 3a; 21 _- , , X 5 . 

6. ___=39-5z + g-g. a:=9. 

''• 1 + 4 = ^ + 12-^. x=im. 

9. 1-1+10=1-1 + 11. .-12. 

-^ 4a: . 3x 7x 13a: 5a; , 5 ^ 

*«• 5- + T-3-^l0— T + 4- '^ = 3- 

The equations above have been taken at random. An equa- 
tion, however, may always be considered as derived from the 
enunciation of some question. Thus the first of the above equa- 
tions may be considered as derived from the following enunci- 
ation, viz., to find a number such that one half, one third, and 
one fifth of this number may together be equal ?o 31. 

15. Though no general and exact rule can be given for put- 
ting a problem into an equation, yet the following precept will 
be found very useful for this purpose, viz. : Indicate by the aid 
of algebraic signs upon the unknown and hnrnvn quantities the 
same reasonings and the same operations, that it would be neces* 
sary to perform in order to verify the aTiswer, if it were knoton. 

Let us illustrate this precept by some examples. 



EQUATIONS OF THE FIBST DEGREE. 16 

1. A gentleman distributing money wanted 10 shillMgs 1 1 be 
able to give 5 shillings to each person ; he therefore gave each 4 
shillings only and found that he had 6 shillings left. Required 
the number of persons. 

In order to verify the ansv^rer if it were known, we should 
multiply it first by 5 and from the product subtract 10; we 
should next multiply it by 4 and add 5 to the product. The 
results thus obtained would be equal to each other, if the answer 
were » correct. 

Let us indicate the same operations by the aid of algebraic 
signs. Putting z for the number of persons sought and multi- 
plying a: by 5 we have 5xf subtracting 10 from this we have 
5 X -1-10; again z multiplied by 4 gives 4 a:, adding 5 to this we 
have 4lz-\-5, Then as these two results should be equal we 
have for the equation of the problem 

5a:— 10 = 4ar4-5, 
which being resolved gives z = 15. 

2. A person expends the third part of his income in board and 
lodging, the eighth part in clothes and washing, the tenth part in 
incidental expenses, and yet saves $318 yearly. What is his 
yearly income ? Ans. $ 720. 

3. A iand B. began to play ; A with exactly four-ninths the 
sum B had. After A had won $ 10, he found that they had each 
the same sum. What had A at first ? Ans. $ 16. 

4. A General having lost a battle found that he had only 
3600 men more than half his army left, fit for action ; 600 more 
than one-eighth of his men being wounded, and the rest, which 
were one-fifth of the whole army, either slain, taken prisoners or 
missing. Of how many men did his army consist? 

Ans. 24,000. 

5. A sum of money was to be divided among six poor per- 
sons; the second received lOd. the third 14d, the fourth 25d. 
the fifth 28d, and the sixth S3d, less than the first. Now the 
sum distributed was lOd.^ more than the treble of what the first 
received. What money did the first receive ? Ans. 4Qd, 
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6.' A fatlier intends by his will that his three sons should 
share his property in the following manner. The eldest is to 
receive 100 pounds less than half the whole property, the second 
is to receive 80 pounds less than a third of the whole property, 
and the third is to have 60 pounds less than a fourth of the 
property. Required the amount of the whole property, and the 
share of each son. 

7. A cistern is supplied by two pipes, the first will fill it alone 
in three hours, the secopd in four hours. In what time will the 
cistern be filled if both run together ? 

If the time were known, we should verify it by calculating 
what part of the cistern would be filled by each pipe separately ; 
these parts added together would be equal to the whole cistern. 
To indicate the same operations by the aid of algebraic signs, 
let a: = the time, and let the capacity of the cistern be repre- 
sented by 1. It is evident that if one of the pipes will fill the 

cistern in three hours, in one hour it will fill ^ of it, in x hours it 

will fill X times as much, that is, a part denoted by ^. In like 
manner in the time 2, the second pipe will fill a part denoted 

X 

by -7 ; since then these two parts should be equal to the whole 
cistern, we have for the equation of the problem 

- + -— 1 

from which we obtain x =^ If hours. 

8. A cistern is furnished with three cocks, the first will fill it 
in 5 hours, the second in 13 hours, and by the third it would be 
emptied in 9 hours. In what time will the cistern be filled if all 
three run together ? Ans. 6^y hours. 

9. A gentleman having a piece of work to do hired three men 
10 do it ; the first could do it alone in 7 days, the second in 9, 
the third in 16 days. How long would it take the three togethei 
to do it ? Ans. 3xW days. 



s:. 
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IQ To divide the number 247 into three parts, which may \m 
to each other as the numbers 3, 5 and 11. 

Two numbers are said to be to each other as 3 to 5, or im 
proportion of 3 to 5, when the first is three-fifths of the second, 
or which is the same thing, when the second is five-thirds of the 
first. 

If then one of the parts, the first for example, were known, we 
should verify it thus. We should find a number, which would 
be five -thirds of the first part; this would be the second part; 
we should find also a number which would be eleven-thirds of 
the first part; this would be the third part; the sum of these 
parts would then be equal to 247. 

To imitate this process let x = the first part, the second will 
then be — and the third -^. We have then for the equation 
of the question 

whence x = ^. 

11. A sum of money is to be divided between two persons, 
A and B, so that -as often as A receives 9 pounds, B receives 4. 
Now it happens that A receives 15 pounds more than B. What 
are their respective shares? Ans. A £27, B £12. 

12. A merchant bought a piece of cloth at the rate of 7 crowns 
for 5 yards, which he sold again at the rate of 11 crowns for 7 
yards, and gained 100 crowns by the traffic. How many yards 
were there in the piece ? Ans. 583J yds* 

13. On an approaching war 594 men are to be raised from 
three towns A, B, C, in proportion to their population. Now 
the population of A is to that of B as 3 to 5 ; whilst the popula- 
tion of B is to that of C as 8 to 7. How many men must each 
town furnish ? Ans. A 144, B 240, C 210. 

14. A gentleman employed two workmen at diflferent times, 
one for 3 shillings, and the other for 5 shillings a day. Now 

2 
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the number of days added together was 40 ; and they each la* 
ceived the same sum. How many days was each employed? * 

If the number of days one of the workmen was employed, 
the second for example, were known, we should verify it thus, 
we should subtract this number from 40, this would give the 
number of days the first workman was employed ; multiplying 
next the number of days the first workman was employed by 
3, and that of the second by 5, the two products would be 
equal. 

To indicate the same operations let :r = the number of days 
the second workman was employed, then 40 — x will be the 
number of days the first was em|ltoyed, and the product of 
40 — X multiplied by 3 should be equal to a; X ^* 

The multiplication of 40 — a: by 3 is indicated by inclosii^ 
this quantity in a parenthesis and writing the 3 outside, thus, 
3 (40 — x); we have, therefore, for the equation of the ques- 
tion 

3(40 — a:) = 5x. 

With respect to the multiplication required in this equation, it 
is evident, since 40 should be diminished by the number of units 
in Xt that 40 multiplied by 3 would be too great for the product 
required, by the number of units in x multiplied by 3 ; to obtain 
the true product therefore from 40 X 3, we must subtract a; X 3 ; 
we have then 

120— 3a: = 6a:, 
from which we obtain xssslS. 

15. Two workmen received the same sum for their labor; 
but if one had received 16s. more, and the other 9s. less, then 
one would have had just three times as much as the other. 
What did they receive ? Ans. 21s. 

16. A has three times as much money as B ; but if A gains 
950 and B loses $93, then A will have five times as much money 
as B. How much has each ? Ans. A 8772^, B $257^. 

17. A and B engaged in trade, A with JC240, and B with 
£96. A lost twice as much as B, and upon settling their ac» 
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counts it appeared that A had diree times as much remaining 
as B. How much did each lose ? Ans. A £96, B £*4S. 

18. Two merchants engage in trade, each with the same 
sum; A gains $150, B loses $63, when it appears that three 
times A's money is equal to five times B's. What had each 
at first? Ans. $382^. 

19. A laborer was hired for 48 days ; for ^h day that he 
wrought he was to receive 24 shillings, but for each day that he 
was idle he was to forfeit 12 shillings. At the end of the time 
he received 504 shillings. How many days did he work and 
how many was he idle ? 

To verify the numbers required in this problem we should 
multiply them, if known, by 24 and 12 respectively ; subtracting 
the last product from the first, the remainder would be 504. 
To indicate these operations by the aid of algebraic signs let 
2; = the number of days in which the laborer wrought, then 
48 — X will be the number of days, in which he was idle; 24« 
will be the sum due for the number of days in which he wrought, 
and 576 — 12 x will be the sum which he forfeited. 

The subtraction of 576 — 12a; from 24a: is indicated by in- 
closing this quantity in a parenthesis and writing the sign — 
before it, thus, 24a: — (576 — 12 a:); we have then for the 
equation of the question 

24a: — (576 — 12a:) = 504. 

To perform the subtraction required in this equation, it is 
evident, since 576 should be diminished by 12 a: before subtrac- 
tion, if we take 576 from 24a: we subtract too much by 12a:; 
12 a: must therefore be added to this result in order to have the 
true remainder; we have then 

24ar — (576 — 12a:) = 24a: — 576 + 12a:, 
the equation of the problem therefore becomes 

24a:— 576 -f. 12^ = 504, 
from which we deduce a: sr= 30. 

20. A father being questioned as to the age of his son lepBed, 
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thai if from double his f resent age, the triple of what it was tix 
7ears ago were subtracted, the remainder would be ejuu:tly his 
present age. Required his age. Ans. 9 years. 

21. Divide the number 68 into two such parts, that the dif- 
ference between 84 and the greater may equal three times the 
difference betwey 40 and the less. 

Ans. The parts will be 26 and 42. 

22. Two men commenced trade ; A had twice as much money 
as B; A gained $50 and B lost S90; then if three times 
B*8 money be subtracted from A's, four times the remaindei 
will be exactly equal to A's money at first? What had each 
at first? Ans. A S426f, B $213f 

23. A person at play won as much as he began with and 
then lost 18 shiUings ; after this he lost five-ninths of what re- 
mained, and then counting his money, he found he had 14 shil- 
lings less than at first. What had he at first ? 

Let a; s= the number of shillings he began with, then-2a; will 
be the sum he had after winning a:, and 2x — 18 the sum re- 
maining after the first loss, four-ninths of which will be the 
sum remaining after the second losd. One-ninth of 2x — 18 

is expressed thus, g — , 

four-ninths, therefore, will be ^ , 

and we have for the equation of the question 

from which we obtain 9a: — 8a: -|- 72 = 126 ; 
whence a: = 54. 

24. Divide the number 96 into two such parts, that four-fih/is 
of the greater, diminished by three-fourths of the less, will be 
eqaal to 15. Ans. The parts are 56/^ and 39f {■. 

25. It is required to divide .84 into two such parts, that if 
one-half of the less be subtracted from the greater, and one- 
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eighth of the greater he subtracted from the less, the remainJens 
shall 1)0 equal. Ans. The parts are 48 and 36. 

26. A and B began to trade with equal sums of money. In 
the first year A gained 40 pounds and B lost 40 ; but, in the 
second A lost one-third of what he then had and B gained a sum 
less by 40 pounds than twice the sum A had lost; when it 
appeared that B had twice as much money as A. What money 
did each begin with ? Ans. £32( . 

27. What two numbers are as 3 to 5, to each of which if 4 be 
added the sums will be as 5 to 7 ? 

5x 

Let X = the less number, then -«■= the greater ; adding 4 to 

each, the first will be a: -| 4 and the second 

6z , . 5a: + 12 * 

^ + 4,or-:f_; 

but by the question seyen-fifths of the first should now be equal 
to the second, we have therefore 

7{x + 4) _ 5x + l2 
5 — 3 • 

28. Divide the number 49 into two such parts, that the greater 
increased by 6 may be to the less diminished by 11 as 9 to 2. 

Ans. The parts are 30 and 19. 

29. A and B begin trade, A with triple the stock of B. The}' 
gain each $50, which makes their stocks in the proportion of 7 
to 3. Required their original stocks. 

Ans. A's $300, B's 100. 

30. A, B and C make a joint stock. A puts in $60 less than 
B, and $68 more than C, and the sum of the shares of A and B 
is to the sura of the shares of B and C as 5 to 4. What did 
each put in ? Ans A $140, B $200, and C $72. 

31. A man being at play lost one fourth of his money and then 
won 3 shillings ; after which, he lost one third of what he then 
had and won 2 shillings ; lastly he lost one 7th of what he then 
had ; this being done ho had but 12 shillings left. What had he 
at first? Ans. 208. 



22 ELEMENTS OF ALGEBUA. 

32. There are three pieces of cloth, whose lengths are in the 
proportion of S, 5 and 7 ; and 6 yards being cut off from each, 
the whole Quantity is diminished in the proportion of 20 to 17. 
Required the length of each piece at first. 

Ans. 24, 40 and 56 yds. 

33. Two persons, A and B have both the same annual income. 
A lays by one-fifth of his ; but B by spending £80 per annum 
mors than A, at the end of 4 years finds himself £220 in debt. 
What did each receive and expend annually ? 

Ans. Their income is £125. A spends £100, B £180. 

34. A man bought a horse and chaise for $273. Now if 
three fourths the price of the horse be subtracted firom the price 
of the ch^se, the remainder will be equal to five-elevenths the 
price of the chaise subtracted from four times the price of the 
horse. Required the price of each. 



SECTION III.— Algebraic Operations. 

16. A quantity expressed by algebraic signs is called an alge* 
braic or literal quantity. Thus, a-\'2b'\-3xt ab, xyz, are 
algebraic or literal quantities. 

From what has been done, it is easy to see that we shall 
have frequent occasion to perform upon algebraic quantities 
operations analogous to the fundamental operations of arith- 
metic, viz. addition, subtraction, multiplication and division. 
The operations upon algebraic quantities, differ however from 
the corresponding ones in arithmetic in this respect, that the 
results at which we arrive in the case of algebraic quantities are 
for the most part only indications of operations to be performed. 
All that we do is to transform the operations originally indicated 
into others, which are more simple, or which become necessary 
in order that the conditions of the question may be fulfilled. 
Thus, in the equation x-{'2x-\'6x = 405, given by the con- 
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ditions of question first art. 6, we simplify the operations 
originally indicated by reducing the expressions x + Sar-f-^x 
to one term, 9 a:, by an operation analogous to addition in arith- 
metic, though not strictly the same. So likewise in question 
nineteenth, art. 15, though we cannot, strictly speaking, subtract 
576 — 12 a: from 24 a:, yet, by an operation analogous to subtrac- 
tion in arithmetic, we indicate upon these quantities operations, 
which produce the same effect, as the subtraction which the 
conditions of the question require. 

17. Algebraic quantities consist''^ g only of one term are called 
moTwmialsy as 3 a, — 4i, &c. Those which consist of two 
terms are called binomials^ as a -j- 3, c — d. Those which con- 
sist of three terms are called trinomials ^ &c. In general, 
quantities consisting of more than one term are called poly* 
nomials. Quantities consisting only of one term are also called 
simple quantities^ and those consisting of more than one term 
are called compound quantities. 

Quantities in algebra, which are composed of the same letters,^ 
and in which the same letters are repeated the same number of 
times, are called similar quantities, thus, 3a&, ^ah are similar 
quantities, so also aab, 5aab, 

ADDITION OF ALGEBRAIC QUANTITIES. 

18. 1. Let it be required to add the monomials a, b, c, and 
d ; the result, it is evident, will bea-f-^ + ^4"^* 

2. Let the quantities to be added be a&, c, a&, ^ Here we 
have as before ab^c-\~ab-{' d; but the quantities a i, ai in 
this result are similar, they may therefore be united in one term, 
thus, 2ab; whence the sum required will he2ab-\' c-^d. To 
add monomials therefore. Write them one after the other toith 
the sign -}- between them, observing to simplify the result by 
uniting in 07ie, those which are similar. 

3. Let it next be required to add the polynomials a + ^ and 
c 4^ (f + e. The sum total of any number of quantities what- 
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erer should be equal, it is evident, to the sum of all the parts of 
which these quantities are separately composed ; we have there- 
fore for the sum required a-{'b'^C'\-d'\-e. 

Let the quantities proposed be a-j-i and c — d. If we 
begin by adding c, the result a -)- 3 -f- c will, it is evident, be 
too great by the quantity d^ since it is not c, which we are to 
add, but c diminished by d; to obtain the true result, therefore, 
from a-^- b -{- c we must subtract d ; whence c — d added to 
a-\-b gives 

a-]-b-\-c — d. 

To add polynomials therefore. Write in order one after the 
other the quantities to be added with their proper signs, it being 
observed that the terms, which have no signs before them, are 
considered as having the sign -j-, 

19. Let it next be required to add the following quantities. 
9a4-5'3 — 2c 
2a — 5c 
Sd + c, 

By the rule just given the sum required will be 
9a + 7b — 2c'\-2a — 5c + 8b + c. 

In this result the similar terms 9 a, 2 a may be united in one« 
11 a; also the terms 7b and 8b give 15 b. 

The similar quantities — 2 c, — 5 c being both subtractive, 
the effect will be the same, if we unite them in one sum 7r 
and subtract this sum; and as there would still remain the 
quantity c to be added, instead of first subtracting 7 c and then 
adding c to the result, the effect will be the same if we subtract 
only 6 c. 

The sum of the expressions proposed will then be reduced to 
»la+153 — 6c. 

In order to verify this result, let us put numbers for the letters 
a, b, c, in the proposed* for example, the numbers, 10, 4, - 
respectively, and we have 
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9a-{-7b — 2c=U2 
2a — 5c= 5 
8b+ c= 25 



9a-^7^ — 2c + 2a — 5c + 83-f c=152 
Making the same substitution in the expression 11 a -{-15^ 
— be, we obtain the same result. 

The operation, by which all similar terms are reduced to one, 
whatever sign they may have, is called reduction. To perform 
this operation, Take the sum of similar quantities^ which have 
the sign -j- and that of those which have the sign — ; subtract 
the less of the two sums from the greater and give to the remain- 
der the sign of the greater. 

We have then the following general rule for the addition of 
algebraic quantities, viz. Write the quantities in order oTie after 
the other with their proper signs^ observing to simplify the result 
by educing to one, terms which are similar. 



EXAMPLES. 

1. To add the quantities 

5x-\-Sy — 4;2f 
62 + 2a: — 5y-j-2^ 
3* — 4y — 2z-fx 
7a: — 32: + 4y — 6* 

Answer l5x — 2y — 3z^2t — Ss. 

To verify this answer let the numbers 12, 5, 4, 3, 13, be put for 
the letters a:, y, z, t, 5, respectively. 

2. To add the quantities 

7m + Sn—Up+l7r 
3a + 97i— llm + 2r 
5p — 4f72-|-8n 
I'Ln — 2b — m — r-|-s 

Answer 31n — 9wi — 9;? +- 18r-f-3a — 2^-4-«. 
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3. To add the quantities 

8aC'\'7bc — 2ad-\-^mn 
2cd — 3ab-\'6ac'\'am 
9am — 2hc — 2ad + 6cd 

4nswer 16ic4-5ac + 12cd + 4i»« — 3ab'{'10am. 



STTBTEACTIOH OF ALGEBEAIC QUANTITIES. 

20. 1. To subtract a from b. Here the quantities being dir 
similar, the subtraction can only be expressed by the sigt — 
thus, b — a. 

2. To subtract 5 a from 7 a. The quantities in this case being 
similar, the subtraction may }je performed by means of the coef- 
ficients, and the result, it is evident, will be 2 a. 

3. To subtract 23-|-3c from d. To subtract one quantity 
from another, we must, it is evident, take from this other the 
sum of all the parts, of which the quantity to be subtracted is 
composed. The result required will therefore be 

d — 2b — 3c. 

4. To subtract a — b from c. If we begin by eubtracling a 
from c, it is evident, that we shall take away too much by the 
quantity 3, by which a should be diminished before its subtrac- 
tion ; b should therefore be added to c — a to give the true result ; 
whence a — b subtracted from c gives 

c — fl -f- 3. 

5. To subtract Gc-^-Sd — U from 7c — 2d — SL The 
result, it is easy to see, will be 

7c — 2d — 5b — 5c — 3d + U, 
ivhich becomes by reduction 

2c — 5d — b. 
From what has been done the following rule for the subtrac- 
don of algebraic quantities will be readily inferred, viz. Change 
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the signs -j- into — , and the signs — into -j- in the quantities 
to be siibtractedf or suppose them to be changed^ and then proceed 
as in addition. 

EXAMPLES. 

To subtract from 17a + 2m — db—^c + 23(i 
the quantity 51 a — 273+llc — ^d 

Answer 2ot — 34a+ 18A — 15c-f 27 d. 

2. To subtract from 6ac — Sab-^-dbc — 4am 
the quanuty 8am — 2a ^-{- 11 ac — 7cd 

Answer 93c — 6ac — 6ab — 12am-|-7ci 

3. To subtract from 

15a3c — 13xy + 21c(i— 41a:— 25 
the quantity 75xy — 4a3c+16a: — 5Scd — 31mc 

Answer 19a3c— 88 a;y— 67 a; + 74c6i + 31 mc— 25 

MULTIPLICATION OF ALGEBBAIC QUANTITIES. 

21. 1. The product of a quantity a by another quantity b is 
expressed, as we have already seen, thus, a X ^i or in a more 
simple manner, thus, ab. In like manner the product of a 3 by 
ci is expressed thus, abXcd,OT thus, abed. 

2. The letters a and b are called factors of the product ab 
So also a, 3, c and d are*the factors of the product abed. The 
value of a product, it is easy to see, does not depend at all upon 
the order, in which its factors are arranged ; thus the value of 
the product arising from the multiplication of a by 3 will evidently 
be the same, whether we write ba or ab. 

3. Let it be proposed to multiply Sabhj 6cd; by no. 1 we 
have Sab 5edf or hy no. 2y 3 X^^bcd; but the factors^Jand 5 
in this result may, it is evident, be reduced to one by multiplying 
them together; performing this operation, the product required 
will he 15 abed. In like manner the product of the quantities 
^ab,9ed,l3efmahQ 

8l9abcdef. 
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4. Let it be required to multiply a a by a. According to no. 
1 we have for tbe result aaa; but this expression for the product 
required may, it is easy to see, be abridged by writing the letter 
a but once only, and indicating by a figure the number of times 
this letter enters into it as a factor. The figure which indicates 
the number of times a given letter enters as a factor in a product 
•f called the exponent of that letter. And in order to distinguish 
the exponent of a letter from a coefficient, we place the exponent 
at the right hand of the letter and a little above it, the coefficient 
being always placed before the letter, to which it belongs, and on 
the same line with it. 

According to this method the product a a is expressed by a*, 
aaa by cf, aaaa by aS &c. 

A letter, which is multiplied once by itself, or which has two 
for an exponent, is said to be raised to the sec^md power, A 
letter which is multiplied twice successively by itself, or which 
has 3 for an exponent is said to be raised to the third power. 
In geneml, the power of a letter is designated according to the 
figure, which it has for an exponent, thus a with 7 for an expo- 
nent is called the seventh power of a. 

A letter which has no exponent is considered as having unity 
for its exponent, thus a is the same as a^. 

From what has been said, it will be perceived, that m order to 
raise a letter to a given power y it is necessary to multiply it sue 
cessively by itself as many times less one as there are units in tJtn 
exponent of this power, 

5. Let it next be required to multiply a^ by cf. According 
to no. 1 the product will be expressed by a' a*. In this pro- 
duct the letter a, it will be observed, occurs three times as a 
factor, and also five times as a factor, whence on the whole it 
is found eight times as a factor. The product a' a" may there- 
fore according to no. 4 be expressed more concisely, thus, a*. 
In like manner the product of c^ by o* will be a". Whence, in 
general, The product of two powers of the same letter will have 
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for an eaeponent the sum of the exponents of the multiplier and 
multiplicand. 

6. Let it be proposed next to multiply a* ^ c hy a^ V(? d. 
According to no. 1 the product will "he cf I? c c^ V (? d, or by 
no. %(f (jH^V c c' d; but this expression may be reduced by 
the rule just given io cf b^ (f d; whence 

cfl^cX<i*h''(?d = <fV(?d. 

From what has been done we have the following rule for 
the multiplication of simple quantities, viz. 1®. Multiply the 
coefficients together; 2®. write in order in the product thus 
obtained the letters which are found at once in both the multiplier 
and multiplicand^ observing to give to each letter the sum of the 
exponents^ with which this letter is affected in the two factors; 
3*. if a letter is found in one of the factors only, write it in the 
product with the escponent which it has in this factor, 

EXAMPLES. 

To multiply 1. 8a«*c«by 7abcdP. Ans. 56a»yc»(?. 

2. 21a»^«ciby8a^c». Ans. leSa'Pc'd. 

3. 17 abUhy 7 df Ans. lldab'^cdf 
22. Let us pass to the multiplication of polynomials. 

To indicate that a polynomial a -f- 3, for example, is multi* 
plied by another c-f-rf, we draw a vinculum over each and 
connect them by the sign of multiplication, thus, 

a + bXc + d, 
or, which is the better method, we inclose each of the quantities 
in a parenthesis and write them in order one . after the other, 
either with or without a sign of multiplication, thus, 
{a + b)X(c + d),OT{a + b){c + d). 
1. To multiply a + * hy c. To form the product required, it 
IS evident, that we must take c times each of the parts a and b 
rf which the quantity a^b 19 composed 

The product of a + i 
multiplied by c 

18 therefore ac + bc, 

c* 
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In like manner 2a-^l^C'\-d 

multiplied by h 



gives 2ah'\-l^ch'{'dh. 

2. To multiply a — b by c. Since a — b la smaller than a b| 
the quantity b, ac the product of ^ by c, it is evident, will be too 
large for the product required hy b times c or be; whence to 
obtain the true result, from ac we must subtract be. 

The product of a — b 

multiplied by c 



■ef 



is therefore 


ac — be 


In like manner 


^^t? — dh 


multiplied by 


ah 



gives cfh'\'ak<? — adh* — ahef. 

From what has been done, it is evident, that, If two terms 
eajch affected vnth the sign -{- be multiplied together ^ the prodttct 
must have the sign -|- ; btU if one of the terms be affected vnth 
the sign -|- arid the other toith the sign — , the product must have 
the sign — . 

3. Let it be proposed next to multiply a — ft by c — d> In 
this case, it is evident, that, if we take e times a — ft the result 
will be too great by d times a — ft ; whence, to obtain the true 
product, from c times a — ft, or, ac — ftc, we must subtract d 
times a — ft or ac^ — ft rf, 

The product of a — ft 

multiplied by c — d 

is therefore ac — ftc — - arf + ft i. 

Frojn this example it appears that, If two terms be affected 
each with the sign — , the product of these terms should be affected 
with the sign -|-. 

If in the expression of a product there occur similar terms, 
the expression may be abridged by uniting these terms into 
,one. / -V. 
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Thus 2al?+€f — ^ 

multiplied by o^ — ay + ^ 






gives a»*« + a* — 2a«** + 3fl^c» — c*. 

To verify this result let a= 5, 3 == 2, c = 3. 

From what has been done we have the following rule for the 
multiplication of polynomials, viz. 1®. Multiply each term of the 
multiplicand hy each term of the multiplier, observing nnth 
respect to the signs, that if two terms multiplied together have 
each the same sign, the product must have the sign -|-, Init if they 
have different signs, the product must have the sign — ; 2^. Add 
together the partial products thus obtained, taking care to 
unite in one, terms which are similar, 

23. A polynomial is said to be arranged with reference to 
some letter, when its terms are written in order according to the 
powers of this letter. The polynomial 

(^V^tfb — aV'^'a'V, 
for example, arranged in descending powers of the letter a stands 
thus, a*^' -|- fl'i -|r o^y — ab^\ arranged in ascending powers 
of the letter b it stands thus, (fb'\'a^V-\'C?V — aV. 

The letter with reference to which the arrangement is made is 
called the principal letter. 

To facilitate the multiplication of polynomials, it is usual, 
V*. to arrange the quantities to be multiplied according to the 
powers of the same letter; 2®. to dispose of the partial pro- 
ducts in such a manner that those terms, which are similar, 
shall fall under each other. Let it be proposed, for example, to 
multiply 

y4-tf»a + a« + 3i^b8r4«^ — 3'*a + 3a«. 

The multiplier and multiplicand being both arranged with' 
reference to the letter a, the work will be as follows : 
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3i^ — 3ia + 4y 

3a« + 3^a* + 3^a»+3^a' 

_3^a* — 3ya»— 33V— 33*a 

3a» + 4^^''a» + 43V + 3*a + 43». 
24 The following examples will serve as an exercise in the 
multiplication of polynomials. 
To multiply 

1. 5a' — 4a»* + 5fl3* — 3*» 
by 4fl« — 5ai + 23' 

Answer 20a« — 41a*3 + 50a^3* — 45a"3» + 25a3* — 6^ 

2. 03^3^23^3^38 _^^3 

by cf — San + Sab^ — b^ 

Answer a« — 3a**« + 3fl?'3* — b\ 

by x — y 

Answer a? — y^. 

25. A term which contains one literal factor only, is said to 
be of the first degree ; a term which contains two literal factors 
only, is said to be of the second degree, &c. In general, the 
degree of a term is marked by the number^ which expresses the 
sum of the exponents of the letters, which enter into this term. 
The coefficient is not reckoned in estimating the degree of the 
term. Thus c^b^c is a term of the 6th degree, and 7 a 3^ is a 
term of the fourth degriee. 

A polynomial is said to be homogeneous when all its terms axe 
of the same degree. Thus, 3a' — ^ab,5cf-^abc — b^ are 
homogeneous polynomials. 

. 26. From the rules for multiplication, which have been laid 
down, it follows, 

1®. If the polynomials proposed for multiplication are each 
homogeneous, the product of these THJlynomials will alio be ho* 
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mogenfiottSy and the degree of each term of the product will he 
equal to the sum of the degrees of any two terms whatever cf^ 
mtdtipHer and multiplicand. Thus in the first example, art 24, 
all the terms of the multiplicand being of the third degree and 
those of the multiplier of the second degree, all the terms of the 
product are of the fifth degree. When therefore the factors of a 
product are homogeneous, we may readily detect by means of 
this remark any error in regard to the exponents, which may 
have occurred in the course of the work. • 

2**. In the multiplication of polynominals, if there be no re- 
duction of similar terms, the mtrnber of terms in the product will 
be equal to the number of terms in the multipticarid multiplied by 
the number of terms in the multiplier. Thus if there be 5 terms 
in the multiplicand and 4 in the multiplier, there will be 20 in 
the product. 

3*. But if there be a reduction of similar terms, then the 
number of terms in the product may be much less. It should 
be observed, however, that among the difierent terms of the 
product there will be two at least, which will not admit of 
reduction with any other, viz. 1*. The term arising from the 
multiplication of the term in the multiplicand affected with the 
highest exponent of one of the letters, by the term in the multiplieT 
affected unth the highest exponent of the sajne letter. 2*. The term 
arising from the multiplication of the two terms affected with the 
lowest exponent of the same letter. 

The manner in which an algebraic product is formed by means 
of its factors is called the law of this product. This law, it will 
readily be perceived, remains always the same, whatever may be 
the values attributed to the letters which enter into the factors. 

27. A product being given, we may sometimes by mere in- 
spection decompose it into its factors, an operation whioi is 
frequently useful. 

Let there be the product (fb — fl?5". In the formation of 
this product each term, it is evident, has been multiplied by a' 

8 
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and also by &, its factors therefore 3xe €f, b and a — &, and h 
may be pat under tbe form tfb (a — b). 

In like manner the product ac-^-ad^be^bd may be 
put under the form a{c^d)'-\-b(c^d)t or which is the 
same thing (a H- ^) (^ + ^* 

DIVISION OF ALGEBBAIC QUAICTITIES. 

28. 1. The objecf of division in algebra is the same as that 
of division in arithmetic, viz. to find one of the factors of a given 
products when the other is known. 

According to this definition the divisor multiplied by the quo- 
tient must produce anew the dividend ; the dividend, therefore, 
must contain all the factors both of the divisor and quotient; 
whence the quotient is obtained by striking out of the dividend 
the factors of the divisor. 

Thus to divide abed by ac, we strike out of the dividend 
the factors a and c of the divisor and obtain bd for the quo- 
tient. 

2. Let it be required to divide cfb hy a*b. Decomposing (^ 
into the two factors a* and a\ the dividend may be put under the 
form c^cfb; whence striking out of the dividend the factors 
c? and b of the divisor, the quotient will be a\ 

From this example it appears that in order to find the quotient 
of two powers of the same letter ; From the expoTient of the divi" 
dend we stibtract that of the divisor, the remainder will be the 
exponent of the quotient, 

3. If it be required to divide 72a3'c by 9^', we find that 72, 
the coefiicient of the dividend, may be decomposed into the two 
factors 9 and 8; V may also be decomposed into the two factors 
h^ and ^ ; the dividend therefore may be put under the form 
9 X Say ^c; whence, suppressing 9 and V, the factors of the 
divisor, we have 8a ^c for the quotient. 

From what has been*said we have the following rule for the 
division of simple quantities, viz. 1*! Divide the coefficient of 
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the dividend by the coefficient of the divisor; 2?, suppress in the 
dividend the letters, wldch are common to it and the divisor, when 
they have the same exponent, and when the exponent is not the 
fame, stibtfact the exponent of the divisor from that of the divp- 
dend and the remainder will be the exponent to be affixed to the 
letter in the quotient; 3®. write in the quotient the letters of the 
dividend, which are not in the divisor, 

EXAMPLES. 

1. To divide 48a' iVi by \2ab*c. Ans. ^cfbcd. 

2. To divide 150a»^'cd' by 30a'i'^(P. Ans. Scfb'^cd. 
29. From the preceding rule, it is evident, in order that the 

division may be possible, P. that the coefficient of the divisor 
should exactly divide the coefficient of the dividend; 2^. the 
exponent of a letter in the divisor should not exceed the expo- 
nent of the same letter in the dividend ; 3®. that there should be 
no letter in the divisor, which is not found in the dividend. 

When these conditions do not exist, the division can only 
be indicated by the usual sign. If it be required, for example, 
to divide 12 o^ 3 by 9ci, the division, it is easy to see, can- 
not be performed; we therefore express the quotient by writ- 
ing the divisor under the dividend in the form of a fraction, 
12fl«3 



thus, 



^cd 



30. The expression l is called an algebraic fraction. 

Fractions of this species may be simplified, in the same manner 

as those of arithmetic, by striking out the factors, which are 

common to both terms, or which is the same thing, by dividing 

both terms by the factors, which are common to them. 

Let it be required, for example, to divide 48efl^ccP by 

36(fb*i?de; from what has been said, the most simple expres- 

4. , . .11 1 4a<P 

sion for the quotient will be ht — • 

In like manner o?b divided by Safb gives jr for the qao> 
tienU 
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31. It sometimes hi^pens, that the exponent of a letter if 
tEhe same both in the divisor and dividend. The rule for oIh 
taining the exponents of the letters of the quotient, art. 28, being 
applied to a case of this kind, will give zero for the exponent 

of the letter in the quotient. Thus, -3 according to this rule 

gives a* for a quotient ; but -r, it is evident, is equal to unity ; 

the expression a® may therefore be considered as equivalent 
to unity. In general, a letter with zero for an exponent is to be 
regarded as a symbol equivaleTU to unity. 

This symbol, it is evident, will produce no effect upon the 
value of the expression, in which it appears as a factor, since it 
^l^ifies nothing but unity. Its only use is to preserve in the 
Hibrk the trace of a letter, which formed a part of the question 
proposed, but which would otherwise disappear by the effect of 
diviaon. Thus, if it be required to divide 24a'y by Sfl?^, the 
^btient from what has been said may be put under the form 
S'«&*. The symbol b^ indicates that the letter b enters times 
te ^ factor in this result, or in other words that it does not enter 
idl!6 it as a factor, but at the same time it serves to show that 
Ultt letter belonged as a factor to the quantities, from which the 
result 3 a is obtained by division. 

32. We pass next to the division of polynominals. Since the 
divisor multiplied by the quotient should produce anew the divi- 
dend, it is evident, that the dividend must contain all the partial 
pifoducts arising from the multiplication of each term of the 
divisor by each term of the quotient.. This being the case, it 
is easy to see, that if we can find any one of these partial 
products in the dividend, and the particular term of the divisor 
upon which it depends is known, by dividing this term in the 
dividend by the known term of the divisor, we shall obtain 3 
term of the quotient sought. 

Let it be required to divide 

fiOa?^— 41ii**4.20a»+10a3* — 33rfy 
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It is eyident from wliat has been said, art. 26, that the term 
t(t being affected with the highest exponent of the letter a. vt^ 
the dividend, must have been formed without any reductioii 
from the multiplication of dof^ the term affected with the high- 
est exponent of the letter a in the divisor, by the term afiected 
with the highest exponent of the same letter in the quotient; 
that is, the term 200* of the dividend is the product of 5 a" of the 
divisor by a term of the quotient; whence, dividing 20 a" by 5a* 
we obtain 40* one of the terms of the quotient sought. Mul6- 
plying the divisor by 4 a', we produce anew all Ae terms of the 
dividend, which depend upon 4a^, viz. 20 fl^^* — 16 a* ^-[-20 a*; 
subtracting these from the dividend, the remainder 

30a»y»_25a*i+10ai* — 33a«y 
must contain all the partial products arising from the multipli- 
cation of each one of the remaining terms of the quotient by 
each term of the divisor. 

Regarding this remainder as a new dividend, it is evident, 
from what has been said, that the term — 250*^ must hate 
arisen from the multiplication of 5 a" by the term affected with 
the highest exponent of the letter a in the remaining terms of 
the quotient sought; whence, dividing — 25 a* i by ^c?^ we shall 
be sure to obtain a new term of the quotient. 

With regard to the sign, which should be prefixed to this term 
of the quotient, it is evident, that it should be the sign — ; since, 
from the nature of multiplication, the divisor having the sign -J-, 
the quotient must have the sign — in order that their product 
may produce anew the dividend — 25 a* i. 

Performing the operation therefore, we have — 5 ah fo 
another term of the quotient sought. Multiplying the divisor 
by this term of the quotient, we obtain all the terms of the 
dividend, which depend upon — Sah^ viz. 

— 25c? V + 20a'3« — 25a*ft / 
subtracting these from 30a^i' — 25a*3 + lOai* — 33i^*', the 
remainder 10a^3'-j- lOai* — 8a' 5', will contain all the partial 
products arising from the multiplication of each one of the 
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remaining terms of the quotient sought by each term of the 
divisor; whence, for the same reasons as before, dividing lOiffi 
by dcff we have 25* for a new term of the quotient ; multiplying 
the divisor by this term and subtracting as before, nothing re- 
mains; the division is therefore exact, and we have for the 
quotient sought 4a' — 5 ah -^21^, 

33. In the course of reasoning pursued above, we have been 
obliged to seek in each of the partial operations the term in 
the dividend affected with the highest exponent of one of the 
letters, in order to divide it by the term of the divisor, affected 
with the highest exponent of the same letter. We avoid this 
research by arranging the dividend and divisor with reference 
to the same letter; for, by means of this preparation, the first 
term at the lefl of the dividend and the first term at the left of 
the divisor will, in each of the partial operations, be the two 
terms which must be divided, one by the other, in order to obtain 
a term of the quotient. 

The following is a table of the calculations in the preceding 
example, the dividend and divisor being arranged with refer- 
ence to the letter a, and placed one by the side of the other as 
in arithmetic. 
20a» — 41fl*3 



/ 20(^—l6a'b — 20(^1^ 



50a«y — 33a«y+10ai* 



5(^ — 4.(^b + 6ab* 



4a* — 6fli-f.25« 



— 25r-*A + SOo^fi* — 33 a»5' -f 10a3* 

— 25 a^c- -20 0*^ — 25 a»*» 



lOo^^ — 8a»5» 



10a»d« — 8a«5'--10ai* 



10a** 



From what has been done we have (he followiijg rule for the 
division of compound quantities, viz. 

Having arranged the divisor and dividend witli reference to 
the powers of the same letter, 1*. Divide the first term of tke 
dividend by the first term of the divisor, the result will be the first 
term of the quotient ; 2®. multiply the whole divisor by the term 
of the qux)tient just found, and subtract the result from the divi* 
dend; 3®, divide the first term of the remainder by the first term 
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of the divigoTf the resuit vnU he the second term of the quotient , 
4®. mtUtiply the whole divisor by the second term of the quotient, 
and subtract the product from the result of the first operation, 
and continue the same course of operations until aU the terms of 
the dividend are exhausted. 

Recollecting, that in multiplication the product of two terms 
affected with the same sign should have the sign -|-, and that 
the product of two terms affected with different signs should 
have the sign — , we infer 1®. that if the two terms of the divi- 
dend and divisor have each the same sign, the quotient arising 
from their division should have the sign -|- ; but if they are 
affected with contrary signs it should have the sign — . This is 
the rule for the signs. 

EXAMPLES. 

To divide 

1. a» + 5a*3 + 7a»y + 3^i» 
by a» + 3*(^. 

2. a:» + 6a:* + 9a:' + 9ai« + 4a:+l 
by ^ + x+h • 

3. 72x' — 783?y— 10x^+17 zy' + at/* 
by 12a?-^5xy — Sf/^. 

4. a/' — x*y — 13a?f + x'i/'-^l2x'j/' 
by a?^2a?y — 2xf. 

34 The dividend and divisor being arranged with reference 
to the powers of the same letter, if the first term of the divi- 
dend is not divisible by the first term of the divisor, we infer 
that the total division is impossible, or in other words, that 
there is no polynominal, which multiplied by the divisor will 
reproduce the dividend ; and, in general, we infer that the divis- 
ion cannot be exactly performed, when the first term of any one 
of the partial dividends is not divisible by the first term of the 
divisor. 

When the division cannot be exactly performed, in order to 
complete the quotient, we write the remainder over the divisor 
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in die form of a fraction and annex it to the quotient ai in 
arithmetic. 

EXAMFLB. 

To divide 

Answer a>_4a«* + 2*' + g^j— ^^--p^. 

35. We may remark in passing, that there is some analogy 
between division in arithmetic and division in algebra with re- 
gard to the manner in which the calculations are disposed and 
performed; there is, however, this essential difference, that in 
arithmetical division the figures of the quotient are obtained by 
trial ; whereas, in algebraic division, we obtain with certainty a 
term of the quotient sought, by dividing the first term of each 
partial dividend by the first term of the divisor. In Algebraic 
division, moreover, we may begin, as it w^ill be easy to see from 
the remarks, art. 26, at the right instead of the left of the divi- 
dend, since, in this case, we shall have merely to operate upon 
the terms affected with the lowest, instead of those affected with 
the highest exponents of the letter, in reference to which the 
arrangement is made; whereas, in arithmetical division, we 
must always begin at the left. Indeed, such is the indepen- 
dence of the partial operations in algebraic division, that having 
obtained one of the terms of the quotient and subtracted from 
the dividend the product of this term by the divisor, v/e may in 
the second partial operation divide, one by the other, the two 
terms of the new dividend and the divisor affected with the 
highest exponent of any other letter different from that, with 
reference to which the arrangement is made, and thus obtain a 
new term of the quotient. It is indeed only for the sake of 
convenience, that we always regard the same letter in the course 
of the partial operations necessary to obtain the quotient. 
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36. In the process of division, the multiplication of the diflfer* 
3nt terms of the quotient by the divisor often produces terms, 
which are not found in the dividend, and which it is necessary 
to divide by the first term of the divisor. These terms are sach, 
as cancel each other in the process of forming the dividend by 
the multiplication of the divisor by the quotient. 

To divide a" — l^hy a — 3, 

\a^ + ab + b^ 

€f — cH 

c^h — V 



If we now multiply the divisor by the quotient in this exam* 
pie, in order to produce anew the dividend, we shall find, that 
the new terms, which arise in the process of division, are those 
which cancel each other in the result of multiplication. % 

EXAMPLES. 

1. To divide 6a;* — 96 by 3a: — 6. 

2. To divide a:* -j" y* ^7 ^ "I" y- 

3. To divide tf* — a?* by a — x. 

4. Todividea:* — ar*-j-a:» — a:» + 2a;— lbya:« + a: — 1. 

37. It sometimes happens, that one or both of the quantities, 
proposed for division, contains several terms afiected with the 
same power of the letter, in reference to which the arrangement 
is made. The following examples will exhibit the course to be 
pursued in cases of this kind. 

1. To divide 
Uc^b — l^abc + lOcf — 15a«c + ^aV + \5b<? — Sl^c by 
5c^ + 3aA — 53c. 

The terms \\€?b — 15a^c may be put under the form 

113 — 15 c) fl?, or which is tlie more convenient method 

113 I ««, 
— 15c 



^ 
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a vertical line being employed instead of a parenthesis to in- 
dicate that the quantities 11^, — 15 c, placed one under the 
other at the left hand, are multiplied each by <^. In like 
manner the terms — 19a^c-f-3a^ may be put under the 
form — 19bc I a 

+ a**! 

Arranging the quantities with reference to the letter a, the 
calculations may be performed as follows. 



lOrf' + llJ 


<^— 19ic 
<^— lOJc 


a — 6l^c-\-15be' 
a 


5tf-\-5ab- 


-6be 


— 16c 
10a'+ 6b 


2a-{-b 
— 3c 




1st Rem. 




5b a* — 9ic a — 5^e-\-16b<* 
— 15c 4-3*» 






5b a» — 9ic a — 54'c + 16Jc' 
— 15c +3i» 







2d Rem. 

Dividing first 10 a' by 5^, we have 2 a for the quotieni; 
subtracting the product of the divisor by 2 a from the dividend, 
we obtain the first remainder ; dividing the part affected with a' 
in this remainder by 5a\ we obtain b — 3c for the quotient; 
multiplying successively each term in the divisor hy b — 3 c, we 
exhaust the dividend ; whence the quotient is 
2a + i — 3c, 

In like manner the following examples may be performed. 
2. To divide 



-f- 


.«» a*-\-b* 
• 2c» — c« 


of + J' 
--2iV 


by 


a»— y-c* 


Answer — a* — 2 A" a' — b* 


3. To divide 


-i 

Answei y 


a? — iyzi?- 

3? + y X — 

— z + 


\-2yz - 

y 

z 


^ 


by yU— y 

— z\ —z 
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38. When the dividend is not divisible by the divisor, we maj 
still attempt the division, according to the rules which have been 
given, and continue it at pleasure. 

Thus let it be required to divide zhyz-^z. 



X 


ar-t-z 


— z 




— z — t 

X 


X 


^ 7» 

x+? 


2» 






^- 



From the number of terms in the quotient already obtained m 
.he above example, the learner will readily infer a law, by 
which the quotient may be continued at pleasure without per- 
forming any more operations. 

39. Miscellaneous examples in the division of algebraic quan- 
tities. 

1. To divide a:* + 1 by a:+ J. 

2. To divide 1 _ fix + 10a? — IOt? -f 5a;* — «» 
byl_2a: + a:«. 

3. To divide fl" + a? by a + a:. 

, 4. To divide a» — 6tf*z +10a>2«—10a?2>-f Say — 2» 
hy€f — 2aZ'\-7?. 

5. To divide 6a:« — 6a?y« + 21a?y» — 6a:Y + a?y»+15^ 
by2a:» — 3a?y« + 5y>. 
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..,/.. ' ' ' "^ 

6. To divide 1 by 1 — 0. -'-^ ^' ^^^ yC 

7. Todiyideabya — ;«". v> "" '^ "^ V ^>.. ^^ ^^ 
a To divide l + a« + *a? + ca:» + rfa^ + &c-, 

by 1 — ar. 

Am. 14.1|a:-J.l|ir«&c. 

4-^1 

9. To divide a — bz-^caf — dif + dec., by 1 -|- a:. , 

ir! "'J 

- (' : 

SECTION IV.— Algebraic Fractions. 

40. When the division of two algebraic quantities cannot be 
exactly performed, the quotient, as we have seen, is expressed in 
the form of a fraction, the dividend being taken for the numera- 
tor and the divisor for the denominator. 

A fraction in algebra has the same signification as a fraction 
in arithmetic ; the denominator shows into how many parts unity 
is divided, and the numerator how many of these parts are 
taken. Thus, in the algebraic fraction 7, unity is supposed to be 
divided into b parts, and a number a of these parts is supposed 
to be taken. 

REDUCTION OF FRACTIONS TO THEIR LOWEST TERMS. 

41. A fraction is said to be in its lowest terms, when there is 
no quantity, that will divide both of its terms without a remain- 
der. To reduce a fraction therefore to this state, we suppress in 
the numerator and denominator the factors, which are common 
to them. 

The suppression of a factor is the same, it h evident, as divid- 
ing by the factor, required to be suppressed. 

When the two terms of an algebraic fraction are simple quan- 
tities, it will be easy, from inspection, to determine the fiict<xn 
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eommon to them ; but if the terms of the fraction are polynomi* 
als, this will not be so easy, and we must in this case have 
recourse to the method of the greatest comnum divisor. 

By the greatest common divisor of two algebraic quantities 
we understand the greatest in regard to coefficients and expo- 
nents, that wHl exactly divide these quantities. Its theory rests 
upon the same two principles, as that of the greatest common 
divisor in arithmetic, viz. 

V*, The greatest divisor common, to two quantities contains as 
factors aU the particular divisors common to these gtcantUies and 
does not contain any other factors » 2®. The greatest divisor 
common to two quantities is the same with the greatest divisor 
common to the less of these quantities and the remainder after 
the division of the greater by the less, 

42. A quantity is said to be prime in respect to another quan* 
tity, when the two have no factor in common. 

From the first of the preceding principles it follows that we 
may multiply, or divide, either of the two quantities by any 
quantity which is prime to the other, without affecting their 
greatest common divisor ; for we shall not, by these operations, 
either introduce or throw out a factor common to the two 
quantities; the greatest common divisor, therefore, should re- 
main the same. 

This being premised, let it be proposed to find the greatest 
common divisor of the polynomials 

a3_^^j.3ai«— 3*', anda« — 5a& + 4i«. 

Pursuing the same general course as in arithmetic, we com- 
mence by dividing the first of the proposed polynomials by the 
second ; we thus obtain a -f- 4 i for a quotient, with a remainder 
I9al^—I9b\^ 

By the second of the above principles the question is now 
reduced to finding the greatest common divisor to this remainder 
and the divisor c? — 5fl5 + 43'. But IQa^ — 19^ may be 
pat under the form I9b*{a — b); and since the factor 19^ of 
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this quantity is prime to cf — 5a3-f-*4^*i it may, in Tirtae of tbe 
first of the above principles, be suppressed; thus the question 
will be still further reduced to finding the greatest common 
divisor to a — h and <f — 5ai+4y. 

Dividing the last of these two quantities by the first we obtain 
an exact quotient a — 4i/ whence a — h\& their greatest com- 
mon divisor; and by consequence it is the greatest common 
divisor of the polynomials proposed. 

The following is a table of the calculations. 
Istoperationi^— £3?i + 3tf3^— 3ft' ) c?— 6£ft-f4^ 

4fl«ft— 20flft>-fl6y 
19flft«— 19ft» 
or 19ft«(a— ft) 

2d operation (f — 6aft -j- ^ft' 1 a — ft 
f^—ah lo^ri^ 

_4ai-l-4ft* 

_4flft4-4ft> 



2. To find the greatest common divisor of the polynomials 

a^2ah^}? \ Ans. a + ft. 

3. To find the greatest common divisor of the polynomials 

a?_2a;y + j^ \ ^^- " y- 

4. To find the greatest common dmsor of the pol3rnomia1s 

5. Let it be proposed, next, to find the greatest common divisor 
of the polynomials 

6ft»— 18ft«fl + llfta« — 6fl",and7ft« — 2Sfta4-6a». 

In this example 5ft^, the first term of the dividend, is not 

divisible by 7ft^, the first term of the divisor. It will be observed, 

however, that 7, the coeflScient of the first term of the divisor, 

will mt divide the remaining terms of the divisor. We may, 
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therefore, in virtue of t!ie first principle, multiply the dividend 
by 7 without affecting the greatest common divisor sought. Per- 
forming this operation, we have for the dividend 
35i«— 126i«a + 773^ — 42 a'. 

Dividing next 353^ by 73', we obtain 53 for a quotient. Mul- 
tiplying the whole divisor by 53, and subtracting, we have for a 
remainder — 11 3'a + 4730* — 42a^. 

The exponent of 3 in this remainder, being equal to the expo- 
nent of the same letter in the divisor, we continue the operation; 
and in order to render the first term divisible by the first term 
of the divisor, we multiply anew by 7, which gives — 77 3' a 
-j- 329 3 a? — 29^4 a*. Dividing this by the divisor, the quotient 
is — 11 a, which we separate from the other by a comma, to show 
that it has no connection with it, and the remainder is 76 3 o^ 
— 228a', or 76 a? (3 — 3a). 

Suppressing the factor 76 a', the question is reduced to finding 
the greatest divisor common to 3 — 3 a and 73* — 233 a -j- 6 a^ 
Dividing, therefore, the last of these quantities by the first, we 
obtain an exact quotient 73 — 2a; whence 3 — 3a is the greatest 
common divisor sought. 

See a table of the calculations. 
1st operation 

353'— 1263'*a + 773a« — 42a»>73« — 233a + 6a« 
353'— 115ya-f 303a' Isf. _lla 

— 113«a + 473a? — 4205 

— 773«a-f3293<^ — 294a' 

— 77ya + 25330' — 66 a' 

763 rf^ — 228a' 
or 76a? (3 — 3a) 

2d operation 

73^ — 233a + 6rf»> 3 — 3a 

7y-213a I7332S 

~2ia + 6^ 

— 23a4-6rf' 
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6. To find the greatest common diTiscnr of the polynomiab 

6a«— 16aH-3iM ^^'- «" ^*- 

7« To find the greatest common divisor of the polynomials 

The suppression of a factor common to all the terms in the 
first remainder in the preceding examples, serves not only to 
simplify the calculations, hut is also indispensable. Looking at 
the first example, it is evident that unless the factor 19^ in 
the first remainder he suppressed, we must multiply all the 
terms of the new dividend hy 19^', in order to render the first 
term divisible by the first term of the divisor ; we should thus 
introduce into the dividend a factor, which is also contained in 
the divisor, and by consequence we should introduce into the 
greatest 'common divisor sought, a factor, which does not belong 
to it. 

8. Let it be proposed next to find the greatest common divisor 
of the polynomials 

15fl»+10a** + 4a»i' + 6rf»i» — 3ai* 
12a'i« + 38a«i' + 16ai*— lOy. 

Before proceeding to the division of the proposed polynomials, 
we observe that the first contains the letter a as a factor common 
to all its terms ; and since this letter does not enter as a factor 
into the second polynomial, we may suppress it, as forming no-- 
part of the greatest common divisor sought. 

For a similar reason, the factor 2 ^ may be suppressed in the 
second polynomial. Thus the question is reduced to iinding the 
greatest common divisor of the polynomials 

15a' + lOa^ b + 4fl«^« + 6 aV' — Sb* 
6(^-\'l^an-\'Sal^ — 6l^. 

Pursuing with these polynomials the same course as in the 
preceding examples, we should multiply the dividend by 6; 
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the coefficient of the first term of the divisor. But since 15 and 
6 have a common factor 3, it will he sufficient to multiply hy 2 
the other factor of 6, which does not enter into 15 ; multiplying 
therefore hy 2 and continuing the operations as ahove, we ohtain 
" for the greatest common divisor, 3a^'\-2ab — ^ . 

9. To find the greatest common divisor of the polynomials 

6a:'^62? + 3x-l ^ \ ^"'- ^^-^• 

10. To find the greatest common divisor of the polynomials 

4a:* + 5aV + 21 a»a: \ Ans. Jar + Ja. 

• From what has heen done, we have the following rule, hy 
which to find the greatest common divisor of two polynomials, 
viz. The polynomials proposed being arranged with reference 
to the same letter, 1". We suppress in each the jnonomial factors 
which are not found in the other ; 2**. we divide one of the poly- 
noiTiials by the other, arid if the division caniiot he exactly 

' performed^ we divide the first divisor hy the remainder^ and so 
on, observing to prepare each dividend when necessary in stcch a 
manner, as to render the first term divisible by the first term of 
the divisor, and to suppress in each remainder the monomial fac- 
tors, which are not contaitied in the preceding divisor ; and that 
remainder, which will exactly divide the preceding, will be the 
greatest common divisor sought, 

43. The research for the greatest common divisor of two 
polynomials admits, in certain cases, of simplifications which we 

' shall now explain. 

1, Let it be proposed to find the greatest common divisor of 
the polynomials 

5a'+10fl=a: + 5a*a:* 
fl*a: + 2aV + 2flV+aa:*. 
The letter a, it will be perceived, enters a& a factor into each 
of the terms of the polynomials proposed. This letter will, 
therefore, be a factor of the greatest commcxn divisor sought 
4 
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Suppressing ii in the proposed, and applying the rule to the poly- 
nomials which result, we obtain a-^xfoi their greatest common 
divisor. The greatest common divisor soxight will, therefore, be 
a (a -f- x), or <^ -j- ax. • 

2. To find the greatest common divisor of the polynomials 

5:c» 4- 65:^ + 160x \ ^''^' ^ (^ + ^)- 

3. To find the greatest common divisor of the polynomials 

3i^b — 5aH'-i^2ab' \ ^""^^ ab(a — b). 

4. Let it be required next to find the greatest common divisoi 
of the polynomials 

— c« 



a' + y 
— b<? 



— be 



af + b't? 
— IPc' 



— U'c 



The proposed, it will readily be perceived, have a simple factor 
fl? common to both ; recollecting that this will be a factor of the 
greatest common divisor sought, we suppress it, a^nd the polyno- 
mials, which result, will be 



^ 

— c" 



a' + b^ 
— bt? 



a«4-^*c«,and* 
— ^c* — c 



— be 



a + b\ 
— h'c 



We may now commence the division of one of these polyno- 
mials by the other according to the rule, in order to determine 
their greatest common divisor. Before proceeding to this, how- 
ever, let us see if there be not a polynomial divisor common to 
the coefficients of the letter a, with reference to which the 
arrangement is made. 

Comparing for this purpose the two coefficients of the lowest 
degree b^ — (? and b — c, we find that b — c will divide both 
without a remainder. We inquire next if ^ — c will divide the 
remaining^coefficients of a. This is the case \ b — c, therefore, 
is a divisor common to all the coefficients of the two last polyno- 
mials. Recollecting that b — c will also be a hcUnt of the 
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fil 



greatest common divisor sought, we suppress i— Cy and tht 
polynomials, which result, will be 

Applying the rule to these, the first, it will be perceiyed, 
contains a factor b'\'C, which is not contained in the second. 
Suppressing this,, it remains to find the greatest common divisor 
of the polynomials 

fl^^ia» + yc»,and<^ + ia + y. 
These, it will be found, have no common divisor. The greatest 
common divisor of the proposed will, therefore, be 
fl?1(5 — c),OTe^b — fl?c. 
7. To find the greatest common divisor of the polynomials 



z 
^1 

— 1 



• — 3a:« 
+ 3 



2^ — 2? 

— 2 

— X 

— 2 



f + af f-7f 
— X -j"^ 



y 



Ans. y(y-l)(a:-l). 

8. Let it be proposed next to find the greatest common divisor 
of the polynomials 



— yz" 






a^ + by'z 

— by 2^ 

— dyT^ 



:if'\'bci^ 
— bcy:^ 



x-^-bdi^z 
— bdyT^ 



The simple quantity xy^ it will be perceived, will exactly 
divide each of the terms of the first of the proposed polynomials, 
and yz those of the second. The factor y common to these 
quantities vrill be, it is evident, a factor of the greatest common 
divisor sought. Setting apart the y therefore as such, and 
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diTiding the first polynomial by zy and the second by yz^ the 
polynomials, which result, will be 



-i 



hi 

— C^ 



a? + ic«* I X 



— bdz 



— *l +dy 
— bz 
—dz 

The coefficients of the first of these are divisible each by 
^ — 2* and those of the second by y — z; but y — Zj being 
a &ctor Common to t^ — 2^ and y — 2, will also, it is evident, 
be a factor of the greatest common divisor sought ; setting it 
apart, therefore, as such, and dividing the first polynomial by 
^ — 2* and the second by y — z, the polynomials, which result, 

wiUbe • 

«»4-3 I a^ + icar, and ir*4.* I a:-f *rf 

Applying the rule to these last, we obtain 2; -{- 3 for their 
greatest common divisor. The greatest common divisor of the 
proposed will, therefore, hey{y — z) (x -j- i). 

From what has been done, the following method for finding 
the greatest common divisor of two polynomials will be refulily 
inferred, viz. 

1^. Suppress in the polynomials proposed the greatest simple 
divisors, which they respectively contain, observing to set aside as 
a factor of the greatest common divisor sought, the greatest 
factor, which these divisors have in common. 2^. Suppress in 
the polynomials, which result, the greatest jjolynomial divisor, 
independent of the principal letter, and set aside as a factor of 
the greatest common divisor sought the greatest factor which 
these divisors have in common. 3°. Find the greatest common 
divisor of the polynomials which result, this will be the remain- 
ing fiictor of the greatest common divisor sought, and the product 
of the several factors, thus obtained, will be the greatest common 
diTisor sought. 
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44. To reduce a fraction to its lowest terms, we divide the two 
tonns of the fraction by their greatest common divisor. 

EXAMPLES. 

. T» J a:* — i* . , , 3? + V 

1. Keduce -= rr-g to its lowest terms. Ans. — \ — . 

c^ a^ 

2. Keduce -5— : — = s 3 to its lowest terms. 

a"-|-a*a: — aor — or 

^ Ans. — ~ — . 

n T» 1 6aa:'-l-aa? — 12ax 

3. Reduce ^ ^ to its most simple form. 

jgB 2a? x-4^2 

4. Reduce ^_4^^^q^_J^^2 ^^ '^ ^^^®^^ ^"^' 

Ans. ^I^ 



x'—z+V 

45. Algebraic fractions being of the same nature as fractions 
in arithmetic, the rules for the fundamental operations are the 
same. We shaU merely subjoin these rules, with some exam- 
ples under each, the results being reduced to their lowest terms. 

MULTIPLICATION OF ALGEBRAIC FRACTIONS. 

Rule. — Mvltiply the nurnerators together for a new numerator ^ 
OTtd tie denominators for a new denominator. 

EXAMPLES. 

1. Multiply -J by 1^^ Ans. ^. 

2. Multiply ^It^+l by -^.. Ans. ^^. 

^^ cd — d^ ^ a-^b c — d 

3. Multiply ^-^ by ^4. Ans. flH^lif^. 

^^ a^—a? ^ (a — xY (a—x)* 



X "T™ X X -^— \ 

4 Multiply 3 a:, ^ -- and _. • together. 
t£ a a "T" 



, 3a?—Sx 
Ans. 



2a« + 2fl^* 
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rnnmnr or alcbiibaic FRAcnoin. 
SuLB^^fiNWVt tke HmmTt ^^ then proceed m m wmUijIiea^ 



1. Dnride — * — by — s-^. Ans. -= 3. 

X — y ' a — b ar — y^ 

2. DiTide— 5 — -rT-oy . Ans. -r-; — ' , ^ 

iC'-^sr ' a — X <r-f-ax-j-ar 

3. DiTide -3 — jrx — r-ii by — ^— r- -"*• — * — • 
4 TodiTidel2by^-^i^— fl. Ans. . , ^^, ^ 

ADDITION OF ALGEBRAIC FRACTIONS. 

Bulb. — Reduce the fractions to a common denominator; then 
add the numeraiort together^ and place their sum over the common 
denomsnator, 

BXAHFLES. 

1. Add together i±i:«id ^. Ans. ^^. 

2. Add together ^±^and^=l^. Ans. 2(^+»y+y^. 

x + y x — y x-fy 

. Add together 7, — -=— , and r--= . 

o ca oca 

acd — A^ + af 

Ans. ^ \ " • 

bed 

4 Add together r — r-rr|, — --iL_., and 



{a + bf {a + bf a + b' 
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6. Add together -. jr-rs, 7 — \ — t/"^ ^ , , and ; — 

(a — 2a:)* (a + ar) (a~2a:)' a + x 

. 20ga: — 22ar» 

^^*- (a^x)(a — 2xf 

SUBTRACTION OF ALGEBRAIC QUANTITIES. 

Rule. — Reduce the Jractians to a common denominator; tJien 
place the difference of their numerators over the denominator ^ and 
it will be the difference required, 

EXAMPLES. 

« 

5a: — 3 , , 3a; + 2 . 2a:«— 13a: + l 

1. From — r-7" subtract *—=-. Ans. 5 —-^ — . 

x-^l X — 1 ar — 1 

2. From, — ^ subtract — i — . Ans. ^ 



'x — y x-hv ' ^ — y*' 

-.-, az . a — z . Saz — a* — 2* 

3. From -^ 5 subtract — ; — . Ans. 5 5 . 

er — 2r a-f-z or — r* 

4. From ^~ ^ ' subtract ^ . Ans. 



f — y y ' ' y— 1* 



, SECTION V. — ^Equations of the First Degree. 

46. The rules obtained in the preceding sections, are suf- 
ficient for the solution of all equations of the first degree, 
however complicated. We place below a few examples, in- 
volving operations a little more complicated than those, which 
have been previously introduced. 

1 r.- 7a: — 8 , 15z-f 8 ^ 31— a: , ^ , ,, 

1. Given — rr 1 =^1 — =sK3a; g — , to find the 

value of a:. Ans. a: = 9. 

^'. 2a:+l 402 — 3:c ^ 471 — 6a; ^ .. 

2. Given -§ 12— = ^ 2"' '° ^^^ 

*iie value of a:. Ans. x ^^ 7^- 
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3. Given — ^ — sas — -r -U -, to find the yalue of x 

do oa: — 4 4 

Ans. a; SB 8. 

4. Given — [f __X__ = __., to find the 

value of X. Ans. xss4 

. ^. 18z— 19 , llz + 21 9a:+16 . - , .. 
6. Given _^_ + .g_X_ « ^E_, to find the 

value of X* Ans. a: =s 7. 



PROBLEMS AND EQUATIONS OF THE FIHST 9E0REE, WITH TWO 
UNKNOWN QUANTITIES. 

47. Most of the questions we have hitherto considered, in- 
volve more than one unknown quantity. We have been able 
to solve them, however, by representing one of the unknown 
quantities only by a letter, since, by means of this, it has been 
easy, from the conditions of the question, to express the other 
unknown quantity. In many questions the solution becomes 
more simple by representing more than one of the unknown 
quantities by a letter, and in complicated questions, it is fre- 
quently necessary to do this. 

The question, art. 1. viz. To divide the mimher 56 into two 
such parts that the greater may exceed the less by 12, presents 
itself naturally with two unknown quantities. Thus, denoting 
the less part by x and the greater by y, we have by the con- 
ditions of the question 

a: -|- y == 58 
y — a;«=12. 

Deducing the value of y from the second equation, we have 
y = a;-j-12; substituting for y in the first equation its value 
X -|- 12, we have a; + a; -f- 12 = 56, an equation, which con- 
tains only one unknown quantity, and from which we obtain 
Xwm22. 
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2. A person has two horses and a saddle, which of itself is 
worth $ 10. If the saddle be put upon the first horse, his value 
will be twice the second; but if the saddle be put upon the 
second, his value will be three times the first. What is the 
value of each ? 

Let X a=s the value of the first horse, and y that of the second, 
we have by the question 

a;+10 = 2y 
y-}-10 = 3a;. 

Deducing the value of y from the second of these equations, 
and substituting it for y in the first, we have 

a:+10 = 6a: — 20; 
whence a; =6. 

Substituting next for x its value 6 in the second equation, 
we have y -|- 10 = 18 ; 

whence y = 8. 

The process by "^hich one of the unknown quantities in an 
equation is made, to disappear, is called elimination. The 
method of eliminating one of the unknown quantities, pursued 
above, is called elimination by substitution. 

48. Since the two members of an equation are equal quanti- 
ties, it is evidenjt, 1®. that we may add two equations, member to 
mendfer, without destroying the equality; 2®. tve may subtract 
the mjemhers of one equaXionfrom those of another without destroy- 
ing the equality. 

Taking advantage of this remark, we may frequently elimi- 
nate one of the unknown quantities in a more simple manner, 
than by the process of substitution. 

Let there be proposed, for ejcample, the equations 
5a: + 7y = 43 
lla; + 9y = 69. 

If either of the unknown quantities in these equations were 
afllected with the same coefficient, we might, it is evident, 
eliminate this unknown quantity by a simple subtraction. Bat 
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if the first equation be multiplied by 9, the coefficient of y m 
the second, and the second by 7, the coefficient of y in vhe 
first, we shall obtain two new equations, which may be sub* 
stituted for the proposed, and in which the coefficient of y will 
be equal, viz. 

45a:-f 6d2(=s387 
77a; + 63y = 483. 
Subtracting then the first of these equations from the second 
we have 32a; ^96, from which we obtain 2 = 3. Substi- 
tuting this value of a; in either of the proposed we obtain the 
value of y. 
, In like manner, if we wish first to eliminate x, we multiply 
the first of the proposed equations by 11, the coefficient of x 
in the second, and the second by 5, the coefficient of x in the 
first; we thus obtain two new equations, which maybe substi' 
tuted for the proposed, and in which the coefficients of x wil 
be equal, viz. 

55«4-77y = 473 
65x+^y = S^. 
Subtracting therefore the second of these equations from the 
first, we have 32 y = 128 ; whence y = 4. 
Let us take as a second example the equations 
8a: — 21y = 33 
ex + 35y=177. 
The coefficients of x in these equations have, it will be per-- 
ceived, a common factor 2. It will be sufficient therefore, in 
order to render these coefficients equal, to multiply the first 
equation by 3 and the second by 4. Performing the operations 
we have 

24a: — 63y = 99 
24a:-|-140y=708; 
whence, subtracting the first of these equations frcm the second 
we obtain 

203 y = 609; 
therefore ^ = 3. 
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In like manner, since the coefficients of y contain the common 
factor 7, in order to render the coefficients of y equal we multi- 
ply the first of the proposed equations by. 5 and the second by 3j 
which gives two new equations, 

40 a: — 105y=sl65 

18a:+105y = 531; 
whence by addition we obtain 

therefore a; =12. 

49. The method of elimination, which we have now ex- 
plained, is called elimination by addition and subtraction^ since, 
the equations being properly prepared, we cause one of the 
unknown quantities to disappear by addition or subtraction. 

In the use of this method, it is important to ascertain whether 
the coefficients have common factors, since, if this be the case, 
by omitting the common factors in the multiplications required, 
the calculations to be performed become more simple. The 
equations, moreover, should be reduced to the form of the pre- 
ceding examples, — that is, they should be freed from denomi* 
nators, the unknown quantities collected each into one term on 
one side of the sign of equality^nd the known quantities col- 
lected in one term on the other. 

EXAMPLES. 

1. To find the values of x and y in the equations 

4a: — 3y=l 
3a: + 4y = 57. 

2. To find the values of x and y in the equations 

4a: — 9y = 61 
8a: + 13y = 191. 

3. To find the values of x and y in the equations 

8y — 3a; = 29 
6i/_4a: = 20. 
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4 To find the values of x and y in the equations 

Ans. zssslS,y8ss)6. 

5. To find the values of x and y in the equations 

^ + 8y = 31 

?^ + 10x=192. 

Ans. 2=19, yss3. 

6. To find the values of x and y in the equations 

Ans. rr = 7, y = 5. 

7. To find the values of x and y in the equations 

Ans. zibS, y^2 

8. To find the values of x and y in the equations 

y 2 4 

Ans. rcs=6, yssr5 

50. We pass next to the solution of some questions producrng 
equations involving two unknown quantities. 

1. A number consisting of two figures when divided by 4, 
gLves a certain quotient, and a remainder of 3; when divided 
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by 9 give<*^another quotient and a remainder of 8. The value 

of the figure on the left hand is equal to the quotient obtained, 

when the number was divided by 9, and the other figure is equal 

to -^ of the quotient obtained, when the number was divided 

\lf 4. Eequired the number. 

Let a; = the figure in the place of tens, y that in the place 

of units; tJrcfn 10« + y = the number, and we have by the 

question 

10a; + v , 8 ,10a: + y 3 , _ 

— ^ = ^ + .g,and— Jl^ = j+17y. 

Deducing the values of x and y from these equations, we 
obtain a;.==7, y = 1. The number required is therefore 71. 

2. A pi^rse holds 19 crowns and 6 guineas. Now 4 crowns 
and 5 guineas fill ^ of it. How many will it hold of each ? 

Let af ==s the number of crowns and y xs the number of 

^ ^ f 1 

guineas, then -=rthe space occupied by a crown, and - = 

• ^ y 

the space occupied by a guinea, we have therefore by the ques- 
tion 

19 , 6 , -,4.5 17 
J _ + -=l,and- + - = g3. 

Multiplying the first equation by 5 and the second by 6, subtract- 
ing the second from the first and reducing, we obtain a: = 21, 

whence ^:^63. 

3. What fraction is that, whose numerator being doubled, and 
denominator increased by 7, the value becomes J; but the de- 
nominator being doubled, and the numerator increased by 2, the 
value becomes f ? \ Ans. f. 

4. A owes $1200, B $2500; but neither has enough to pay 
his debts. Lend me, said A to B, the eighth part of your 
fortune, and I shall be enabled to pay my debts. B answered^ 
I can discharge my debts, if you will lend me the 9th part of 
yours. What was the fortune of each ? 

Ans. A*s $900, B's $2400. 

F 
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5. A farmer with 2S bushels of barley at 2s, 4d. ^f busihel 
would mix rye at 3 shillings per bushel, and wheat at 4 shillings 
per bushel, so that the whole mixture may consist of 100 bushels, 
and be worth Ss. id. per bushel. How many bushels of rye,^ and 
how many of wheat must he mix wtlh'the barley ? ^ 

Ans. 20 bushels of rye an J 52 bushels of wheat ♦ 

6. A and B speculate wkh difierent suin«; A gains $150, 
B loses $50, and now A's stock is to B's as 2 to 3* But if A 
had lost $50 and B gained $100, then A'a stock would have 
been to B's as 5 to 9. What was the stock of each I 

Ans. A's 8300 and B's $350. 

7. A rectangular bowling green having been measured, it 
was observed, that if it were 5 feet broader, and 4 fegt longer, it 
would contain 116 feet more; but if it were 4 feet broader, and 
5 feet longer, it would contain 113 feet more. Recywred the 
length and breadth. \' jwf 

Let a;s=the length, y = the breadth j then X7j^ihe content^ 
and by the first condition (a: -|- 4) (y ^^ 6) ^ xij -^ IWj &c, 
Ans. The length was 12 and the breadth 9 feet, 

8. There is a number cdnsisting of two liguies, the figure In 
the place of units being the greater; if the number be divided by 
the sum of its figures, the quotient is 4; bui if the figui^s be 
inverted, and the number which results be divided by a number 
greater by 2 than the difierence of the figuresj^ th<? quotient 
becomes 14. Bequired the number. *^-Ans. 48. 

9. A person has two horses and two saddles, one of which 
cost $50, the other $2. If he places the best upon the first 
horse, and the worst upon the second, then the latter is worth 
$8 less than the other; but if he puts the worst saddle upon 
the first, and the best upon the second horse, then the latter is 
worth 3J times as much as the former. What is the value of 
each horse ? Ans. The first $30, the second $70. 

10. A cistern containing 210 buckets, may be filled by 2 
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pipes. By an experiment, in which the first was open 4 and 
the second 5 hours, 90 buckets of water were obtained. By 
another experiment, when the first was open 7, and the other 3j 
hours, 126 buckets were obtained. How many buckets does 
e^h pipe discharge in an hour ? 

AuB. The first 16, and the second 6 buckets. 

IL A person having laid out a rectangular bowling green, 
observed that if each side had been 4 yards longer, the adjacent 
sides would havie been in the proportion of 5 to 4, but if each 
had been 4 yards shorter, the proportion would have been 4 to 3. 
What are the lengths of the sides ? Ans. 36 and 28 yds. 

12» A idntner has two casks of wine, from the greater of 
which he draws 15 gallons, and from the less 11 ; and finds the 
quantities remaining in the proportion of 8 to 3. After the casks 
become half empty, he puts 10 gallons of water into each, and 
finds that ihe quantities of liquor now in them are as 9 to 5. 
How many gallons will each hold ? 

Ans. The larger 79 and the smaller 35 gallons. 

13. Two persons, A and B, can perform a piece of work in 
16 days. They work together for 4 days, when A being called 
off, B is left to finish it^ which he does in 36 days more. In 
what time would each do it separately? 

Ans« A in 24 and B in 4S days. 

14. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, and 
each line 4 letters more, then there would be 224 letters more in 
each page ; but if we wished to have 2 lines less in a page, and 
3 letters less in each line, then each page would contain 145 
letters less. How many lines are there in each page ? and how 
many letters in each line ? 

Ans. There are 29 lines in a page and 32 letters in a bne. 

15. There is a number consisting of two digits, which is 
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equal to four times the sum of those digits ; and if 18 he addei 
to it, the digits will he inverted. What is the numher? 

Ans. 24 

16. To find a fraction such, that if 3 be subtracted from the 
numerator and denominator, it is changed into ^, but if 5 be 
added to the numerator and denominator it becomes j*. What 
is the fraction? Ans. -f^. 

17. There is a cistern, into which water is admitted by three 
cocks, two of which are of exactly the same dimensions. When 
they are all open, five4welfths of the cistern is filled in four 
hours; and if one of the equal cocks be stopped, seven-ninths 
of the cistern is filled in ten and two-thirds hours. In how 
many hours would each cock fill the cistern? 

Ans. Each of the equal ones in 32 
hours and the other in 24. 

18. A person owes a certain sum to two creditors. At one 
time he pays them $63, giving to one four-elevenths of the 
sum due to him, and to the other $3 more than one-sixth of 
his debt to him. At a second time he pays them 842, giving 
to the first three-sevenths of what remains due to him, and to 
the other one-third of what is due to him. What were the 
debts? . Ans. 8121 and 836. 

PROBLEMS AND EQUATIONS OF THE FIRST DEGREE WITH THREE 
OR MORE UNKNOWN QUANTITIES. 

51. Let now the following question be proposed, viz. 

There are three persons, A, B, and C, whose ages are as 
follows ; If from 4 times A's age added to 5 times B's age, we 
subtract three times C's age, the reanainder will be 70 ; if from 3 
times A*s age we subtract 4 times B*s age, and to the remainder 
add twice C's age, the sum will be 25; and if twice A's age, 3 
limes B's, and 5 times C's age be added together, the sum will 
be 240 What is the age of each ? 
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This question presents itself naturally with three unknown 
quantities. Thus denoting A's age hy x, B's age by y, and C'S' 
by z, we have by the question 

4a: + 6y — 3z = 70 
3a: — 4y + 2z = 25 
2x + 3y + 5z = 24Q. 

Multiplying the first equation by 2, and the second by 3, and 
adding the results, we obtain 

I7x—2y = 2l5. 

Again, multiplying the second equation by 5, and the third by 
2, and subtracting, we obtain, 

— lla; + 26y = 355. 

We have now two equations with two unknown quantities only. 
Deducing next the values of x and y from these, in the same 
manner as in the preceding equations with two unknown quanti- 
ties, we have a: = 15, y =s 20 ; substituting these values In the 
first of the proposed equations, we obtain z = 30. 

52. In the same manner, if there be four equations, with four 
unknown quantities, we combine the equations two by two, until 
one of the unknown quantities is eliminated from the whole; 
we then have three equations with three unknown quantities. 
Combining next these three, two by two, until one of the un- 
known quantities is eliminated, we obtain two equations with 
two unknown quantities, and so on. The process is altogether 
similar for five or more equations with the same number of 
unknown quantities. 

EXAMPLES. 

1. To find the values of x, y, and z in the equations 
5;c_6y-f-4zawl5 
rx-^^ — Sz^ld 
2a:+ y4*62:s=46. 

Ana. :r .--rss 3, y = 4, z avc 6. 
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. 2, To find the values of or, y, and jr in the equations 
2a: + 4y — 32^=22 
^x — 2y + 5z=lS 
6« + 7y— z = 63. 

Ans. :i; = 3, yss7, zsss4. 

3. To find the values of x, y and z in the equations 

8a: + 3y — 2z= 64 
-5a.— y + 32= 75. 

Ans. a; =s 8, y s=s 10, z s=s 1$. 

4. To find the values of x, ^ and z in the equations 

3a:+2y— 4z= 8 
5:r— 3y + 3z=33 
7«-t- ^-f 5z=65. 

Ans. a;=:6, ^=s3, z^4. 

5. To find the values of ;e, ^, z, and « in the equations 

2if + 3y — 2z-(- t*=2 
6a:— 2y+ z— 2tt=9 
3ar4- y—2z+ u = 2. 

Ans. a: = 2, y=l, z = 3, w=l. 
53. It sometimes happens, that all the unknown quantities t "e 
not found in each of the equations. In this case, the elimination 
may, with a little attention, be very readily performed. 

1. Let there be proposed, for example, the four following 
rquationSy with four unknown quantities, viz. 
2a; — 3y + 2z=13 
4v— 2a:=30 
42(4-2z=14 
5y4-3tta32. 
With a little examination we see, that the elimination of z 
from the first and third equations will give an equation in x and 
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y, and that the elimination of u from the second and fourth equa- 
tions will also give an equation in x and y. From these last the 
x'alues of x and y may be readily found. Performing the neces- 
sary operations we obtain a: = 3, y= 1. Substituting next for 
X its value in the second equation, we have v as 9, and substi- 
tuting for y its value in the third, we have z s=s 5. 

2. To find the values of x, y, z and u in the following equa 
tions. 

^x— y-|-2z=7 
6a:-}-2y — v=5 
2a:.-3y+2z==2 

7y— 3m=2. 

Ans. 2;=1, y^2, 2ras3, tts=:4. 

3. To find the values of the unknown quantities in the follow- 
ing equations 

dx— y — 3z=6 
3y— 22+ ^=0 
x + 2y— ar=3 
5y — w + 6f=5 
4y+ «*=9. 
Ans. x=S,y^lfZ=2,u=5ttsssh 
54. We pass next to some questions producing three equations 
with three unknown quantities. 

1. Three laborers are employed in a certain work. A and B 
together can perform it in 8 days, A and C together in 9 days, 
and B and C together in 10 days. In how many days can each 
alone perform the same work ? 

Let Xt y and z represent the number of days respectively, 
then, in one day A will do one-2:th part of it, B one-yth part, 
and C one-zth part of it, and we shall have for the equations of 
the question, 

? + !=l.? + ?=l.andl5+10^1. 
X ^ y X ^ z y ^ 
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. Dividing the first of these equations by 8, the second ly ^ 
and the thiid by 10, we have 

z'^y~& x'^z~9' y^z~l0'' 
subtracting the second equation from the first, and adding the 
third to the remainder, and reducing, we obtain ysss 17}f ; and 
in like manner we find xs= 14^,.2;a=s23/f* y . 

2. It is required to find three numbers, such, that one-half of 
the first, one-third of the second, and one-fourth of the third shall 
together make 46 ; one-third of the first, one-fourth of the second 
and one-fifth of the third shall together make 35 ; and one-fourtli 
of the first, one-fifth of the second and one-sixth of the third, 
shall together make 28^. 

Ans. 12, 60, and 80. 

3. Three brothers purchased an estate for S15,000, and the 
first wanted, in order to complete his part of the payment, half 
of the property of the second ; the second would have paid his 
share with the help of a third of what the first owned ; and the 
third required, to make the same payment, in addition to what 
he had, a fourth part of what the first^ possessed ; what was the 
amount of each one's property ? 

Ans. 83,000, $4,000, and S4,250, respectively. 

4. Three persons, A, B, and C, compare their fortunes. A 
says to B, give me $700 of your money, and I shall have twice 
as much as you retain ; B says to C, give me $1400, and I shall 
have thrice as much as you have remaining ; C says to A, give 
me $420, and then I shall have 5 times as much as you retain 
How much has each ? 

Ans. A $980, B $1540, G $2380. 

5. Three men. A, B, G, driving their sheep to market, sa}fs A 
to B and G, if each of you will give me 5 of your sheep, I shall 
have just half as many as both of you will have left. Says B 
to A and G, if each of you will give me 5 of yours I shall have 
\u8t as many as both of you will have left. Says G to A and 
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B, if each of you will give me 5 of yours I shall have just twice 
as many as both of you will have lefl. How many had each ? 

Ans«^ 10, 20, and 30 respectively. 

6. A cistern is furnished with three pipes, A, B and C. By 
the pipes A and B it can be filled in 12 minutes, by the pipes B 
and G in 20 minutes, and by A and C in 15 minutes. In what 
time will each fill the cistern alone, and in what time will it be 
filled if all three are open together? 

Ans. A will fill it in 20, B in 30, and C in 60 minutes, 
and the three together in 10 minutes. 

7. It is required to divide the number 72 into four such parts, 
that if the first part be increased by 5, the second part diminished 
by 5, the third part multiplied by 5, and the fourth part divided 
by 5, the sum, difference, product and quotient shall all be 
eoual. Ans* The parts are 5, 15, 2 and 50. 



SECTION VI. — Negative Quantities. Questions producing 
Negative Results. 

55. The length of a certain field is eight rods and the breadth 
five rods, how much must be added to the length, that the field 
may contain 30 square rods ? 

Let a: == the quantity to be added, then by the question 
40 + 5a: =30, 
•and 5a: = 30 — 40, 

or dividing by 5 a; = 6 — 8. 

In this result 8, the quantity to be subtracted, is greater than 
that, from which it is required to be taken ; the. subtraction there- 
fore cannot be performed. We may, however, decompose 8 into 
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two parts 6 aud 2, the . successive subtraction of which will be 
equal to that of 8, and we shall have for 6 — 8 the equivalent 
expression, 6 — 6 — 2, which is reduced to — 2 or more simply 
— 2, the sign — being retained before the 2 to show that it 
remains to be sul)tracted. 

A monomial with the sign — prefixed is called a nega-' 
tire quantity, thus, — 2, — 3a, — dab, are negative quanti- 
ties. • 

Monomials with the sign 4~ either prefixed or understood 
are called positive quantities. Thus, 2, 3a, 5 ah are positive 
quantities. 

Negative quantities, it will be perceived, difier in nothing 
from positive quantities except in their sign. They are derived 
from endeavoring to subtract a larger quantity from one that is 
smaller, and are to be regarded merely as positive quantities to 
be subtracted. 

56. If it now be asked what is the sum of the monomials 
+ a, — ^, + ^» ^^® question, from what has been said, is reduced 
to this, what change will be produced in the quantity a, if the 
quantity h be subtracted from it and the quantity c be added to 
the remainder. Indicating the operations required to obtain the 
answer to the question thus proposed, the result will be 

a — b-^-c. 
In order then to add monomials affected with the signs -f- 
and — , it will be sufficient to write them one after the other 
with the signs ivith which they are affected, when they stand 
alone. 

57. If we now add the quantities -|- *> — *» the result h—b, 
it is evident, will be equal to zero. If then the expression h — b 
be added to a, it will not affect the value of a; and a-^-b — h 
will only be a different form of expression for the same quantity 
a. If it now be proposed to subtract + ^ from «, it will be 
sufficient, it is evident, to efface -|- ^ iii the equivalent expression 
a-j-J — b, and the result will be a — b. Again, if it be 
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required to subtract — » h from a^ it will be sufficient to efface — h 
m the same expression, and we shall have ibr the result a -f* ^* 
Thus, to subtract a positive quantity is the same as to add an 
equal negative quantity, and to subtract a negative quantity is 
the same as to add an equal positive quantity. To subtract mo- 
nomials therefore of whatever sign, toe change the signs, and 
then proceed as in addition. 

58. If we multiply b — 3 by a, the product must be a^ — ab 
because the multiplicand being equal to zero, the product must 
be zero. Since then the product of ^ by a is evidently ab, 
that of — ^ by a must be — ab^ in order that the second term 
may destroy the first. For a similar reason the product of a by 
b — b will he ab — ab. Whence if a negative quantity be mul- 
tiplied by a positive, or a positive by a negative, the product will 
be negative. 

Again, if we multiply — a by 3 — b, from what has been 
proved above, the product of — a by 3 will be — ab, the product 
of — i by — a must therefore be -|-ai, in order that the result 
may be zero, as it should be, when the multiplier is zero. 
Whence, the product of a negative quantity by a negative 
quantity will be positive. 

The rules for division follow necessarily from those for multi- 
plication. We have therefore the same rules for the signs in 
the multiplication and division of isolated simple quantities, as 
are applied to these quantitips, when they make a part of poly- 
nomials ; and in general, monomials, when they are isolated are 
combined in the sa?ne manner toith respect to their signs, as when 
they make a part of polynomials, 

59. From what has been said, it will be perceived, that the 
term addition does not in algebra, as in arithmetic, always imply 
augmentation. Thus, the sum of a and — b is, strictly speaking, 
the difference between a and b ; it will therefore be less than a. 
To distinguish this from an arithmetical sum, we call it an 
algebraic sum. Thus the pol3momial 

3ai — 53c -f- erf — ef 
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considered as fonned by uniting the quantities 
' 3abt — dbCf'^ed, — ef 
with their respective signs, is called an algebraic sum, Its 
proper acceptation is the arithmetical difference between the 
sum of the units contained in the terms, which are additive, 
and the sum of those contained in the terms, which are sub- 
tractive. 

In like manner the term sttbtractian in algebra does not 
always imply diminution. Thus — I subtracted from a gives 
c -f- 3, which is greater than a. This result may, however, be 
called an algebraic difference, since it may be put under the form 

a -(-*)• 

60. Resuming now the question proposed, art. 55^ we have 
for the answer x = — 2. In order to interpret this negative 
result, we return to the equation of the question 40 -j- 5 a: = 30. 
Here, the addition intended in the enunciation of the question 
being arithmetical, it is evidently absurd to require that some- 
thing should be added to 40 in order to make 30, since 40 is 
already greater than 30. The negative result indicates, there- 
fore, that the question is arithmetically impossible, or in other 
words, that it cannot be solved in the exact sense of the enuncia- 
tion. If, however, in the equation 40 -f- 5 a: = 30, we substitute 
— 2 for X, we have 40 — 10 = 30, an equation which is exact. 
In order then that the result may be positive, or which is the 
same thing, that the question may be arithmetically possible, tlie 
enunciation should be modified thus, 

The length of a certain field is eight rods, and its breadth five 
rods ; how much must be subtracted from the length, that the 
field may contain 30 square rods ? 

Putting X for the quantity to be subtracted, we have by this 
new enunciation 40 — 5 a; ^30, from which we obtain X3ss2. 

2. The length of a certain field is 11 rods and its breadth 7 
rods ; how much must be subtracted from the length, that the 
fiell may contain 98 square rods ? 
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Let xssr- the quantity to be subtracted ; then by the question 
77 — 7a: = 98; 

whence a; = — 3. 

To interpret this result, we return to the equation of the 
question. Here, as an arithmetical subtraction is intended in 
the enunciation, it is evidently absurd 4^ require, that some- 
thing should be subtracted from 77 to make 98, since 77 is 
already less than 98. The question therefore cannot be solved 
in the exact sense of the enunciation. If, however, instead 
of X in the equation of the question, we substitute — 3, we 
have 77 + 21 = 98, an equation which is exact. In order 
then that the result may be positive, the question should be 
modified, thus. 

The length of a certain field is 11 rods and the breadth 7 rods; 
how much must be added to the length in order that the field 
may contain 98 square rods ? 

Resolving the question according to this new enunciation, we 
obtain x = 3. 

Let us take as a third example the following question. 

3. A laborer wrought for a person 12 days and had his wife 
and son with him 7 days, and received 46 shillings. He after- 
wards wrought 8 dajrs, having his wife and son with him 5 days, 
and received 30 shillings ; how much did he earn per day him- 
self, and how much did his wife and son earn ? 

Let X ^ the daily wages of the man, and y that of his wife 
and son ; we have by the question 

122r + 7y = 46 
8x + 5y = S0. • 

Resolving these equations, we obtain a; = 5, y :^ — 2. 

In order to interpret this negative result, we' substitute 5 for x 
in the equations above, by which we have 
60-f 7y = 46 
40-f5y==30, 
o 
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equations which are evidently absurd, since it is required to 
add something to 60 in order to make 46, and to 40 in order to 
make 30. K, however, we substitute — 2 for y in these last we 
have 

60 — 14 = 46 
^40 — 10 = 30, 
equations which are exact. The negative value therefore obtained 
for y, shows that the allowance made for the wife and son instead 
of augmenting the pay of the laWer, should be regarded as a 
charge placed to his account. The question therefore should be 
modified, thus, 

A laborer wrought for a person 12 days and had his wife and 
son with him 7 days at a certain expense^ and received 46 shil- 
lings. He afterwards wrought 8 days, having his wife ajad son 
with him 5 days at expense as before, and received 30 shillings. 
How much did the laborer earn per day, and how much was 
charged him per day on account of his wife and son ? 

Resolving the question, thus stated, we have 
:r=5,y='2. 
^61. From what has been done, it will be perceived, that in 
problems of the first degree, a negative result indicates some 
inconsistency in the enunciation of the question, arithmetically 
considered, and at the same time shows how this inconsistency 
may be reconciled by rendering subtractive certain quantities, 
which had been regarded as additive, or additive certain quanti- 
ties, which had been regarded as subtractive. 

Negative results, however, in the extended sense, in which 
the terms addition and subtraction are used in algebra, may 
be regarded as answers to questions. Thus, in the equation 
40 -|- 5a: = 30, the negative result — 2 shows that it is necessa- 
ry to add — 10 to 40 to obtain 30. By means of this exten- 
sion of the meaning of the terms, addition and subtraction, 
we may regard as one single question, those, the enunciations 
of which are such, that the solution, which satisfies one of 
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the enunciations, wiU by a mere change of sign satisfy the other 
also. 

62. The following examples will serve as an exercise in the ^ 

interpretation of negative results. 

1. A father is 55 years old, and his son is 16. In how many 
years will tlie son be one-fourth as old as^e father? 3 ^^ ^^- 

2. What number is that, whose fourth part exceeds its third 
part by 12 ? w. /^^ . f^L^ Ao.u^u^iU. '/} fy^tJbuU ^if .A, /I \ 

3. There are two numbers such, that if twice the second be 
added to the first, the sum will be 20, but if 3 times the second 
be subtracted from the first, the difference will be 45. What are 
the numbers? 5^ ^f' - If 

4. To divide the number 40 into two such parts, that if the 
first be multiplied by 7 and the second by 5, the sum of the 
products will be 90. ^ - ' '^ '^^ } • ^ 

5. What number must be subtracted from the numbers 70 
and 50 respectively in order that their differences may be as 4 

to3?'V*. ht^Jfl. ik.^^^Oit ,, y l^^l I 

6. Three persons comparing their property, it is found, that . 

A's and B's together amount to SIOOO, A's and C's to $480, and ^/ "">■ 
B's and C's to $400. What amount of property has each ? jil Y^ C- ^i ^^^-' 

7. A laborer wrought for a gentleman 10 days, having his 
wife with him 5 days and his son 4 days, and received $14,25. 
At another time he wrought 8 days, having his wife with him 6 
days and his son 3 days, and received $13. At a third time he 
wrought 6 days, having his wife with him 4 days and his son 5 
days, and received $8,00. How much did he receive a cay 
nimself, and how much for his wife and son severally ? 
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SECTION VIL— Indeterminatb Analysis. 

63. Let it be proposed to find two numbers such, that the first 
added to three times the second shall be equal to 15. 

Putting X and y for the numbers sought, we have by the 
question 

f a:-|-3y=15; 

here as we have two unknown quantities and but one equation, 
the particular numbers intended in the question proposed cannot 
be determined. Deducing, however, from the equation the value 
of one of the unknown quantities, x for example, we have 

a:=15 — 3y. 
If we now assume arbitrarily any values whatever for y, we shall 
obtain values for a:, which will satisfy the equation, 

thus,let y== 1, li, 2, SJ 

we have a:=: 12, lOJ, 9, 8 

or otherwise y = — 1, — 1}, — 2, — 2J 

we have a:= 18, 19}, 21, 22 

pairs of values for x and y, which, it is easy to see, will satisfy 
the equation, and the number of which may be increased without 
limit. 

In general, if the conditions of a problem furnish fewer 
equations, than there are unknown quantities to be determined, 
the equations of the problem will admit of an infinity of systems 
of values for the unknown quantities, if we understand by these 
any quantities whatever, entire or fractional, positive or negative. 
It is frequently the case, however, that the nature of the question 
requires, that the values of the unknown quantities should bjB 
entire numbers. This circumstance, it is evident, will very 
much restrict the number of solutions, especially if we reckon 
the direct solutions only, that is to say, solutions in entire and 
positive numbers. 

Tlrus, if in the question proposed th^^ numbers sought are 
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required to be entire and positive, the value ot y, it is evident, 
must not exceed 5 ; if then we {)ut successively for y 

y^O, 1,2,3,4,5 
we have z = 15, 12, 9, 6, 3, 0, 

and the question admits of six different solutions only, the 
solutiod in which i§ reckoned as a value of one of the unknown 
quantities being included. 

Problems of the kind, which we are here considering, are 
called indeterminate problems, and that part of algebra, which 
relates to the solution of indeterminate problems, is called inde- 
terminate analysis, 

64. The preceding question, in which the coefficient of one 
of the unknown quantities is equal to unity, presents no diffi- 
culty. We shall now show, that whatever the coefficients of the 
unknown quantities, the solution of the question proposed may 
be made to depend upon the solution of an equation, in which 
the coefficient of one of the unknown quantities is equal to 
unity. 

Let it be proposed then to find the entire values of x and y m 
the equation 17 a: = 542 — 1 1 y. 

Deducing from this equation the value of y, we have 

542— 17x 
y= 11 / ' 

or performing the division as far as possible, we have 

3 — 6a: 



^ = 49 — a: + 



11 



But, by the question the values of z and y should be entire 

numbers, it is necessary, therefore, emd it is sufficient, that — rr — 

should be equal to an entire number. Let t be this number 
(t is called an indeterminate,) we have 
y = 49 — a: + * 
llt= 3 — 6a?. . (2) 
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and the question is now reduced to resolve in entire nnmbe^ 
the equation (2), the coefficients of which jare more simple 
than those of the proposed. Deducing from this equation the 
value of X and performing the division as &r as possible, we 
liave 

Here, since x and t are entire numbers — ^ — must be equal 

to an entire number ; let f be this number, the letter t being 
marked with an accent to show that itv represents a quantity 
different from that before represented by it, we have 

X = — t-\'t' 

.ef = 3 — 6t. (3) 

And the question is still further reduced to resolve in entire 
numbers the equation (3), the coefficients of which are more 
simple than those of equation (2). Deducing from this equation 
the value of ^, we have 

but t and f in this equation are entire numbers ; — •= — must 

therefore be equal to an entire number ; let t" be this number, 
we have t^=^—t' + t" 

5^ = 3 — r 
or r' = 3 — 5r, (4) 

and the question is now reduced to resolve in entire numbers 
the equation (4), in which the coefficient of one of the unknown 
quantities f is equal to unity. Indeed, the two principal unknown 
quantities and the several indeterminates employed are, it is 
evident, connected together by the equations 

y = 49 — x+t 

Xz^—t-^-t' 

^ = — ^' + r 
^' = 3 — 5^; 
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if then we give any entire value whatever to t" and return to 
the values of x and y corresponding, the values thus found, it is 
evident, will be entire numbers, and will satisfy the equation 
proposed. Thus, let ^" = 1, we have a: = — 5, y = 57, values 
which, it is easy to see, will satisfy the equation proposed. 

To determine with more facility the values of t^' which will 
give entire values for x and y, we express x and y immediately 
in terms of t*\ In order to this we substitute for t* its value in 
the equation for t, which gives 

r==— (3 — 5n+^" = 6<" — 3. 

Substituting next for t and t their values in the equation for a:, 
and for x and t their values in the equation for y, we, obtain 
HnaUy a: = 6— lir 

y=40 + 17r. 
If then we make successively t" s=s 0, 1, 2, 3, . . . or other- 
wise, t"=rO, — 1, — 2, — 3, ... in the above, we shall ob- 
tain all the entire values of x and y proper to satisfy the equa- 
tion proposed. But if entire and positive values only are re- 
quired for X and y, it will be necessary to give to t" such values 
only, as will render 6 — IH*', 40-|- 17^' positive. It is evi- 
dent, that ^" = 0, t" = — 1, ^"=: — 2, are the only values of 
t*\ that will fulfil this condition; for, every positive value of 
t" will render x negative, and every negative value of t" nu- 
merically greater than 2, will render y negative. Putting there- 
fore ^" = 0, — 1, — 2* successively, we have 

a? = 6, 17,28 
• y = 40, 23, 6. 

The proposed therefore admits of three different solutions in 
entire and positive numbers, and of three only. 

2. Let it be proposed, as a second example, to divide the 
number 159 into two such parts, that the first may be divisible 
by 8, and the second by 13. 

T>o« --o^i'nj by X and y the quotients, arisincf from the division 
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of the parts sought by the nambers'^S and 13 respectively, we 
have by the question 82 -)- 13y as 159. 

Pursumg with this equation the same process, as in the pre- 
ceding example, we have the five equations 

2 = 19 — y + t 
y= l-t + f 

7= — ^+r 
*'= i—r'—f" 

Expressing z and y in terms of t!'\ we have 

a:=154-13r' 
y= 3 — 8^'. 

Here it is evident, that ^'" = 0, and t"'mB — 1 are the only 
values of t'", which will give entire and positive values for z 
and y. Making successively ^'"sss 0, t'" ss — 1, we have 

2=15,2 
y = 3,ll. 

Since then 8:2; and 13 y represent the parts required, the 
proposed admits of two solutions, viz. 120 and 39 for the first 
solution, and 16 and 143 for the second. 

The expressions, ar= 15+ 13^', y = 3 — 8^', are called 
formtdas for x and y, since they indicate the manner in which 
the values of x and y are obtained. In the use of these forihulas 
the accents, it is evident, may be omitted, as we have now no 
further occasion to distinguish, one from the other, the indeter- 
minates which have been employed. 

3. It is required to divide 25 into two parts, one of which may 
be divisible by 2, and the other by 3. 

Ans. The parts are 16 and 9, 10 and 15, or 4 and 21. ^ Z. ^ «.' 

4. A person has in his pocket pieces of 5 shillings and 3 
shillings only, and wishes to- pay a bill of 58 shillings. How 
many pieces must he give of each ? 

Ans. 2 of the first and 16 of the second, or ftc 
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5. A sum of S81 was distributed among some poor persons, 
men and women; each woman received t5, and each man S7. 
How many men and women were there ? 

Ans. There were 3 men and 12 women, or &;c. 

65. Let it be required next to solve in entire nimibers the 
equation 49a; — S5y = 11. 

Here it will be observed, that the coefficients of x and y 
have a common factor 7; dividing therefore both members by 

7, we have 7x — 5y = -=-,an equation which is evidently im- 
possible in entire numbers; the proposed therefore does not 
admit of entire and positive values for z and y. In general, 
the proposed equation being reduced to the form of the pre- 
ceding, if the coefficients of x OTid y have a common factor^ which 
does not enter into the second member, the equation is impossible 
in entire numbers. 

If there be a factor, common to the coefficients of z and y, 
which does not enter into the second member, and this factoi 
be not perceived at first, the course of the calculation, will make 
known, sooner or later, the impossibility of solving the question 
in entire numbers. 

Applying the process, explained above, to the equations 
49a: — 35^=11, we obtain finally the equation 

an equation, ^hich is evidently impossible in entire numbers 
for t and f, from which it is readily inferred, that the proposed 
will hot admit of entire solutions. 

If the equation of the proposed question has therefore a factor 
common to both members, we suppress it; the coefficients of 
z and y will then be prime to each other, if the question admits 
of solution in entire and positive numbers. This being the case, 
the process explained above will always lead to a finsA equation, 
in which the coefficient of one of the indeterminates is equal to 
6 
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unity. Indeed, it will readily be perceived, that in the course 
pursued we apply to the coefficients of x and y in the proposed 
the process of the greatest common divisor; since, then these 
coefficients are by hypothesis prime to each other, we arrive 
finally at a remainder equal to unity, which will be the coefficient 
of the last but one of the tTidetertninates introduced in the course 
jf the calculation. 

66. In certain cases the preceding process admits of simpli- 
fications, which it is important to introduce in practice. 

1. Let it be required to solve in entire numbers the equa- 
tion 52;-|-3^=s49. 

Proceeding as before, we have 

3y=si9 — 5x 
y=zie — z g — ; 

but the quotient on dividing 5 a; by 3 being nearer 2x, we put 
the equation under the form 

3y3s49 — 6a;-|-a;; 

«-4- 1 
whence y = 16 — 2a; -| — -^— ; 

from which we obtain xsss3t — 1 
y=18 — 5^ 

By means of the simphfication, here introduced, the number 
of indeterminates, employed in the calculation, is one less, than 
would otherwise be necessary. 

2. A person purchases wheat at 16f. and barley at 9f. a 
bushel, and pays in all 167s, How many bushels of each did 
he purchase ? Ans. 2 of wheat and 15 of barley. 

3. To find two numbers such, that if the first be multiplied 
by 7 and the second by 13, the sum of the products will be 
128. Ans. The numbers are 9 and 5, or &c. 

4. Let !t be proposed next to resolve in entire numbers the 
equation 13 a; — 57 y =s 101. 



INDETEBMINATE ANALYSIS. 83 

Deducing the value of ar, we have 

In order that a; and y in this equation may be entire num- 
bers, — ~^^ — must be equal to an entire number; but since 
5 and 13 are prime to each other, it is necessary in order to 
this, that ^^~- si 
number, we have 



this, that ^ ' should be an entire number; putting t for this 



a: = 4y f-7 + 5^ 
13^= 2r + 2. 
from which we obtain 

x = 57t—l 
yz=l3t — 2. 
Here, every entire and positive value for t will give similar 
values for x and y ; but if we suppose ^ = 0, or to be negative, 
the values of x and y will be negative. The. number of entire 
and positive solutions of the proposed is therefore infinite^ and 
the smallest system of values for x and y is 
a: = 56,y=ll. 
By means of the simplifications, here introduced, one inde- 
terminate only is employed, instead of three, which would other- 
wise be necessar}'. 

6. To divide 100 into two such parts, that if the first be 
divided by 5, the remainder will be 2; and if the second be 
divided by 7 the remainder will be 4. 

Ans. The parts are 47 and 53, or 12 and 88. 

6. To find two numbers such, that 11 times the first dimin- 
ished by 7 times the second, may be equal to 53. 

Ans. 8 and 5, or &c. 

7. A person purchases some horses and oxen; he pays S30 
for each horse, and $23 for each ox ; and he finds, that the oxen 
cost him S 12 more than the horses. How many horses and 
oxen did he buy ? Ans. 18 horses and 24 oxen, or &c. 
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8. To find two numbers such, that if 8 be added to 17 times 
the first, the sum will be equal to 49 times the second. 

Ans. 37 and 13, or kc, 

9. Let it be proposed next to resolve the equation 

39a: — 66y=ssll. 
Dediciog from this equation the value of x, we have 
. 17y + ll 

Here, in the expression — 2LII — , it will be observed that the 

difilerence between 17, the coefficient of y, and the divisor 39, 
contains the other term 11 as a factor; on this account we take 
the quotient 66y divided by 39 in excess, which gives 
^-g^ 22y-ll __ ll(2y-^l). 

* — ^y 39^ — ^^ 39 

from which we readily obtain 

x = 5et'—27 
y = 39^'— 19. 

10. To find two numbers such, that if the first be multiplied 
by 11 and the second by 17, the first product is 5 greater than 
the second. Ans. 19 and 12, or kc. 

11. In how many ways can a debt of 546 livres be paid, by 
paying pieces of 15 livres, and receiving in exchange pieces of 
1 1 livres ? Ans. The number of ways is infinite. For the 

first we have 43 of the one, and 9 of the other. 

12. The difference between two numbers is 309, and if the 
greater be divided by 37 the remainder will be 5, and if the 
less be divided by 54 the remainder will be 2; what are the 
numbers ? Ans. 1337 and 1028, or &c. 

67. From what has been done, it will be perceived, that if the 
equation proposed be of the form 2x-^3y=s:10, the number 
of solutions in entire and positive numbers will be limited; but 
if the equation be of the form 2x — 3y = 10, 10 being either 
positive or negative, the number of solutions will be ir^nUe* 
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If moreover we compare the formulas for x and y with the 
equations from which they are derived, the coefficient of the 
indeterminate in the formula for z is the same, it will be ob- 
served, with the coefficient of y in the equation ; and the co- 
efficient of the indeteitminate in the formula for y is the same 
with the coefficient of x in the equation, taken with the con» 
trary sign, or the converse, as it respects the signs of the co- 
efficients. Having obtained then a first solution of the ques- 
tion proposed, those which foUow will be found by adding 
successively to the values of x the coefficient of y in the eq(ua- 
tion, and subtracting successively from the valuer of y the co- 
efficient of X in the equation, or the converse, the coefficients 
of X and y being taken with the signs, which they have in the 
equation. 

68. We pass next to the solution of problems and equations 
with three or more unknown quantities. 

1. Let it be proposed to. pay 741 *livres with 41 pieces of 
money of three different species, viz. pieces of .24 livres, 19 
livres, and 10 livres. 

Let Xf y and z represent respectively the number of pieces of 
each kind, we have by the question 

a: + y + 2: = 41 
24a;r|-19y + 10z = 741. 

Eliminating one of the unknown quantities, x for example, we 
have 6y +142? = 243. 

Deducing from this equation formulas for enture values for 2 
and y, according to the method explained above, we have, 
omitting the accents, 

z = 5t — 3 

y = 57 — Ut. 

Substituting next, in the first of the equations of the proposed 
the expressions for z and y just obtained, and deducing thi* 
▼a'.ue of ar, we have x = 9t — 13. 

H 
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If we now put for t^ in the above formulas for x, y, and 2» 
any entire values whatever, we shall obtain entire values for 
X, y, and Zf which will satisiy the equations of the proposed. 
But to obtain the entire and positive values only, as the nature 
of the question requires, it is evident, 1^. that 9t must be 
greater than 13, or which is the same thing, that t must be 
greater than 1|; 2^. that Ut must be less than 57, or which 
is the same thing, that t must be less than 4^^ ; t can therefore 
have only the values of 2, 3, 4. 

Putting in the formulas above t equal to 2, 3, and 4 succes- 
sively, we have 

z= 5,14,23 
2^ = 29,15, 1 
z= 7,12,17. 

The proposed, therefore, admits of three different solutions 
and of three only. 

2. Thirty persons, men, women, and children, spend 80 
crowns in a tavern. The share of a man is 7 crowns, that of 
a woman 5 crowns, and that of a child is 2 crowns. How 
many persons were there of each class ? 

Ans. For a first answer we have, 1 man, 
5 women, and 24 children. 

3. The sum of three entire numbers is 15, and if the first 
be multiplied by 2, the second by 3 and the third by 7, the sum 
of the products will be 65. What are the numbers ? 

Ans. 4, 5, and 6. 

From what has been done, it will be easy to see how we are 
to proceed, in the case of three equations with four unknown 
quantities, and so on. 
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« 

SECTION VIII. — Solution of Questions in a General 
Manner. 

69. In the solution of a question m numbers, there are, it 
must have been perceived, two distinct things which require 
attention. I''. To determine by a process of reasoning what 
operations must be performed upon the numbers given in the 
question in order to ob<am the answer sought ; 2®. -to perform 
these operations. In the questions which have been solved 
thus far, the operations have each been performed as soon as 
determined. Let us now resume the question, art. 1, and in- 
stead of performing the operations, as we proceed, let us retain 
them by means of the proper signs. 

Representing as before the less* part by x, the greater will 
be a: -f- 12, and we have 

a:4-a:-fl2 = 56 

2a: = 56 — Ife 
_ 56 12 
'^— 2 2' 
Here the process of reasoning required in the solution jf 
the proposed has been conducted by itself; the expression, at 
which we arrive, is not the answer sought, but the result of the 
reasoning pursued ; it shows what operations must be performed 
in order to obtain the answer, viz. that from one half of 56, the 
number given to be divided, there must be subtracted one half 
of 12 the given excess. Performing next the operations thus 
determined, we have 22 for the less part as before. 

Let us next resume the sixth question, art. 6; representing 
again the least part by x, the mean will be a: -j- 40, the great- 
est a; -}- 40 -j- 60, and we shall have 

a: -fa; + 40 + a: + 40 + 60 = 230 

3a: = 230 — 40 — 40 — 60 

3a: = 230— 2 X40 — 60 

230— 2 x40 — 60 
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Here also the result shows the operations to be performed 
according to which to find the least part sought, from 230, the 
number given to be divided, we subtract twice 40, or twice the 
excess of the mean part above the least, and also 60, the excess 
of the greatest part above the mean, and take one third of the 
remainder. 

70. If the reasoning pursued in the solution of the preceding 
questions be examined with attention, it will be perceived, that 
it does not depend upon the particular numbers given in these 
questions. It will be precisely the same for any other numbers. 
The same operations will therefore be necessary to obtain the 
parts sought, whatever the given number may be. 

By preserving the operations, therefore, we resolve the pro- 
posed in a general manner^ that is, we determine once for all 
what operations are necessary for all questions, which differ 
from the proposed only in the particular numbers, which are 
given. 

Let it be proposed next to find a number such that the differ- 
ence between one-ninth and one-seventh of this number shall be 
equal to 10. 

Putting X for the number, we obtain 

9a: — 7a:t=7x9X 10. 

Here it will be observed that x is taken 9 times minus seven 
times, or 9 — 7 times ; 9 — 7 will, therefore, be the coefficient 
of a;, and the above equation may be written thus : 

(9 — 7)a:=.7X9X 10 

7 X 9 X 10 
whence x = — q ^ — . 

Let the following questions be now resolved in a general 
manner. 

1. A company settlmg their reckoning at a tavern, pay 8». 
each ; but if there had been 4 persons more, they should only 
have paid 7*. each. How many were there ? 



SOLUTION OF QUESTIONS IN A GENSBAL MANNER.' 89 

2. Divide the number 91 into two sach parts, that 6 times the 
first, diminished by 5 times the second, may be equal to 40. - 

3. Divide the number 56 into two such parts, that one part 
being divided by 7 and the other by 3, the quotients may together 
be equal to 10. 

71. In the solution of questions in a general manner, accord- 
ing to the method above explained, we should be liable, through 
inadvertence, to perform some of the operations as we proceed ; 
thus the result would not show how the answer is to be 
found by means of the numbers originally given in the question. 
To avoid this inconvenience and ai the same time to render the 
solution more concise, it is usual to represent the given things 
in a question by signs, which will stand indiflferently for the 
particular numbers given in the question, or for any other 
numbers whatever^ 

It is agreed to represent known quantities, or those which 
are supposed to be given in a question, by the first letters of the 
alphabet, as a, &, c. 

The given things in the question, art. 1, are the number to be 
divided, and the excess of the greater part above the less ; rep 
resenting these by a and b respectively, the question may be 
presented generally, thus ; To divide a nujnher a into two such 
parts that the greater may exceed the less by b. 

To resolve the question, thus stated, we denote still the less 
part by x ; the greater v/ill then be a; + ^, and we have 
X'\'X-\-b-==.a 
2x^b = a 
2x = a — b 
a b 
^=2-2 

The translation of a formula into common language is called 
a nde. Thus we have the following rule, by which to obtain 
the lesi of the parts required according to the question pro- 



H* 
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posed, Tiz. From half the number to be divided, mbtract haif 
the given excess, the remainder will be the aiiswer. 

Knowing the less part, we obtain the greater by adding to the 
less the given excess. We may, however, easily obtain a rule 
for calculating the greater part without the aid of the less. 
Indeed since the less part is equal to 

^ — ^, if we add h to this, we have 5 — o"h^ equal to the 

greater. But this expression may, it is easy to see, be reduced 

to o H" o » whence we have the following rule, by which to find 

the greater part, viz. To half the number to be divided, add 
half the given excess, the result will be the answer. 

To apply these rules, let it be required to divide S1753 
between two men in such a manner, that the first may have 
S325 more than the second. 

72. The 6th question, art. 6, may be presented in a general 
manner, thus ; To divide a number a into three such parts, that 
the excess of the mean above the least may be b, and the excess 
of the greatest above the mean may be c\ 

Let X = the least part ; 

then a: + ^ = the mean, 

and a: -J- 3 -}- c = tlie greatest, 

therefore X'{-x-\'b-\'X-\'b-\'C = a, 

or transposing and reducing 3x = a — 2b — c, 

a—2b — c 
whence x = j^ . 

Translating the above formula into common language, we have 
the following, rule, by which to find the least part, viz. Fro7n the 
number to be divided^ subtract tunee the excess of the rnean part 
above the least, and also the excess of the greatest above the mean 
and take a third of the remainder. 

To obtain a formula for the mean part, we add b, the excess 
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of the mean above the least, to the above expression for the leas' 
part, which gives for the mean 

a-2b -c 
—3 — +'^ 
or reducing to a common denominator 
a — 2b — c , 2b 
3 "*""3 ' 

whence we obtain for the mean part 
a-^-b — c 
3 • 
In like manner the following formula will readily be obtained 
for the greatest part, viz. 

g + ^-f 2c 
3 
Translating these formulas into common language we obtain 
rules also for the mean and, for the greatest part. 

1. To apply these rules let it be required to divide $973 among 
three men, so that the second shall have $69 more than the first, 
and the third $43 more than the second. 

2. A father, who has three sons, leaves them his property 
amounting to $15730. The will specifies, that the second shall 
have $2320 more than the third, and the eldest shall have $3575 
more than the second. What is the share of each ? 

73. The operations necessary for the solution of this last ques- 
tion are, it is easy to see, the same with those for the preceding. 
It may therefore be solved by the same formulas. In like man- 
ner the seventh and eighth questions, art. 6, may be solved by 
the same formulas. This circumstance is worthy attention, since 
we are thus enabled to comprehend in one the solution of a multi- 
tude of questions, differing from each other not only in the par- 
ticular numbers, which are given, but also in the language, in 
which they are expressed. 

Let now the following questions be generalized. 

1. The sum of $3753 is to be divided among 4 men, in such 
• manner, that the second will have $159 more than the first, the 
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third S275 more than the seeondt and the fourth S389 more than 
the tliird. Wliat is the share of each ? 

2. Three men share a certain sum in the following manner ; 
the sum of A*s and B's shares j| 8123, that of A's and C's $110, 
and that of B's and C's $83. What is the whole sum and the 
share of each ? 

Let X = the whole sum, a, b, and c the sum of the shares of 
A and B, A and G, B and C, respectively; then z — a=C's 
share, &c., and we have 

*— 2 • 

74. The seventh question, art. 15, may he stated generally, 
thus. A cistern is supplied by ttoo pipes ; the first wiU fill it in 
a hoursy the second in b hours. In what time laiU the cistern be 
f filled if both run together f 

Let a: = the time ; the capacity of the cistern being supposed 
equal to unity, we have 

whence freeing from denominators 

ax-^-bxsssab. 

Here it will be observe^) that x is taken a times and also b 

times ; whence on the whole it is taken a-^-b times ; a-\^ b 

is then the coefficient of x, and the above equation may be 

written thus, 

(a-f-i) x = ab; 

, ab 

whence x = — r-i • 

a-j-b 

Translating this formula, we have the following rule for 
every case of the proposed question, viz. Divide the product 
of the numbers, which denate the times employed by each pipe in 
/ming the cistern, by the sum of these numbers; the quotient will 
he the time required by both the pipes running together to fiU 
ike dstein. 
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Example. Suppose one pipe will fill the cistern in 5| hours, 
and the other in 9 hours ; in what time will it be filled if both 
run together ? 

75. The 4th question, art. d, may be thus generalized. A 
gentleman meeting four poor persons distributed a shillings aTiwng 
them ; to the second he gave b times, to the third c timesy and to 
the fourth d times as much as to the first. What did he give to 
each? 

Let X represent what he gave to the first, we then have 
X'^bx-\'CZ'\'dxr=tay 
or (l-f-* + c + <03;=sa; 

whence X = ■; — ; — = — r ; — •%• 

Let next the following questions be generalized. 

1. A bankrupt wishing to distribute his remaining property 
among his creditors, finds, that in order to pay them 8175 apiece, 
he should want S30, but if he pays them S168 apiece he will 
have S40 left. How many creditors had he ? 

2. It is required to divide the number 91 into t>vo such parts, 
that the greater boing divided by their difference the quotient 
may be 7. 

3. Divide the number 138 into two such parts, that 5 times 
the first part diminished by 4 times the second will be equal 
to 85. 

4. Three men, A, B, and C, engage in trade and gain $500, 
of which G is to have twice as much as B, and B $50 less than 
4 times as much as A. How much will each receive ? « 

5. A trader having gained $3450 by his business, and lost 
$2375 by bad debts, found, that \ of wh%t he had left equalled 
the capital with which he commenced trade. What was his 
capital? 

6. In a certain school } of the pupils leam navigation, \ learn 
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geometry, } learn algebra, and the rest, 23 in number, lean 
arithmetic. How many pupils are there in all ? 

76. The nineteenth question, art. 15, may be presented in a 
general manner, thus. A laborer was hired for a certain number 
a of days; for each day that he wrought he was to receive b shil' 
lings, but for each day that he u>as idle, he was to forfeit c 
shillings. At the end of the time he received d shillings.. How 
many days did he work, and how many was he idle f 

Putting X = the number of days, in which he wrought, and 
resolving the question, we obtain 

d-^-ac 

Example. A laborer was hired for 75 days ; for each day that 
he wrought he was to receive 83, but for each day that he was 
idle, he was to forfeit S7. At the end of the time he received 
S12d. To determine by the above formula the number of days 
in which the laborer wrought. 

The two following questions may also be solved by the same 
formula. Why is this the case ? 

1. A man agreed to carry 20 earthen vessels to a certain 
place on this condition; that for every one delivered safe he 
should receive 11 cients, and for every one he broke, he should 
forfeit 13 cents; he received 124 cents. How many did he 
break ? 

2. A fisherman to encourage his son promises him 9 cents 
for each throw of the net in which he should take any fish, 
but the son, on the other hand, is to forfeit 6 cents for each 
unsuccessful throw. After 37 throtvs the son receives from the 
father*235 cents. What was the number of successful throws 
of the net ? 

77. Let it be proposed next to make a rule for Fellowship, and 
in order to this, let us take the following example. 

Three men. A, B, and C commence trade together, and fur* 
nish money in proportion to the numbers m, n and p respectively 
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they gain a certain sum a. What is each man's share of the 
gain? 
Let X = A's share ; * 

then — = B's, and — = C's share. 

By the question, therefore, 

. nx . px \ 

Fre'^ing from denominators, we have 

MX "^nx -^ px = wtfl, 
or, which is the same thing 

{in']-n'\'p)x^=ma; 

whence x = — ; = — = A's share. 

Multiplying next the value of x hy n, and dividing hy wi, wc 
obtain 

na 



In like manner, we find 



: B*s share. 



— ;-? — P — = C*s share. 

To find a share of the gain therefore; Multiply the corrt' 
sponding proportion of the stock into the whole gain, and divide 
the product by the sum of the proportions. 

78. Let now the following questions be generalized. 

1. Three merchants, A, B, C, enter into partnership. A ad- 
vances $750, B $1300 and G $825. A leaves his money 9 
months, B 13 months, and C 15 months in the business. They 
gain $830. What is the share of each ? 

Since A advances $750 for 9 months, he advances what is 
equivalent to $750 X ^ for 1 mondi. In like manner B advances 
what is equivalent to $1300 X 13 for one month, &c. 

Let p, p\ p'* represent respectively the sums advanced l)y 
each., and g, g', g", the times in which these sums were severally 
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employed; putting a for the sum gained, and x for A's abare ot 

the gain, we have 

P?« 



3. A bankrupt leaves 818000 to be divided among three 
creditors, in proportion to their claims. Now A*s claim is to B'l 
as 2 to 3, and B's claim to C's as 4 to 5. How much does each 
creditor receive ? 

3. A gentleman hired three men to perform a certain piece^of 
work; the first working 9 Hours a day would perform the work 
in 10 days, the second working 7 hours a day, in 15, and the 
third, working 12 hours a day, in 6 days. How long will it take 
them together to perform the work ? 

4. A merchant purchased 24 yards of cloth of two different 
kinds for 8408. The first cost 818, the second 815 a yard. 
How many yards were there of each kind ? 

5. A gentleman hired two workmen for 50 days ; to the first 
he gave 83, to the second 82 a day. On settling with them he 
paid both together 8130. How many days did each work ? 

What have these last two questions in common, and what 
general statement will comprehend both ? 

79. Thus far we have employed the first letters of the alphabet 
to represent known quantities, and the last to denote those which 
are unknown. In some cases it is more convenient to represent 
the quantities, whether known or unknown, by the initials of thi^ 
words for which they stand. 

Let it be proposed to determine what sum of money must bv 
put at interest, at a given rate, in order to amount to a given sum 
in a given time. 

Let p = the principal, or sum put at interest, 
r s^ the rate, 
a sss the given amount, 
^ = the given time. 
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By the question, we have p-^-trp^a^ 
or (l-|-^r)p = a; 

whence p = r— ; k 

l + tr 

We have therefore the following rule, by which to find tha 
principal required, viz. Multiply the rate by the time atid add 1 
to the product ; the amount divided by the mm thus obtained wiU 
give the^ principal. 

Examples. 1. What sum of money must be put at interest 
at 6 per cent., in order that the principal and interest may, at the 
end of 5 years, amount to $748,80 ? 

Six per cent, ivill be $6 on 8100, or, 8.06 on one dollar ; r in 
the formula will be then, for this case, .06 and we obtain 8^6 
for the answer. 

2. A man lent a certain sum of money at 6 per cent. ; at the 
end of 7 years he received for principal and interest 81237.47. 
What was the sum lent ? Ans. 8916.65. 

3. A merchant finds that by a fortunate speculation with hi? 
floating capital, he has gained 15 per cent., and that by this 
means it has increased to 815571. What was his capital? 

Ans. 813540. 

80. The equation p -|- /rp = a, contains, it will be perceived, 
four different things, any one of which may be determined, when 
the others are known. Deducing, for example, the value of t 
we have 

rp 

Whence to find the time, when the amount, principal and 
rate are given ; From the amount subtract the pri7icipal, and 
divide the remairider by the prodttct of the rate mtUtiplied by the 
principal. 

Examples. 1. A man put at interest 8345 at 4 per cent , 
at the end of a certain time he received for principal and interest 

7 
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$483. Seqaired the tinte for which the money vpas lent 

Ans. 10 yean. 

2. A merchant lets out his floating capital, amoimting to 85873 
at 10 per cent, interest. At the end of a certain number of 3rear8 
he finds that he has received 83523,80 interest For how many 
years was his capital let out ? Ans. 6. 

3. Let the learner prepare the formula and solve the following 
example. 

A gentleman put at interest 86840, and at the end of 5 years 
received for capital and interest 88208. What rate per cent, did 
he receive ? Ans. 4 per cent 

81. In the preceding questions the object has been to deter- 
mine certain unknown numbers by means of others^ which 
are known, and which have relations to the unknown num- 
bers established by the enunciation of the question. We shall 
now show the aid derived from the same signs in demon- 
strating certain properties in relation to known and given 
numbers. 

1. To demonstrate that if both terms of a fraction be multi- 
plied by the same number, the value of the fraction will not be 
changed. 

Let the propos€;(l fraction be designated by -, and let n be any 

number whatever. 

Putting Y = w> we have a=^hm; 



multiplying both sides of this last by n, we have 

9t<zass nbtn, 
from which we deduce ^ 

na 

, na a 

irhence -ysss-. 

nb b 

2. Let the same number be added to both terms of a proper 
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fraction; to determine what efiect this will produce upon the 
value of the fraction. 

Let us designate the fraction hy -. Let i7i he the number 

added to both terms of this fraction ; it then becomes 

To compare the two fractions, it is necessary to reduce them 
to the same denominator. Performing this operation, we have 
for tHe first 

ab-^am 

bb'\'bm' 

and for the second 

ab-^bm 
bb-j-bm 

Here the two numerators have the part ab common to both; 
but the part 3m of the second is greater than the part am of the 
first, since b is greater than a ; the second fraction is therefore 
greater than the first ; whence, If the same number be added to 
both terms of a proper Jraction, the value of the fraction wiU be 
increased, 

3. It has been shown in arithmetic that, Evpry divisor common 
to ttoo numbers must divide the remainder after the division of 
tJie greater of these nurnhers by the less. Let us now demonstrate 
this property by the aid of algebraic symbols. 

Let D be the divisor common to the two numbers ; let A D 
represent the greater of the two numbers and B D the less ; let 
Q be the entire quotient arising from the division of the greater 
by the less, and let R be the remainder ; we have then 

AD=BDxQ+R; 

dividing both sides by D, we have 
Here the first member of the equation is an entire rnunber, 
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the second must, therefore, be equal to an entire number; bu« 
of this member the term BQ is an entire number; whence 

-. must be an entire number, that is, R must be exactly divisible 

by D. The proposition abore is, therefore, demonstrated. 
The following propositions may now be demonstrated. 

1. If the sum of any two quantities be added to their difier- 
ence, the sum will be twice the greater. 

2. If the difference of any two quantities be taken from their 
sum, the remainder will be twice the less. 

3. The second power of the sum of two quantities contains 
the second power of the first quantity, plus double the pro- 
duct of the first by the second, plus the second power of the 
second. 

4. The second power of the difierence of two quantities is 
composed of the second power of the first quantity, minus the 
double product of the first by the second, plus the second power 
of the second. 

5. The product of the sum and difference of two quantities is 
equal to the difierence of their second powers. 

The questions, art. 15, will furnish additional exercises for 
the learner in stating and resolving questions in a general 
manner. 



SECTION IX. — ^Discussion op Peoblems and Equations of 

THE FlEST DeGBEE. 

82. When a problem has been solved in a general manner, 
it may be proposed to determine what values the unknown 
quantities will take for particular hypotheses made upon the 
loa \m quantities. The determination of these difierent valuesi 
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and the interpretation of the results to which we arrive, form 
ivhat is called the discussion of the problem. 

The discussion of the following problem presents nearly all 
the circumstances, that can ever occur in equations of the first 
degree. > 

Two couriers set out, at the same time, from two difierent 
ppints A and B, in the line E D^ and travel towards D mtil 
they meet ; the courier, who sets out from the point A, travels 
at the rate of m miles an hour, the other travels at the rate of 
n miles an hour ; the distance between the points A and B is 
a miles ; at what distance from the points A and B will they 
meet? 

I I ^ 

E C' A B C D 

Suppose C to be the point in which they meet; letz.s=the 
distance A C, y = the distance B C. We have for the first 
equation x — y = a. 

The first courier, travelling at the rate of m miles an hour, 

will be — hours in passing over the distance z; the second, 
travelling at the rate of n miles an hour, will be - hours in 

9ft 

passiiig over the distance y; and since these distances must 
each be passed over in the same time, we shall have for the 
second equation • 

m n 

rtesolving these two equations, we have 



Discussion, ^- 

1. Let m be greater than n. In this case the values of z and 
y will be positive, and the problem will be solved in the exact 
•ense of the enunciation ; for, it is evident, that if the courier, 
I* 
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who sets out from A, travels faster than the other, they will 
meet somewhere in the direction A D. 

2. Let n he greater than m. .This beipg the case we shall 
have 



am an 



n — m 71—^ in 

Here the values of x and y are negative. In order to interpret 
this result, we ohserve that the courier from B travelling faster 
than the courier from A, the interval between them must in- 
crease continually. It is absurd therefore to require that they 
should meet in the direction A D. The negative values for 
X and y indicate, then, an absurdity in the conditions of the 
question. To show how this absurdity may be done away, let 
us substitute in the equations of the problem — x, — ^ instead 
of X and ^, we shall then have 

— a; + y==a^ (y — xssa 

m 71 ) {m n 

The second equation is not affected by the change of sign, as 
indeed it ought not to be, since it only expresses the equal- 
ity of the times. In regard to the first, however, we have 
y — :r = a, instead of a; — ^ = a. This shows that the point, 
in which the couriers meet, must be nearer to A than to B by 
the distance A B ; it must, therefore, be at some point C on 
the other side of A with respect to B. In order then to remove 
the absuidity in the enunciation of the question, it is necessary 
to suppose the couriers, instead of travelling in the direction 
A D, to travel in the opposite direction B E. Indeed, if we 
resolve the equations 

y— «=« 

n 

am 




, values which are positive ; 
m " w — m 

and which answer the conditions of the problem modified, thus. 

Two couriers set out at the same time from two points, A and 
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B, in the line E D, and travel towards E ; the courier, who sets 
out from the point B, travels at the rate of n miles an hour, the 
other travels at the rate of m miles an hour ; the distance be- 
tween the points B and A is a miles ; at what distance from the 
points B and A will they meet ? 

3. Let m = n. In this case we have m — n = 0, and the 
values of x and y become 

din an 

But how shall we interpret this result? Returning to the 
question, we perceive it to be absolutely impossible to satisfy 
the enunciation; for, the couriers travelling equally fast, the 
interval between them must always continue the same, how- 
ever far they may travel in either direction. It is impossible, 
then, that they should meet, and no change in the enunciation, 
so long as we have mzszn, can make it possible. Indeed, 
the equations of the problem on the hypothesis msssn become 

x^y = a 

z — 2^ = 0, 
equations, which are . evidently incompatible. Zero being a 
divisor is then, a sign of impossibility. 

The expressions -j^-, -tt are considered, however, by mathe- 
maticians as forming a species of value for x and y, to which 
they give the name of infinite value. To show the reason for 
this, let us suppose that the difierence between m and n with- 
out being absolutely nothing is very small; in this case, it is 
evident that the values of x and y will be very large. Let, for 
example, wi = 3, m — ti = 0. 01, we shall then have w = 2. 99, 
whence * 

-i^=i? = 300«, -^^ = 299a. 
m — n .01 m — n 

Again let m — w=.0001, m being equal to 3, n will then 

= 2.9999, whence 

-^^^ = 30000a, -^5^ = 29999a. 
fn-~-n m^—n 
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In a word, so long as there is any diflference, howeyer snuill^ 
between m and n, the couriers will meet in one direction ov 
the other; bat the distance of the point, in which they meet, 
from the points A and B will be greater in proportion as the 
difference between m and n is less. If then the differervce be* 
tween m aTid n t; Uss than any amgnuble quantity ^ the distances 

, toill he greater than any assignable quantity or 

rn — n m — n 

infinite. Since then is less than any assignable quantity, we 

may employ this character to represent the tdtimate state of a 

quantity which may be decreased at pleasure ; and since the 

value of a fractional quantity is greater, in proportion as its 

denominator is less, the expression -rr-, and in general, any 

quantity with zero for a denominator may be considered as the 
symbol of an infinite quantity, that is, a quantity greater than 
any, which can be assigned. . 

We say then that the values a;s=r--^, yssr-^r- are infinite. 

To show how the notion indicated by the expression -jr- does 

away the absurdity of the equations 

X — y=ia, X — y==0, 
from the second of these equations, we deduce the value of y 
and substitute it in the first, we then have x — xs^a; dividing 
bcfth sides of this last by x, we have 

1-1 = ?. or* = 0. 

X X 

Here, as we put for x values greater and greater, the fraction 
- will difier less and less from 0, and the equation will approach 
nearer and nearer to being exact. If then x be greater than any 
assignable quantity, - will be less than any assignable quantity 
or zei3 
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4: Let us suppose next m =s 72, and at the same time a ass 0, 
ire shall then have 



^ = 0' 2^ = 0- 
But how shall we interpret this new result? Returning to 
the enunciation, we perceive, that if the couriers set out each 
from the same point and travel equally fast, there is no par- 
ticular point in which they can he said to meet, since in this 
case, they will be together through the whole extent of their 
route. Indeed, on this hypothesis the equations t)f the problem 
become 

• a:— .y==0, 

a; — y = 0, 
equations which are identical ; the problem is tnerefore indeter- 
tninate, since we have in fact but one equation with two un- 
known quantities. The expression ^ is therefore a sign of inde' 

termination in the enunciation of the problem. 

The preceding hypotheses are the only ones, which lead to 
remarkable results. They are sufficient to show the manner 
in which algebra corresponds to all the circumstances in the 
enunciation of a problem. 

SENERAL FORMULAS FOR EQUATIONS OF THE FIRST DEGREE- WITH 
ONE OR TWO UNKNOWN QUANTITIES. 

83. Every equation of the first degree with one unknown 
quantity may, by. collecting all the terms which involve x, into 
one member and the known quantities into the other, be re- 
duced to an equation of the form Aa:=B, A and B denoting 
any quantities whatever, positive or negative. 

Let there be, for example, the equation 
mz 
n 

Freeing from denominators, transposing and uniting terms we 
have \m — n)x^=:n{p — q). 
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Comparing this equation with the general formula, we haTe 
m — n=iAj n{p — j) = B. 

84. Resolving the equation A a; 9= B, we have a: = j. This 

is a general solution for equations of the first degree with one 
unknown quantity. 

Discussion. 

1. Let it he supposed, that in consequence of a particular 
hypothesis made upon the known quantities, we have A = 0, 

the value of x will then be -^. But the equation ^x ==: B on 

this hypothesis becomes X a: = B, an equation which, it is 
evident, cannot be satisfied by any determinate value for xl 
The equation X ^ ^^s B may, however, be put under the 

B 

form — =s 0. Here, if we consider x greater than any assign- 

B 

able quantity, the fraction — will be less than any assignable 

quantity or zero. On this account we say that infinity in this 
case satisfies the equation. It is evident, at least, that the equa- 
tion cannot be satisfied by any finite value for x, ' 

2. Let us suppose next A = 0, and at the same time B =? 0, 

the value of x will then take the form ^. In this case the equa- 
tion becomes X a; == 0, an equation which may be satisfied by 
any finite quantity whatever, positive or negative. Thus the 
equation, or the problem, of which it is the algebraic translation, 
is indeterminate. 

It should be observed, however, that the symbol v does not 

always indicate that the problem is indeterminate. 

Let, for example, the value of x derived from the solution of a 
problem be 
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If we put ass 3 in this formula, it will, under its present 

form, be reduced to jr; but this value for x may be put under 

the form 

_ (a — 3)(g' + a3 + 3') 
^- (a-b)(a + b) • 
If then, before making the hypothesis a = 3, we suppress the 
fisbctor a — i, the value of z becomes 

a + b ' 
from which we obtain a; = -^, on the hypothesis a = 3. 

We conclude therefore that the symbol jr is soinetimes in alge- 
bra the sign of the existence of a factor common to the two terms 
of a fraction^ which in consequence of a particular hypothesis be- 
comes 0, and reduces the fraction to this form. 

Before deciding then, that the result /? is a sign that tne 

problem is indeterminate, we must examine whether the ex- 
pressions for the unknown quantities, which in consequence of 
a particular h}^thesis are reduced to this form, are in their 
lowest terms, if not, they must be reduced to this state ; the par- 
ticular hypothesis being then made anew, the result ? shows 

that the problem is really indeterminate. 

85. Every equation of the first degree with two unknown 
quantities may be reduced to an equation of the form 

Aa;+By = C, 
A, B, and C denoting any quantities Whatever, positive or nega- 
tive. It is evident, that all equations of the first degree with 
two unknown quantities may be reduced to this state, 1**. by 
freeing the equation from denominators ; 2**. by collecting int( 
one member all the terms, which involve x and y, and thf 
known quantities mto the other; 3^. by uniting the terms 
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which contain x into one tenn, and those which contain y vm 
another. 
Let us take the equations 

Aa:4-By = C 
A'2:+B'y=C'. 
Resolving these equations we have 

_CF — BC; _ AC^— CA^ 
^~AB' — BA" ^~AB' — BA'* 

This is a general solution for all equations of the first 
degree with two unknown quantities. 

To show the use which may he made of these formulas in the 
solution of equations, let there be the two equations, 
5x'^'Sy=l9, 4a: + 7y=29. 
Comparing these with the general equations, we have 
A = 5. B = 3, C = 19, A'=4, B' = 7, C'=:29, 
whence, by substitution in the formulas for x' and y, we nave 
19X7 — 3X29 133 — 87 46 ^ 



~ 6X7- 


-3X4 


35- 


-12" 


~23~ 


6X29- 


-19X4 


145- 
36- 


-76 
-12' 


69 


6X 7- 


- 3X4- 




Discussion. 







In the above formulas for x and y, let A B' — B A' ss= 0, 
CB' — BC and AC — CA' being each different from zero, 
we shall then have 

CB' — BC AC— CA' 

x = -g . y= g— 

To interpret these results, we observe that the equation 

AB' 
AB' — BA'=:0 gives A' = —5-; substituting this value in 

the equation A'a: -j- B'y = C, we have 

^^r + B'y=C^ 
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from wliich we obtain Aa:-|-By = -^; comparing this with 

the equatim Aa;-|- By = C, the left hand members, il will be 
perceived, are identical, while the right are essentialiy different ; 
for if in the numerator C B'— B C, CB' be greater than BC, 

BC 

C will be greater than -57-; and if C B' be less than B C, C will 

D 

BC 
be less than -^7- ^^ conclude, therefore, that the two eqtuUiom 

D 

proposed cannot in this case be satisfied^ at the sarne time, hy arty 
system whatever of finite valties for x and y. The question 
therefore in this case is impossible. 
Again, let us suppose AB' — BA'ssO, and at the same time, 

C B' — BG'ss ; the ya.ue. of x in this case is reduced to jr. 

To interpret this result, we remark that the equations proposed 
may, in consequence of the relation AB''— BA'=0, be put 
under the form 

Aa: + By = C 

equations which are identical, since from the relation C B' — B C 

c= 0, we have -^7- = C. 

In order then to resolve the problem, we have in fact but one 
equation with two unknown quantities ; the question therefore is 

indeterminate. 

/ B A' 

Since the equation A B' — B A =0 gives B'== — ^ we have 

A. 

by substitution in the equation C B' — BC'= 0. 

^-BC'=0, 
A 

or reducing, AC — CA's=0; we infer, therefore, that tf tlk 

value of X be of the form tt, the valtie of y wiU be of the 
form and the converse. 
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PROBLEMS FOR SOLTTTIOIC AITB DISCUSSIOIT. 

1. A merchant has two sorts of wine, one of which costs «j 
the other i shillings a gallon ; from these he would make a 
mixture of c gallons to he worth d shillings a gallon. How 
much of each must he take ? 

Let a; = the number of gallons of the first, y of the second, 

wehare ^ = ___, y = ___. 

How shall we interpret these results 1**. when & or a is equal 
to d; 2®. when a = h; 3**. when a = b, and at the same time, 
b=sd; 4^. what condition is necessary in order that the question 
may be solved in the exact sense of the enunciation ? 

Ans. In the first case, the quantity of one of the ingredients 
will be 0, as it should be, since, if the price of one of the ingre- 
dients is equal to that of the mixture, Tume of the other will be 
needed to make the mixture of the required price. In the second, 
since the prices of the ingredients are both the same, a mixture 
of a different price cannot, it is evident, be made from them ; the 
question, therefore, requires an impossibility. In the third case, 
the price of the ingredients and that of the mixture being each 
the same, whatever number of gallons be taken of either, the 
mixture will be of the required price ; the question is, therefore, 
indeterminate. The number of solutions is, however, limited by 
the circumstance that the number of gallons of both ingredients 
taken together must be equal to c. Finally, in order that the 
question may be answered in the exact sense of the enunciation, 
the price of the mixture must be comprised betw^een the prices 
of the ingredients. 

2. To find a number suet, that if it be added to the num- 
bers a and h respectively, the first sum will be m times the 
lecond. 

Putting X for the number, we have arsas -=— — . 
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How shall we interpret this result when m = 1 ? How when 
m:^lj and at the same time a = 3? How when m is greater 
than 1, and mb greater than af What condition? are necessary, 
in order that the question may be solved in the exact sense of the 
enunciation ? 

3. The sum of two numbers is a, and the sum of their pro- 
ducts by the numbers m and n respectively is b. What are the 
numbers? 

Putting z and y for the numbers, we have 

b — na ma — b 

How shall we interpret these results, when m is greater than 
n and na greater than b? How when msn? How when 
msszn^ and at the same time na^s^b? What conditions are 
necessary in order that the question may be solved in the exact 
sense of the enunciation ? 

4. Two numbers are in proportion of a to 3 ;' but if c be added 
to both, they will then be in proportion of m to n ; whaf^e the 
numbers ? 

Ans. ^S^^L^ and ^^l^IZ!?). 
an — bm an — bm 



SECTION X. — Theory of Inequalities. 

86. In the reasonings, which relate to the discussion of a 
problem, we have frequent occasion to make use of the expres- 
sions ^^ greater thauy^ ^*less than,^* In such cases we shall attain 
a greater degree of conciseness, by representing each of these 
expressions by a convenient sign. It is agreed to represent the 
expression " greater than" by the sign ^ ; thus, a greater than b 
is expressed by a > 5. The same sign by a change of position 
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is made co represent the phrase ^*less than;*^ thus, j less than b 
is expressed by a <[ 3. 

An equation of the form ass a is called an eqattty. An 
expression of the form a'^b, or a -^b is called an inequality. . 

The principles established for equations apply in general to 
inequalities. As there are some exceptions, however, we shall 
state the principal transformations, which may be made upon 
inequalities, together with the exceptions which occur. 

P. We may always add the same quantity to both members of 
an inequality^ or subtract the same quantity from both members^ 
and the inequality will continue in the same sense. 

Thus, let 3 ^ 5 ; adding S to both sides, we have 

8 + 3<5 + 8, or 11<13. 

Again let — 3 ^ — 5 ; adding 8 to both sides we have 
8_3>8 — 5, or5>3. 

This principle . enables us, as in the case of equations, to 
transpo^ a term from one member of an inequality to the 
other; thus, from the inequality a* -{- 3* > 3 c" — a*, we obtain 
2a«4-i«>3c». 

2®. We may in all cases add, member to member, two or more 
inequalities established in the same sense, and the inequality, 
which results, will exist in the sense of the proposed. 

Thus, let there he a'^b, c^d, e >/; we have 

But if we subtract, mernberfrom member, two or more inequal^ 
ities established in the same sense, the inequality, which results^ 
will not always exist in the sense of the proposed. 

Let there be the inequalities 4 -^ 7, 2 -^ 3, we have by sul»- 
traction4 — 2<7 — 3, or2<4. 

But let there be the inequalities 9 ^ 10 and 6 <[ 8, subtract- 
ing the latter from the former, we have 

9 — 6>10 — 8,or3>2. 

3*. We may multiply or divide the two members of an inequal^ 
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Uy by any positive or absoltite number^ and the inequality, lohich 
results^ vnU exist in the sense of the proposed. 

Thus, if we have a<^, multiplying both sides by 5, we have 
6a<6b. 

By means of this principle, we may free an inequality from 
its denominators Thus, let there be 

2d ^ Sa * 
we have by multiplication (<i^ — y)3aXfl? — i^2d, and by 
division 2a'^2d, 

But if we multiply or divide the two members of an inequality 
by a negative quantity, the inequality, which results, wiU exist in 
the contrary sense. 

Thus, let 8 > 7 ; multiplying both sides by — 3, we have 
— 24< — 21. 

From this it follows, that if we change the sign of each term 
of an inequality, the inequality, which results, vfiU exist in a sense 
contrary to that of the proposed; for this transformation will be 
equivalent to multiplying both members by — 1. 

87. Let there now be proposed the inequality 

Multiplying both sides by 3, we have 

21a: — 23>2a:+15; 
whence transposing and reducing, we have 

a>2. 

Here 2 is the limit to the value of x, that is, if we substitute 
for X in the proposed any value greater than 2, the inequality 
will be satislGied. The process, by which the limit to the value 
of the unknown quantity is determined, is called resolving the 
inequality. 

8 
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BXAMPLK8. 



1. To find the limit to the yalue of x in the inequalities 

2. To find the limit to the value of x in' the inequalities 

a: , a: ^ 7 , 2ar i -^^ / 

6 + 3>6+-9 ^y^ 

7 14^6 10 

3. To find the limit to the value of a; in the inequalities 

88. The theory of inequalities may be applied to the solution 
of certain problems. 

1. The double of a number diminished by 5 is greater than 
25, and triple the number diminished by 7 is less than double the 
number increased by 13. Required a number that shall possess 
these properties. 

By the question, we have 

2x — 6>25 
3a? — 7<2a:+13. 
Resolving these inequalities, we have x^l5rX'^20. Any 
number therefore, entire or fractional, comprised between 15 and 
80 will satisfy the conditions of the question. 

2. A shepherd being asked the number of his sheep re- 
plied, that double their number diminished by 7 is greater 
than 29, and triple their number diminished by 5 is less than 
double their number increased by 16. Required the number of 
sheep. 



EZTBACTION OF TH£ SQTTABE BOOT. llff 

Besolving the question, we have x^ 18, and a:^2|. Here 
all the numbers, comprised between 18 and 21, will satisfy the 
inequalities ; but since the nature of the question requires that 
the answer should be an entire number, the number of solutions 
is limited to 2, viz. a: sss 19, 2 = 20. 

3. A market woman has a number of oranges, such, that 
triple the number increased by 2, exceeds double the number 
increased by 61 ; and 5 times the number diminished by 70 is 
less than 4 times the number diminished by 9. How many 
oranges had she ? j^g >^/^S^'> )a^Cpf 

4. The sum of two numbers is 32, and if the greater be 
divided by the less, the quotient will be less than 6 but greater 
than 2. What are the numbers ? Jo V ^ ^^- ^"^ 

5. The sum of two numbers is 25; if the greater be divided 
by the less, the quotient will be greater than 3, and if the less 
be divided by the greater the quotient will be greater than ^. 
What are the numbers? /^ - 6 ^y^^ X^-?^ 



SECTION XL — ^Extraction of the Sqttabb Root. 

89. Let it now be proposed to find a number, which multiplied 
by five times itself, will give a product equal to 125. 

Putting z for the number required, we have by the question 
52:*= 125, from which we obtain 2:" = 25. This equation is 
essentially difierent from any, which we have hitherto considered. 
It is called an equation of the secemd degree, because it contains 
X raised to the second power. To find the value of x, we must 
see what number multiplied by itself will give 25. It is obvious, 
that the number 5 will fulfil this condition ; we have therefore 

The Talue of x is easily found in the present exampl^, bat 
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in others it will be more difficult. Hence arises this new aridi- 
flietical question, viz. To find a number ^ which multiplied hy 
iUdf will give a product equal to a proposed number , or which 
it the same thing, from the second power of a number to deter- 
mine the first. 

A number, which multiplied by itself will produce a given 
number, is called the square or second root of this number. The 
process for finding the second root is called extracting the square 
or second root. 

In the following table, we have the nine primitive numbers 
with their squares written under them respectively. 
1, 2, 3, 4, 5, 6, 7, 8, 9. 
1, 4, 9, 16, 25, 36, 49, 64, 81. 

By inspection of this table, it vdll be perceived, that among 
entire numbers consisting of one or two figures, there are nine 
only, which are squares of other entire numbers. The remain- 
der have for a root an entire number plus a fraction. Thus 53, 
which is comprised between 49 and 64, has for its square root 7 
plus a fraction. ^ 

The numbers in the second line of this table being the squares 
of those in the first, conversely, the numbers in the first line 
are the square roots of those in the second. If, therefore, 
the number, the square root of which is required, consists of 
one or two figures only, its root will be readily found by means 
of the table. 

Let it be proposed to find the root of a number consisting of 
more than two figures, 6084, for example. 

The square of 9, the largest number consisting of one figure, 
is 81, and the square of 100, the smallest number consisting of 
three figures, is 10000 ; the square root of 6084 will, therefore, 
consist of two places, viz. units and tens. 

To determine then a method, by which to return from the 
proposed number to its root, let us observe the manner, in 
which the difierent parts of a number consisting of two places, 
47, for esample, are employed in forming the square of this 
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mimbeT. For this paipose we decompose 47 into two parts, 
viz. 40 and 7, or 4 tens and 7 units. Designating the tens by 
a and the units by )^, we have a-^bsssi4t7i and squaring bodi 
sides af -j- 2 ab -^1^ = 2209, Thus the square of a number, 
consisting of units and tens, is composed of three parts, viz. the 
tguare of the tens, plies twice the product of the tern multiplied 
by the units, pltis the square of the units. Thus in 2209, the 
square of 47, we have 

The square of the tens (a*) = 1600 

Tiffice the tens by the units (^ab) = 560 
The square of the units {J?) = 49 

2209 
Considering, then, the proposed number 6084 as composed 
of the square of the tens of the root sought, twice the product 
of the tens by the units, and the square of the units, if we can 
discover in this number the first of these parts, viz. the square 
of the tens, the tens of the root will be readily found. The 
square of an exact number of tens, it is evident, can have no 
figure inferior to hundreds. Separating then the two last figures 
of the proposed from the rest by a comma, the square of the 
tens will be found in 60, the part at the left of the comma, 
which, in addition to the hundreds in the square of the tens, 
will also contain those, which arise from the other parts of the 
square. 60 is comprised between 49 and 64, the roots of 
which are 7 and 8 respectively ; 7 will, thefefore, be the figure 
denoting the tens in the root sought. Indeed 60 00 is com» 
prised between 49 00, and 6400, the squares of 70 and 80 
respectively; the same is, the case with 60 84; the root required 
will therefore consist of 7 tens and a certain number of units 
less than ten. 

The figure 7 being thus obtained, we place it at the right 
of the proposed, taking care to separate them by a vertical 
line; we then subtract 49, the square of 7, from 60, and to 
the remainder 11 we bring down 84, the two other figures of 
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the proposed. The result 1184 of this operation will then con- 
tain twice the product of the tens of the root by the units, plus 
the square of the units. Twice the product of the tens by the 
units will, it is evident, contain no figure inferior to tens. Sep- 
arating then 4, the right hand figure of the remainder 1184, 
from the Test by a comma, the part 118 of this remainder, at the 
left of the comma, must contain the double product of the tens 
by the units, together with the tens arising from the square of 
the units. 

The double product of the tens is 14; dividing, therefore, 
118 by 14, the quotient 8 will be the unit figure exactly, or in 
consequence of the tens arising from the square of the units, 
it may be too large by 1 or 2. To determine whether 8 be the 
right figure for the units of the root, we multiply twice the tens 
by 8 and subtract the result from 1184, the remainder 64 being 
equal to the square of 8, shows that 8 is the unit figure sought. 
We have 78, therefore, for the root required. The operation 
will stand thus, 

60,84 17 
49 



118,4 I ~ 



8 



112 



64 
64 

To complete the root, we place 8, the unit figure, at the right 
of 7, the figure for the tens. The work, moreover, may be 
abridged by writing the 8 at the right of the divisor, and 
multiplying 148 the number thus formed by 8. We thus ob- 
tain in one expression twice the tens by the units and the 
square of the units; this being equal to the remainder 1184 
proves, as before, that 8 is the right figure for the units of the 
foot. 
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With this modification, the work will stand thus, 

60, 84 I 78 
49 



118,4 
1184 



148 



Let us take, as a second example, the number 841. ' Pursuing 
the same course as in the preceding example, we find 2 for 
the tens of the root ; subtracting the square of the tens, the 
remainder will be 441. Separating the unit figure in this re- 
mainder from th^ rest by a comma, and dividing the part at the 
left by double the tens, in order to obtain the unit figure of the 
root, we have 11 for the result. This is evidently too much. 
Indeed, we cannot have more than 9 for the units ; we therefore 
try 9. This proves to be the correct figure. The root sought is 
therefore 29. 

The operation will be as follows : 

8,41 I 29 
4 



44,1 I 49 
441 

^0. Any number however large may be considered as com- 
posed of imits and tens ; 345, for example, may be considered as 
composed of 34 tens and 5 units. 

Let it now be proposed to find the second root of 190969. 
This number exceeds 10 000 and is less than 1000 000; iti 
root will therefore consist of three places. But from what has 
been said, the root may be considered as composed of two 
parts, units and tens. The proposed will, therefore, consist 
of three parts, viz. the square of the tens of the 'root, twice 
the tens by the units and the square of the units. The square 
of the tens will have no figure inferior to hundreds. Separating, 
therefore, the last two figures from the rest by a comma, the 
tens of the root will be found by extracting the square root 
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of 1909, the part of the proposed at the left of the comiiuu 

Regarding 1909 for the nu>inent as a separate number, its root 

will evidently consist of two places, units and tens. The method 

of finding the root will, therefore, be the same as in the pre* 

ceding examples. Performing the necessary operations we obtain 

43 for the root and a remainder of 60. There will therefore, 

be 43 tens in the root of the proposed^ and bringing down the 

last two figures of the proposed by the side of 60, the resuh 

6069 will contain twice the product of the tens of the root 

sought by the units, plus the square of the units. Separating, 

therefore, the right hand figure from the rest by a comma, we 

divide 606, the part on the left of the comma, by 86, twice the 

tens ; this gives 7 for the unit figure. Placing the 7, therefore, 

at the right of 43, the part of the root already found, and also 

at the right of 86, and multiplying this Last by 7, we have 6069 

for the result. 7 is, therefore, the right unit figure, and the root 

of the proposed is 437. 

The following is a table of the operations. 

19,09,69 I 437 
16 



309 183 
249 

606,9 
6069 



867 



The same process, it is easy to see, may be extended to any 
number however large. From what has been done, therefore, 
the following rale for the extraction of the second root will 
be readily inferred, viz, 1^. Separate the number into parts 
of two figures each, beginning at the right. 2°. Find the grea^ 
est second power in the left hand part; torite the root as a qtuh 
tient in division, and subtract the second power from the left hand 
part, 3**. Bring down the two next figures at the right of the 
remainder for a dividend and double the root already found for 
m divisor. See how many times the divisor is contained in tie 
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Hvidend, neglecting the right hand Jigure. Write the result in 
the root at the right of the figure previously foundt and also at 
the right of the divisor, 4**. Multiply the divisor, thzts aug* 
mentedy by the last figure of the root and subtract the product 
from the whole dividend. 5^. Bring dovm the Tiext two figures 
as before^ to form a new dividend, and double the root already 
found for a divisor, and proceed as before. The root wiU be 
doubled, if the right hand figure of the last divisor be doubled. 

91. If the number proposed be not a perfect square, we shaD 
obtain by the above rule, the root of the greatest square niunber 
contained in the proposed. Thus, let it be required to find the 
square root of 1287. Applying the rule to this number, we ob- 
tain 35 for the root with a remainder 62. This remainder shows 
that 1287 is not a perfect square. The square of 35 is 1225, 
that of 36 is 1296 ; whence 35 is the root of the greatest square 
contained in the proposed. 

92. When the proposed number is not a perfect square a 
doubt may sometimes arise, whether the root found be that of 
the greatest square contained in this number. This may be 
readily determined by the following rule. The square of a -j- 1 
i3a'4"2a4"l> whence the square of a quantity greater by 
unity than a exceeds the square of a by 2 a ^- 1. From this it 
follows, that if the root obtained should be augmented by unity 
or mare than unity, the remainder after the operation must be at 
least equal to twice the root plus unity. When this is not the 
case, the root obtained is that of the greatest square contained in 
the proposed. 

EXAMPLES. 

1. To find the square root of 56821444. Ans. 7538. 

2. To find the square root of 17698849. Ans. 4207. 

3. To find the square root of 1607448649. Ans. 40093. 

4. To find the square root of 12103441. Ans. 3479. 

5. To find the square root of 48303584206084. Ans. 695007a 
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93. From what has been done, it will be perceived, that there 
are many whole numbers, the roots of which are not whole 
numbers. What is remarkable in regard to these numbers is, 
that they will have no assignable roots. Thus the numbers 
3, 7, 11 have no assignable roots, that is, no number can be 
found either among whole or fractional numbers, which multi- 
plied by itself will produce either of these numbers. The proof 
of this depends upon the following proposition, which we shall 
now demonstrate, viz. 

Every number P, which toill exactly divide the prodtict AB of 
two nurnbers A and B, and which is prime to one of these num- 
bers must necessarily divide the other number. 

Let us suppose that P will not divide A, and that A is greater 
than P. Let us apply to A and P the process of the great- 
est common divisor, designating the quotients, which arise, by 
Q» Q'> Q" . . . and the remainders by R, R', R" . . . respec- 
tirely. It is evident, that if the operation be pursued su^ciently 
far, we shall obtain a remainder equal to unity, since by hypothe- 
sis A and P are prime to each other. This being premised we 
hare the following equations 

A==:PQ + R 

P==RQ' + R' 
R = R'Q"+R" 



Multiplpng the first of these equations by B, and dividing 
by P, we have 

By hypothesis -r^ is an entire number, and since B and Q 

are each entire numbers the product BQ is an entire number. 

BR 

It follows therefore, that -=- must be an entire number ; whence 

B multiplied by the remainder R is divisible by P. 
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Again, multiplying the second of the above equations by B 
and dividing by P, we have 

^ BRQ' BR' 

BR 

But we have already shown that -^ is an entire number, 

whence — ^ — is an entire number. This being the case, — 5- 

must be an entire number ; whence B multiplied by the remain- 
der R' must be divisible by P. 

If then the remainder R' is equal to unity, the proposition 
is demonstrated, since in this case we shall have B X 1 or B 
divisible by P. But if the remainder R' is not equal to 
unity, it is evident, that if the process of the greatest common 
divisor be applied to the quantities A and P until a remain- 
der is obtained equal to unity, we may in the same manner 
as above, prove that B multiplied by this remainder will be 
divisible by P. 

We conclude, therefore, that if P, which we have supposed 
not to divide A, will not divide B, it will not divide AB the 
product of A by B. 

Returning now to our purpose, it is evident, in order that a 

fractional number j may be the root of an entire number c, we 
must have 

But if c be. not a perfect square, its root will not be an en- 
tire number, that is, a will not be divisible by b; but from 
what has just been demonstrated, if a is not divisible by 

bj ay^a 01 c? will not be divisible by 3, and by consequence 

2 
a* will not be divisible by b^ ; whence ^ cannot be equal to an 

entire number c. 

94. Though the roots of numbers, which are not perfect 
squares cannot be assigned either among whole or fractional 
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numbers, yet, it is evident, there must be a quantity, which mul- 
tiplied by itself will produce any number whatever. Thus the 
root of 53 cannot be assigned , yet there must be a quantity, 
which multiplied by itself will produce 53. This quantity, it is 
evident, lies between the numbers 7 and 8, for the square of 7 is 
49, and the square of 8 is 64. If then we divide the difference 
between 7 and 8 by means of fractious, we shall obtain numbers, 
the squares of which will be greater than 49 and less than 64. 
and which will approach nearer and nearer to 53. 

95. All numbers, whether entire or fractional, have a common 
measure with unity; on this account they are said to be com* 
mensurable; and since the ratio of these numbers to unity may 
always be expressed by entire numbers, they are on this account 
called ratioTud numbers. 

The root of a number which is not a perfect square can have 
no common measure with unity; for, since it is impossible to 
express this root by any fraction, into how many parts soever we 
conceive unity to be divided, no fraction can be assigned suffi- 
ciently small to measure at the same time this root and unity. 
The roots of numbers, which are not perfect squares, are on tliis 
account called iruummensurable or irrational quantities. They 
are sometimes also called surds. 

To indicate that the square root of a quantity is to be taken? 
we use the character ^, which is cedled a radical sign. Thus 
<\/l6 is equivalent to 4. s/2 is an incommensurable or surd 
quantity. 

EXTEACTION OF THE SQUARE ROOT OF FRACTIONS. 

96. Since a fraction is raised to the second power by rais- 
ing the numerator to the second power, and the denominator 
to the second power, it follows that the square root of a frac- 
tion will be found by extracting the square root of the numera- 

9 3 

tor, and of the denominator. Thus, the square root of j^ is -j- 
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If either the numerator or denominator of the fraction is 

not a perfect square, the root of the fraction cannot be found 

exactly. We may, however, always render the denominator 

of a fraction a perfect square by multiplying both terms of 

Jthe fraction by the denominator. This will not alter the 

value of the fraction. The root of the denominator may then 

be found, and for that of the numerator, we most take the 

number nearest the root. Thus, if it be required to extract 

3 
the square root of «, multiplying both terms by 5, the fraction 

15 4 

becomes ^r=, the root of which is nearest •=, accurate to within 
25 o 

less than 7. 
o 

If the denominator of the fraction contain a factor, which 

is a perfect square, it will be sufficient to multiply both terms by 

the other factor of the denominator. Thus, let it be required 

* 8 
to find the square roor of ^ ; multiplying both terms by 6, the 

48 .7 

fr^u^tion becomes ^kt* tl^e root of which is r^, accurate to within 

less than 4 

If a greater 'degree of accuracy is required, we convert the 
fraction into another, the denominator of which is a perfect 
square, but greater than that obtained by the method above. 

3 1 

► To find, for example, the square root of - to within j^, the 

fraction must be converted into 225ths^. This is done by multi- 

3 135 

plying both terms by 45. Thus we have •= = p^^r?, the root of 

5 225 

which is nearest r^, accurate to withm less than -r^, 
15 15 

After making the denominator a perfect square, we may mul- 
tiply both terms of the proposed fraction by any number, 
which is a perfect square, and thus approximate the root 
more nearly. If, for example, we multiply both terms of 
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^ by 144, the square of 12, we obtain ognA' ^® root of wlaA 

48 *) 

is nearest ^tt. Thus, we have the root of ■= to within less 
oil o 

than -TT^. 
60 

97. We may in this way approximate the roots of whole 
numbers, the roots of which cannot be exactly assigned. 

If it be required, for example, to find the square root of 2 ; 
we convert it into a fraction the denominator of which will be 

450 

a perfect square. Thus, if we put 2 = 55^, we have for the 

21 1' 

root ■=-=. or 1 A, accurate to within less than t?« 

10 lo 

In general, to find the square root of a number accurate to 
within a given fractioii, we multiply the proposed number by the 
square of4he denominator of the given fraction ; we t?ien Jina 
the entire part of the square root of this pfpduct^ and divide the 
result b^he denominator of the given fraction. 

This rule may be demonstrated as follows. Let a be the num- 
ber proposed, and let it be required to find the root of a to within 

less than -. 

n 

ar? 
We shall have, it is evident, as= —^ ; let r be the entire part 

n 

of the root of the numerator of an'; an? will be comprised between 

r* and (r-|- !)'> and by consequence the square root of a wiU 

r* (r -4- 1)'* 
be comprised between those of — , and ^ — , that is to say, 

r r "^ 1 r 

between - and — i— ; whence - will be the root of a to within 



n n 



less than -. 
n 



98. To approximate the root of a number, which is not a 
perfect square, it will be most convenient to employ some power 
of 10 as the multiplier of the proposed, or which is the same 
thing, to convert the proposed into a fraction, the denominator of 
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which shall be some power of 10. Thus, to approximate 

200 
the root of 2, let us put 2 = j^ or 2.00, the approximate root 

20000 
will be 1.4. Again, let 2= ^^^^ or 2.0000, the approximate 



root will be 1.41. 

99. From what has been done, and indeed from the nature 
of multiplication it follows, that the number of decimal places 
in the power wiU be double the decimal places in the root. To 
find the approximate root of an entire number by the aid of 
decimals therefore, we must annex to this number twice as many 
zeros as there are decimal places wanted in the root. Thus, 
if 5 places are required in the root, ten zeros must be annexed. 
The zeros may be annexed as we proceed, it being observed, 
that two zeros must be annexed for every new figure placed in 
the root. 

The root of 7, to three places, will be found as follows. 
7 (2.645 
4 

300 
276 

2400 
2096 



30400 
26425 



3975 

If the proposed be already a decimal, the number of decimal, 
p'jices must be made even by annexing a zero, if necessary. If 
tlte root of the number, thus prepared, is not sufficiently exact, 
two zeros must be annexed for every new figure required in the 
root. 

100. To find the root of a- vulgar fraction by the aid of deci 
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mala, we convert this fraction into a decimal and then extract the 
root. 

If the proposed consist of an entire^ part and a fraction, we 
convert the fraction into a decimali annex it to the entire part, 
and then extract the root. 

In converting the fraction into a decimal, it will be necessary 
to pursue the operation, until twice as many decimals are obtained, 
as are wanted in the root. 

# 

EXAHFLE8. 

1. Find the square root of 11 to within less than j^ 

4 
Ans. 3j^ 

2. Find the square root of 223 to within less thanj^. 

Ans. 14^. 

3. Find the square root of 7 to within .01. Ans. 2.64. 

4. Find the square root of 227 to within .0001. 

Ans. 15.0665. 

5. Find the square root of -r^ to 3 places of decimals. 

Ans. 0.645. 

6. Finci the approximate square root of 1 j. Ans. 1.32 -|— 

13 

7. Find the approximate square root of 2 ^c* 

Ans. 1.6931 +. 

8. Find the approximate square root of 31.027. 

Ans. 5.57 -|-« 

9. Find the approximate square root of 0.01001. 

Ans. 0.10004 -f. 

10. Find the approximate square root of 3271.4707. 

Ans. 57.19 + 
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EXTRACTION OF THE SQtARE ROOT OF ALGEBRAIC QtrANTTTIBS. 

101. By the rule for multiplication we have 

A TQonomial is therefore raised to the square by squaring the 
coefficient and doubling the exponent of each of the letters. 
Whenq§ to extract the square root of a monomial, it is necessary 
1°. to extract the root of the coefficient ; 2**. to divide the expo- 
nenis oj each of the letters by 2. 

Accoiding to this rule, we have 

A/625?F?=25a3V. 

In order that a monomial may be a perfect square, its coeffi- 
cient, it is evident from the preceding rule, must be a perfect 
square and the exponent of each of the letters must be an even 
number. 

Thus 98 a 3* is not a perfect square. Its root can, therefore, 
be only indicated by means of the radical sign, thus a/QSa^*. 
Expressions of this kind are called irrational quantities of the 
second degree, or more simply radicals of the second degree. 

102. The second power of a product, it is easy to see, is the 
same as the product of the second powers of all its factors. It 
follows, therefore, that the square root of a product wUl he the 
same as the product of the square root of all its factors. 

By means of this principle, we may frequently*" reduce to a 
more simple form expressions of the kind, which we are here 
considering. Thus, the above expression ^98 ab^ may be put 
under the form ^4t9b*X^^> but ^/W^=7b^ whence 
V98aP = 7i^«\/2ar 

In like manner, we have 
\/864a«3'c" = Vl44a*i*c*« X 6ic=: 12a^V ^6bZ 
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In the expression 7^ V2ai^ 12aV<f^%bc, the quantities IV^ 
VtaVtf placed without the radical sign are called the coefficients 
of the radical. The expressions themselves are said to be 
reduced to their most simple form. 

From what has been done, we have the following rule for 
reducing irrational quantities, consisting of one term, to their 
most simple form, viz. Separate the gtiantity proposed into two 
parts, one of which shall contain all the factors, which are perfect 
squares, and the other those which are not ; write the root^of the 
factors, which are perfect squares, withovt the radical sign as 
multipliers of the radical quantity, and retain under the radical 
sign the factors, which are not perfect squares. 

1. To reduce ^75<fbc to its most simple fonn. 

Ans. Sa^Sabc, 

2. To reduce ^22a*b^c to its most simple fgrm. 

Ans. 4«»3^ V2Z * 

3. To reduce ^\75cfVc^d to its most simple form. 

Ans. 5c^bf? h/lbcd. 
4 To reduce ^405€^b*(?de to its most simple form. 

Ans. 9al^c^/5ade. 

5. To reduce V29473V^? to its most simple form. 

Ans. 7a*l^cde\/6abce. 

6. To reduce V^847a'3VdP to its most simple form. 

Ans. ll(^l^(?d^77^. 

7. To reduce \/l()1473v5 to its most simple form. 

Ans. I3a^b*c^/6abcd, 
103. The square of — a, it will be observed, is a", as well 
as that of +«; the root therefore of a", may be either +« or 
— a. Both of these roots may be comprehended in one expres- 
wn by means of the double sign ±. Thus 
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The double sign, it is evident, should be considered as afibct* 
Jig the square root of all quantities whatever. 

If the monomial proposed be negative, the square root is 
impossible ; since there is no quantity, positive or negative, 
which multiplied by itself will produce a negative quantity. 
Thus, a/ — fl, \/ — 33' are impossible or imaginary quanti- 
ties. 

Eipressions of this kind may be simplified in the same man- 
ner as radical expressions, which are real. Thus \/ — 9 may 
be put under thtf form V — 1 X~^'f whence 
\/^=^ = 3>v/'=T. 

In like manner V — 4a* = 2a^ — 1. 

104. We proceed to the extraction of the square root of 
polynomials. 

A quantity consisting of two terms cannot, it is evident, be a 
perfect square, for the square of a simple quantity will be a sim- 
ple quantity, and the square of a binomial consists always of 
three terms. 

This being premised, let the proposed be a tnnomial, its root, 
it is evident, will consist of at least two terms. Let 97t -f- n be 

the root, we have (?»-[" ^)* = ^' ~f" 2^ w -f" ^'' 

This shows, that if the proposed be arranged with reference to 
the powers of some letter that, 1**. the first term of the proposed 
will be the square of the first term of the root sought ; 2^. the 
second term of the proposed will be equal to twice the first 
term of the root multiplied by the second; 3^. the third tehn 
of the proposed will be the square of the second term of the 
root. 

Let it be proposed to extract the root of the trinomial 
24a«3»c + 16aV + 93*. 

Arranging with reference to the letter a, the proposed be- 
comes * 16aV + 24a'3»c + 9y. 

In order to obtain the root, we extract according to wh^tt 
has been said the root of the first term 16 a^^, which gives 
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Atfe. This is the first term of the root. Dividing next the 
second term 24a'5'c by 8^c, twice the term of the root ahready 
found, we have 3^' for the second term of the root, and since 
the square of this is Bqual to db* the remaining term of the 
proposed, the proposed is a perfect square, the root of which 
i8 4i^c + 3y. 

Again, let the proposed consist of more than three terms, 
its root will consist of more than two terms. Let it consist 
of three and let wi + ^+P ^ *^® ^^^' '^^^ expression 
m -(- « -j"!' may be put under the form (wi + ^) 4"^ * forming 
the square after the manner of a binomial, we have for the re- 
sult (wi + »)' + 2 (m -}- w) p 4" ^» ^^ developing {m -}- nf the 
result will be wi'4-2f«n-f-w'-f-2(w-f-«)l'+l>'« The pro- 
posed, therefore, being arranged with reference to the powers 
of some letter, it is evident, that the first term of the root will 
be found by extracting the root of the first term of the proposed, 
and that the second term of the root will be found by dividing 
the second term of the proposed by twice the first term of the 
root already found. If, then, we subtract from the proposed 
the square of the two terms of the root already obtained, the 
remainder will be equal to twice the first two terms of the 
root multiplied by the third plus the square of the third. Divid- 
ing this remainder, therefore, by twice the terms of the root 
already found, or which is the same thing, dividing the first 
term of the remainder by twice the first term of the root, we 
shaL obtain the third term sought. Subtracting from the first- 
remainder twice the product of the first two terms of the root 
by the third, together with the square of the third, if the result 
be 0, the proposed is a perfect square, and the root is exactly 
obtained. 

Let it be proposed to find the square root of the polynomial 
49i^y-:24ay + 25rf« — 30a»i+16^*. , 

The proposed being arranged with reference to the letter a^ 
*9[ie work will be as follows : 
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25a* — 30a»3 + 9^^ J 10? 

400*^ — 24ai»+16y 
40^ff»-.24tf3»-fl6i* 



We begin by extracting the root of 25^, this gives Bef for 
the first term of the root sought, which we place at the right 
of the proposed and on the same line with it ; we then multiply 
this term of the root by 2 and write the result 10 o^ under the 
root. Dividing next the second term of the proposed by 10 a" we 
obtain — Sab for the second term of the root sought. Squaring 
the part of the root already found, viz. 60* — 3ab, and subtract- 
ing the square from the proposed, we have for the first term of 
the remainder 400*3*. Dividing this last by 10 a" the double of 
6 a?, we obtain 43" for the quotient. 

This is the third term of the root sought; forming next the 
double product of 5a* — 2ab by 4i^, and subtracting the result 
together with the square of 4^ from the^first remainder the re- 
sult is 0. The proposed is, therefore, a perfect square, and we 
have for the root required 

6i^ — 3ab + U\ 

The calculations in the above example may be performed with 
more facility as follows. 

_______ Tioa*— ; 

-30a»3 + 490*3* ' 10a»-6a3 + 43^ 

— 30a'3 4-' 90*3* 

40 a* 3* — 240^4-163* 
40a*3* — 24a3»+163* 



Having found the first term 5 a* of the rooot, we subtract its 
square from the first term of the proposed, and bring down the 
next two terms for a dividend. Dividing the first term of the 

L 



25fl^ — 30a»3 + 49a*y — 24fly-f 16y ^5<^ — 3a3 + 4y 
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diTidend by 10^, we obtain — 3a3, the second term of the lool ; 
this we place by the side of 10 1^; we then multiply the whole, 
Tiz. lOi^ — 3ab by this second term and subtract the result from 
the dividend, which gives a remainder 40 1^^; to this remainder 
we bring down thfe two remaining terms of the proposed for a 
new dividend. Doubling the two terms of the root already 
found for a new divisor, we write the result under 10 o^; divid- 
ing next the first term of the new dividend by the first term of 
the divisor, we obtain 4^ the third term of the root, which we 
place by the side of the last divisor ; we then multiply the whole 
by this last term of the root, and subtr$icting thejesult from the 
last dividend, remains. 

105. The same process, it is easy to see, may be extended to 
a polynomial of any number of terms whatever. 

EXAMPLES. 

1. To find the square root of 

4a* + 12a»ar+13a«a:» + 6a2* + a^. 

Ans. 2«? + 3aii; + 2» 

2. To find the square root of 

9a:* — 12a:8 + 16a? — 8a: + 4, 

Ans. Sa? — 2x + 2. 

3. To find the square root of 

4a^— 16a:»^24a;»— 16a: + 4. 

Ans. 2a:* — 4a: + 2. 

4. To find the square root of 

a;» + 4aJ»+10ar* + 20aJ' + 25a? + 24a:+16. 

Ans. a:» + 2a;» + 3a: + 4. 
6. To find the square root of 

4a^ + 122/" + 5x' — 2a:« + 7ar» — 2ar + 1. 

Ans. 23r' + 3ar* — a:+l. 

106. The polynomial proposed being arranged with refer- 
ence to the powers of some letter, if the first term of the 
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proposed is not a perfect square, or if in the course of the 
operation we arrive at a remainder, the first term of which is 
not divisible by twice the first term of the root, the proposed 
is not a perfect square, and the root cannot be exactly as- 
signed. 

The polynomial a?3-|-^^'^' + ^^*'» ^^^ example, is not, it 
is easy to see, a perfect square; the root therefore can only 

be indicated thus, \/a^^-}"^^*^* + ^^^'' We may, however, 
apply to expressions of this kind the same simplifications, that 
have already been, applied to monomials. The proposed in- 
deed may be put under the form \/(a' -|" ^^^ H" 4^') ** 5 
but the' root of a^4'^^^ + ^^ ^s evidently a + 2*, whence 

EXAMPLES. 

1. To find the square root of 3a** — 6cfl^ + 3^*'. 

Ans. a{a — b)^3b! 

2. To find the square root of 5a'3 — 30a*' + 453'. 

Ans. (a — 3*)A/5*r 

3. To find the square root of 12a' *« + 12a«*' + 3a**. 

Ans. *(2a + *)V3ar 
4 To find the square root of a' + 3a«* + 3a*' + *'. 

Ans. (a4-*)Va-{-*. 

6. To find the square root of a' + «** — «^ — ^'« 

Ans. (a + *)\/a — *. 



SECTION XII.— EQUATIONS OF THE Second Degree. 

107. An equation is said to be of the second degree, when it 
contains the second power of the unknown quantity, without any 
of the higher powers. 
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In an equation of the second degree there can be, therefore, 
three kinds of terms only, viz. 1^. terms, which inYolve the 
second power of the unknown quantity, 2". terms, which inr 
Tolve the first power of the unknown quantity, 3®. terms con> 
sisting entirely of known quantities. 

An equation, which contains all three of these different kinds 
of terms is called a complete equation of the second degree. 

If the second of these diflferent kinds of terms be wanting, the 
equation is then called an incomplete equation of the second 
degree. 

A complete equation of the second degree is sometimes called 
an affected equation, and an incx>mplete equation is sometimes 
called a pure equation of the second degree. 

106. We are now prepared for the solution of incomplete 
equations of the second degree. 
Let there be proposed, for example, the equation 

32« — 29=~ + 510. 

Freeing from denominators, we have 

12:b»— 116 = 2« + 2040; 
transposing and uniting terms 

lla^=2166, 
or a;" =196, 

whence, extracting the root of both members 

2; =14. 
Equations of the second degree, it should be observed, admit 
of two values for the unknown quantity, while those of the first 
degree admit of but one only. This arises from the circum- 
stance, that the second power of a quantity will be positive, 
whether the quantity itself be positive or negative. 

Thus we have x in the preceding example equal -f- 14 or 
— 14, or, uniting both values in one expression, we have 
a: = =fcl4. 
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Let US take, as a second example, the equation 

Fleeing from denominators, transposing and reducing, we 
have 



a?s=—, whence x 



~V 29' 



252 . 

In this example -^ is not a perfect square ; we can therefore 

obtain only an approximate yalue for x. 
Let us take, as a third example, the equation 

x' + 25 = 9. 
Deducing the value of x from this equation, we have 

To find the value of a:, we are here required to extract the 
square root of — 16. But this is impossible ; for, as there is no 
quantity positive or negative, which muUiplied by itself will 
produce a negative quantity, — 16, it is evident, cannot have 
a square root either exact or approximate, — 16 may indeed be 
considered as arising from the multiplication of + 4 by — 4 ; 
but -["4 sind — 4 are different quantities ; their product therefore 
is not a square. 

The result :c = \/ — 16 shows then, that it is impossible to 
resolve the equation, from which it is derived. In general, ^ 
expression for the square root of a negative quantity is to be 
regarded as a symbol of impossibility, 

109. Equations of the kind, which we are here considering, 
may always be reduced to an equation of the form a2?:=ib,a and 
b denoting any known quantities whatever, positive or negative. 
It is evident, that they may be reduced to this state, by collecting 
into one member the terms, which involve x' and reducing them 
to OTie term, and collecting the known terms into the other 
member. 
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BesolTiiig the eqnalkm a^z^.h^ we hcie 



"V/l 



This is a general solatiiHt £or incomplele equatiiHis of tbe 
Mcond degree. 

If - be a perfect square, the value of z may be obtained ex- 
actly, if not, it may be found with such degree of approximation 

as we please. If - be negative, we shall have \/ a sym- 
bol of impossibility. 

From what has been done, we have the following rule for the 
solution of incomplete equations of the second degree, viz. Cot- 
led into (me Tnember all the termst which involve the square of the 
unknown quantity, and the known quantities into the other; free 
the square of the unknown quantity from the quantities, by which 
it is multiplied or divided; the value of the unknown quantity 
will then be obtained by extracting the square poot of each member. 

QUESTIONS PRODUCING INCOMPLETE EQUATIONS OF THE 
SECOND DEGREE. 

• 

1. What t^o numbers are those, whose difference is to the 
greater as 2 to 9, and the difference of whose squares is 128 ? 

Let 9 a; = the greater and 2 a: = the difference, then, &c. 

Ans. 18 and 14. 

2. It is required to divide the number 14 into two such parts, 
that the quotient of the greater part divided by the less may hn 
to the quotient of the less divided by the greater as 48 to 27. 

Let X = the greater, then 14 — x= the less, and we have 

14 — X X 

or 27ar* = 48(14 — a:)'; 

dividing by 3 to make the coefficients perfect squares 

9a:«=16(14 — a:)«; 
whence 32: = 4(14 — a;). Ans. 8 and 6. 
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3. It is required to divide the number 18 into two such parts, 
fliat the squares of these parts may be in the proportion of 25 to 
16. Ans. 10 and 8. 

4. In a court there are two square grass plots ; a side of one 
of which is 10 yards longer than the side of the other ; and their 
areas are as 25 to 9. What are the lengths of the sides ? 

Ans. 25 and 15 yards. 

5. A person bought two pieces of linen, which together mea- 
sured 36 yards. Each of them cost as many shillings a yard as 
there were yards in the piece ; and their whole prices were in 
the proportion of 4 to 1. What were the lengths of the pieces? 

Ans. 24 and 12 yards. 

6. There is a rectangular field, whose length is to the breadth 
in the proportion of 6 to 5. A part of this equal to J of the 
whole being planted, there remain for ploughing 625 square 
yards. What are the dimensions of the field ? 

Ans. The sides are 30 and 25 yards. 

7. Two workmen, A and B, were engaged to work for a 
certain number of days at different rates. At the end of the 
time, A who had played 4 of the days, received 75 shillings, but 
B who had played 7 of the days, received only 48 shillings. 
Now had B played 4 days, and A played 7 days, they would 
have received exactly alike. For how many days were they 
engaged; how many did each work, and what had each per day ? 

Ans. 19 days ; A worked 15, and B 12 days, and 
A received 5s. and B 4s. a day. 

8. Two travellers, A and B, set out to meet each other, A 
leaving the town C at the same time that B left D. They 
travelled the direct road C D, and on meeting, it appeared that 
A had travelled 18 miles more than B ; and that A could have 
gone B's journey in 15J days, but B would have been 28 days 
in performing A's journey. What was the distance between C 
andD? Ans. 126 miles. 

9. A and B carried 100 eggs between them to market and 
each received the same sum. If A had carried as many as B 
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he would hsTe leceiTed 18 penoe for them, and if B had carried 
oDly as many as A, he would haTe leceired only 8 pence. How 
many had each? Ans. A40, B^O. 

10. What two nmnhers are those, whose som is to the greater 
as 11 to 7| the difference of their squares heing 1321 

Ans. 8 and 14 

11. A merchant sold for S960 a certain number of pieces of 
silk, for which he paid four-fifths as many dollars a piece as there 
were pieces. He gained 81000 by the sale, how many pieces 
did he sell? Ans. The question is impossible. 

COMPLETE EQUATIONS 07 THE SECOND DEGREE. 

110. Let us take next the equation x^-j- 8 zs 209. This 
is a complete equation of the second degree. The solution of 
this equation, it is evident, would present no difficulty, if the left 
hand member were a perfect square. But this is not the case ; 
for the square of a quantity consisting of one term will consist 
of one term, and the square of a quantity consisting of .two 
terms will contain three terms. Let us then see if 2* -{- 8x can 
be made a perfect square ; for this purpose, it will be recollected, 
that the three parts which compose the square of a binomial are 
1®. the square of the first term of the biTiomUd, 2°. ttoice the first 
term multiplied by the second^ 3^. the square of the second term. 
Thus, 

(a: + a)« = a:* + 2aa; + cf. 

If, then, we compare sf-^-Sx with a^-^^ax-^-c^/ii is evi- 
dent that 3?'\-Sx may be considered the first and second terms 
in the square of a binomial. The first term of this binomial 
will evidently be x; then as 8 a: must contain twice the first term 
' by the second, the second will be found by dividing 8a: by 2a:, 
which gives 4 for the quotient, a? -f- 8 a: is, therefore, the first 
two terms in the square of the binomial a: -f- 4. If, then, we 
add 16, the square of 4, to a:* + 8^» *^® ^®^* hsxA member of the 
proposed, the result a?-\-Qx-\-l^ will be a perfect square. 
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But if 16 be added to the left hand member, it must also be 
added to the right in order to preserve the equality ; the proposed 
will then become 

a« + 8a;+ 16 = 225. 
Extracting the root of each member of this last, we hare 
a: + 4=ijl5, 
whence zs=llfXssz — 19. 

Let us take, as a second examplovthe equation 

a?-|a:=15|. 

2 

Comparing a? — k^? with the square of the binomial z — a, 

2 

Tiz. 2* — 2ax + ^> it is evident, that a? — = a: maybe considered 

the first two terms of the square of a binomial. By the same 
course of reasoning as in the preceding example, we find this 

binomial to be x — ^. If, then, the square of ^be added to 

both sides, the lefl hand member will be a perfect square, and 
• we have 

Extracting the root of each member, we have 

whence x= 4J, a:= — 3|. 

Let us take, as a third example, the equation 2*-^ ;? 2= ^. 

Comparing the left hand member of this equation with 
«*4-2aa:-f-fl?, it is evident, that it may be considered as the 

first two terms in the square of the binomial 2-}-k! whence, if 

the square of ^ be added to both sides, the left hand member will 
become a perfect square, and we shall have 
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Extracting the root of each member 

Making the left hand m^piber a perfect square is called com- 
pleting the square. This is done, as will readily be inferred 
from the preceding examples, by adding to both sides the square 
of one half the coefficient of n in the second term. 

Let us take for a fourth example, the equation 
3 61— :e» 

Freeing firom denominators, we have 

140* — 70 — 12 a? + 6a: = 305 — 6a?. 
Transposing and uniting terms, we have 
146a: — 7:b»= 375. 
Or, changing the signs of each term and dividing by the 
coefficient of a:*, 

146z_ 375 
^ 7"~ T' 
Completing the square, we have 

^ 146a: , 5329 _ 375 5329_2704 
7 "^ 49 ~ 7 "*■ 49 ~ 49 • 
Whence, extracting the root of each member 
73 . 52 

X >-. = _£-__ 

7 7 

a:='l7f, a: = 3. 

111. The rule for completing the square applies only, it is 
evident, to equations of the form 3f-\'pz^=^q^ p and q denoting 
any quantities whatever, positive or negative. 

If not already of the form 3?'\-pxs=iq, equations of the 
kind, which we are here considering, must always be reduced 
to this form, before completing the square. Thus, in the pre- 
ceding example, the given equation was reduced, before com 
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, . ,. ^146 375 .. r 1. 

pleting the square, to ar «-a; = =-, an equation of the 

form required. 

It IS evident, that all complete equations of the second degree 
may be reduced to the form a^ -\-pxs=sq, P. by collecting 
all the terms which involve x into the first member and uniting 
the terms, which contain a?, into one term, and those which 
contain x into another, 2®. by changing the signs of each 
term, if necessary, in order to render that of 2^ positive, 3*. by 
dividing all the terms by the multiplier of a?, if it have a mul- 
tiplier, and multiplying all the terms by the divisor of 2*, if it 
have a divisor. 

ox ex 

Let the equation -^ 5a?s= — -f-ae be reduced to the 

form a^'ji'pxsssq. 
Freeing from denominators, we have 

6aa: — 203a?=4ca; + 20ac 
By transposition — 20b2?'\'5ax — 4c2r=s20ae 
Changing signs 20b2? — Sax-^-i^cxs^ — 20ae 

Uniting terms 20ba? — {5a — 4c)a:=s — 20ae 

Dividing by 2OJ ^-i^^^^x ^. 

Comparing this equation with the general formula, we have 
{5a — 4c) ae 

•^ = 204—' « = -T- 

From what has been done, we have the following rule for 
the solution of complete equations of the second degree, viz. 
1®. The^equation being reduced to the form x'-f-px = q, add 
to both meinbers the square of half the coefficient ofx in the second 
term; 2®. extract the square root of both members f taking care 
to give to the root rf the second member the double sign ± ; 
3^. deduce the value of xfrom the equation^ which arises from 
the last operation. 



• 



144 SLEMBNTS OF ALOBBEA. 



BZAMPLES. 
22* X 

h Given -s- + ^ = q"H®'^ find the rallies of«. 



2. Given 4x = 46, to find the values ot r. 



40 27 

3. Given ^ H = 13, to find the values of a:. 

X — o * X 



14 X 

4. Given 4a: r-^ = 14, to find the values of x. 

x+l 



6. Given — r-;^ = k T-i to find the values of a:. 

a:-f-oU oa: — o 



Ans. a: = 3, or — 2J. 
1 the values ot x. 
Ans. X = 12, or — .75. 
le values of a;. 
Ans. a; = 9, or l-ft. 
he values of x, 
Ans. a;s=4,or — IJ. 
lie values of x. 
Ans. X = 14, or — 10. 

6. Given — i^ 1- = 5^, to find the values of x, 

Ans. a: = 5, or 6.9. 

''' and^J?-? t =ry + 11 j ^^ ^^^ ^^ ^^^^^ ^^^ ^'^^ y* 
Ans. a: c=s — 46, or 2 ; ^ = 15, or 3. 

8. Given 2a:4- 3«= 19 K ^ , ,, , • - , 
and Sar* — 72^ = 62 ( ^ ^ *°® values of ar and y. 

Ans. a; = 5, or —36^; ^ = 3, or-®A. v>^ -i 

4a; . ^ 10 

, 4a: + 3y 
and ^ ^ = y-2 



^7 

to find the values of 
a; and y. 



Ans. x=5, or —2^; y=B=4, or Ifff. 
112. We pass next to the solution of some questions. 
1. To find a number such, that if three times Uiis number be 
added to twice its square, the sum will be 65. 
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Piitting X for the number sought, we have by the question 

Dividing by 2, we have a? -|- ^a: = ■^. 

3 9 65 

Completing the square, ^ + 2^ + i6'^"2""'"l6' 

3 23 

Extracting the root a? + t = ± -j-> 

whence x^=ib^x^=^ ^. 

The first value of x satisfies the question in the sense, in 
which it is enunciated. In order to interpret the second, it 
will be observed, that if we put — x instead of a; in the equa- 
tion 2a:'-|"*^^ = ^^» ^^ becomes 2 a;* — 3 a: = 65. Resolving 

13 
this equation, we obtain x = -^, a: = — 5, values of x, which 

13 

differ from the preceding only in the signs. The number -^ will, 

therefore, satisfy the conditions of the question modified thus. 

To find a number such, that if three times this number be. 
subtracted from twice its square, the remainder will be 65. 

2. A person bought some sheep for £72 ; and found if he had 
bought 6 more for the same money, he would have paid £ 1 les& 
for each. How many did he buy ? 
Let a: = the number, we have 

72 72 _ 
X a: + 6~"^' 
from which we obtain x ±= 18, or — 24. To interpret the nega- 
tive result, we write — a: for a: in the equation, which becomes 
72 72 . 

— X — ar + 6~*' 
or which is the same thing • 

72 72_, 
a: — 6 x~ ' 
an equation, which corresponds to the following enunciation 
10 
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A peiBon bought some sheep for £72, and found if he bad 
bought 6 less for the same money, he would have paid £ 1 more 
for each. How many did he buy ? 

The negative values here modify the proposed questions, in i 
manner analogous to what takes place, as we have already seen, 
in equations of the first degree. 

3. To find a nimiber such, that if 15 be added to its square 
the sum will be equal to eight time^ this number. 

Putting X for the number sought, we have by the question 

a;»+15 = 8x. 
Resolving this equation, we have 

a: = 5, 2; = 3. 
In this exam]de both values of x are positive, and answer 
directly the conditionB of the question, in the sense in which it 
is enunciated. 

4. To find a number such, that if the square of this nimiber 
b» augmented by 6 times the number and also by 6, the result 
wiUbe2. 

Putting X for the number sought, we have by the question 
ai« + 5a: + 6=r2. 

Whence, resolving the equation we have 
x=s — I, x = — 4 

The values of x in this example are^both negative ; the ques- 
tion, therefore, as is evident from inspection, cannot bo solved in 
the sense, in which it is enunciated. 

If instead of x we write — a: in the equation of the proposed 
it becomes a? — 5x-|-6sss2, from which we obtain 2;=1, 
a: :=: 4. The numbers 1 and 4 will, therefore, satisfy the con- 
ditions of the proposed modified thus. 

To find a number such, that if five times this number be 
subtracted from its square, and 6 be added to the remainder, 
the result will be 2. 

5. To divide the number 10 into two such parts, that the 
product of these parts will be 30. 
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Putting X for one of the parts, 10 — x will be the other; we 
IttiTd therefore by the question 

lOx — a?=30. 

Resolving this equation, we obtain 

a: = 5 + V — 5, a:=:5 — V— 5. 

This result indicates, that there is some absurdity in the con- 
ditions of the question proposed, since in order to obtain the 
Talue of X, we must extract the root of a negative quantity, which 
is impossible. 

In order to see in what this absurdity consists, let us exam- 
ine into what two parts a given number should be divided, in 
order that the product of these parts may be the greatest pos- 
sible. 

Let us represent the given number by p, the product of the 
two parts by g, and the difference of the two parts by d; the 

greater part will then be ^ -|- ^, and the less ^ — ^, and we 

shall have 



(l+i) (1-0 =«• 



if d* 

Here the value of q^ it is evident, will be greater as that of 
d is less ; the value of q will, therefore, be the greatest possible 
when d is zero, that is, the product will he the greatest posdble^ 
when the difference between the two parts is zeroj or in other 
words, when the two parts are equal. 

The greatest possible product, which can be obtained by di- 
viding 10 into two parts and taking their product will be 25. 
The absurdity of the question above consists, therefore, in re- 
quiring, that the product of the two parts, into which 10 is to be 
divided) should be greater than 26. 

113. The following questions will serve as an exercise for the 
kemer. 
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1. There is a field in the form of a recUiugular parallelogxam, 
whose length exceeds the breadth by 16 yards, and it contains 
960 square yards. Bequired the length and breadth. 

Ans. 40 and 24 yards. 

2. There are two numbers, whose difference is 9, and their 
sum multiplied by the greater, produces 266. What are those 
numbers? Ans. 14 and 5* 

3. A regiment of soldiers, consisting of 1066 men, is formed 
into two squares, one of which has four men more in a side than 
■the other. What number of men are in a side of each of the 
squares ? Ans. 21 and 25. 

4. Two partners, A and B, gained £ 18 by trade. A's money 
was in trade 12 months, and he received for his principal and 
gain £26. Also B's money, which was £30, was in trade 
16 months. What money did A put into trade? 

Ans. £20. 

5. The plate of a looking glass is 18 inches by 12, and is to 
be framed with a frame of equal width, whose area is to be equal 
to that of the glass. Bequired the width of the frame. 

Ans. 3 inches. 

6. A grazier bought as pany sheep as cost him £60; out of 
which he reserved 15, and sold the remainder for £54, gaining 
2 shillings a head by them. How many sheep did he buy, and 
what was the price of each ? 

• Ans. 75 sheep, and the price was 16;. 

7. A^ person bought two pieces of cloth of different sorts; 
whereof the finer cost 4 shillings a yard more than the other; 
for the finer he paid £18; but the coarser, which exceeded 
the finer in length by 2 yards, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of each ? 

Ans. 18 yards of the finer, and 20 of the coarser, and 
the prices were £ 1 and 16;. respectively. 
S. Three merchants, A, B, and C, made a joint stock, by 
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which they gained a sum less than that stock by £80 ; A*s share 
of the gain was £60, and his contribution to the stock was £17 
more than B's. Also B and G contributed together £325. How 
much did each contribute ? 

Ans. 75, 58, and 267 pounds respectively. 

9. Two messengers, A and B, were dispatched at the same 
time to a place 90 miles distant ; the former of whom riding one 
mile an hour more than the other, arrived at the end of his 
journey an hour before him. At what rate did each travel per 
hour? Ans. A 10 miles, B 9. 

10. The joint stock of two partners, A and B, was $416. A's 
money was in trade 9 months and B's six months ; on dividing 
their stock and gain, A received $228, and B $252. What was 
each man's stock ? Ans. A's $192, B's $224. 

11. A and ^ sold 130 ells of silk, of which 40 ells were A's 
and 90 B's, for $42. Now A sold for a dollar | of an ell more 
than B« did. How many ells did each sell for a dollar ? 

Ans. B sold 3 ells, and A 3| for a dollar. 

12. A square court-yard has a rectangular gravel walk roand 
it. The side of the court wants 2 yards of being 6 times the 
breadth of the gravel-walk ; and the number of square yards in 
the walk exceeds the number of yards in the periphery of the 
court by 164. Bequired the area of the court. 

Ans. 256 yards. 



SECTION XIII. — Discussion of the General Equation and 
OF Problems of the Second Degeee. 

114. All complete equations of the second degree may, as 
we have already seen, be reduced to an equation of the form 
a^-j- Pa:= Q, P and Q denoting any known quantities whatever, 
positive or negative. Kesolving this equation, we have 



■.-l^y/M+^. 



M* 
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Thb is a general solution for eqoatigns of the second degiee. 
We shall now fiTsmine the ciicomstanoes, wiuck lesnlt firam 
the difirent hypotheses, which may be made upon the known 
qoantities P and Q. This is the object of tie iucmsmn €f the 
general equation of the weamd degree. 

115. Any quantity, which sobstitnted for the unknown quantity 
in an equation of the second degree will satisfy it, is called a rwA 
of the equation. 

Before proceeding to the proposed discussion, we shall show, 
that every .equation of the second degree admits of two Talues 
for the unknown quantity, or in other words of two roots, and of 
two only. In order to this we take the general equation 
i' + Px=Q; (1) 

Completing the square, we hare 

P* 

Let Q4--T- = M', we shall then have 

(* + D' = M». or(z + |y-M'=0. 

But the first member of this equation being the di£ference 
between two squares, it may be put under the form 

(x+? + m) (x + |-m) = 0. (2) 

This last equation is, it is evident, a necessary consequence of ' 
equation (1) and the converse. Each of these equations will be 
satisfied therefore by the values of x, which satisfy the othw, 
and by these only. But since the left hand member of equation 
{2) is composed of two factors, this member will become zero 
if either of its factors is equal to zero, and thus the equation will 
be satisfied. 

P P 

If we suppose 2; -|- n — M=:0, we shall have a:=s — -^-^^-VL 

P P 

If we8upposea: + ^-j-M = 0, we shall have a:= — 5- — M. 
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Or substituting for M its value, we have 






P 

4* 

Since equation (2) can be satisfied only by putting for z a 
value which will reduce to zero one or the other of the two fac- 
tors, of which the left hand member is composed, it follows, that 
every eqtuition of the second degree admits of two roots or values 
for the unknown quantity and cf two ordy. 

It follows also from what has been done, thaJt every eqiuUion 
of the second degree may be decomposed into two binomial factory 
of the first degree with respect to x, having nfor a common term, 
and the two roots taken with their signs changed, for the second 
terms. 

Resolving the equation a^-^-Sx — 209 =sz 0, for example, we 
have 2:=11, a: = — 19. Either of these values will satisfy 
the equation. We have also 

(a:— 11) (I -}- 19) = a,^ + 8a: — 209 = 0. 

If we add together the two general values for x, found above, 
the sum, it is evident, will be — P ; if we multiply them together 
the product will be — Q ; whence 1®. The algebraic sum .of 
the two roots is equal to the coefficient of the second term taken with 
the contrary sign, 2®. The product of the two roots is equal to 
the second member of the equation, taken also with a contrary 
sign. 

116. Let us new proceed to the discussion proposed. Re- 
suming the value of x, obtained from the general equation 
a? -|- Pa: = Q, we have 



.=-|±v/q+^. 



In order to find the value of this expression, which contains a 
radical, that is a quantity the root of which is to be extracted, 
w« must be able to extract the root either exactly or *by approxi- 
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P . 

madon ; Q -f~ -^ the qi^antity placed under the radical sign must, 

P 

therefore, be positive. But -j- will necessarily be positive, what- 

ever the sign of P may be ; the sign of the quantity Q -|- -7- will, 

therefore, depend principally upon that of Q or the quantity in 
the equation altogether known. 

1. This being premised, let Q in the first place be positive. 
In this case P may be either positive or negative, and the general 
equation may be written under the two forms 

a:» + Pa: = + Q, x' — Fx = +Xi, 
tor uniting both in one 

a?±'Px = + Q; 
from which we have 



:==f|±^q-}4- 



p . • . 

Here Q + -7- will evidently be positive ; the value of x may, 

therefore, be obtained, either exactly or with such degree of 
approximation as we please. 

With respect to the two values of a:, the first, viz. 



-t?+\/q+^ 



p p 

will be positive, for the square root of -j- alone being — , the square 

P P 

root of Q -|- -J- '^ill be greater than -^, the value of x will, there- 
fore, have the same sign with the radical and will by consequence 
be positive. This value will answer directly the conditions of 
the equation, or the problem of which the equation is the algebraic 
translation. 



P / P . 

The second value of x, viz. a: == =F 5 — i>/^ Q "h X' ^^g 

ftko necessdril; of the same sign with the radical, will be < 
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tially negative. This value, though it satisfies the equation, 
will not answer the conditions of the question, from which the 
equation is derived. It belongs to an analogous question cone 
sponding to the equation, after — x has been introduced instead 
of x, that is, to a:* =F Pa; = Q. Indeed, from this last equation 



we 



P • / P 

deduce a; = ± 5- ± 1 y^ Q "f" X ^^^^^^ which do not dif- 
fer from the preceding, except in the sign. Thus the same 
equation connects together two questions, which differ from each 
other only in the sense of certain conditions. 

2. Again, let Q be negative. The equation will then be of 
the form ar* ± Pa^ = — Q» and we have 



«==f|±i 



Here, in order that the root of the quantity placed under the 
radical sign may be taken, or in other words, that the value of x 

P* 

may be real, it is evident that Q must not exceed -^ . 

/P* P 

Since moreover 1/ -^ Q is numerically less than ^ it 

follows, that the values of x will both be negative, if P is posi- 
tive in the equation, that is, if the equation is of the form 
a^-^-Fx^ — Q, and that they will both be positive, if P is 
negative in the equation, that is, if the equation is of the form 
a;* — Pa; = -^Q. 

Indeed, it may be shown a priori, that always tohe?i Q is 
negative, in the second member and P negative^ in the first, the 
problem tvill admit of two direct solutions, provided that Q does 

F 
not exceed -r-. 
4 

The equation a:* — Pa: = — Q, may, by changing the signa 
of all the terms, be put under the form 

Pa: — a;« = Q, ora:(P — a;) = Q. 

But the equation a: (P — a:) = Q is evidently the algebraic 
translation of the following enunciation, viz. To divide a VAimhe^ 
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P into itoo partSf the product of which shall be equal to a givem 
'number Q. For if we put z for one of the parts, the other 
part will be P — 2, and the product of the two parts, will be 
«(P-a:). 

This being premised, the enunciation of the problem admits, 
it is evident, of two direct solutions; for the equation of the 
problem will be the same, whether z be put for one or the other 
of the parts ; there is no reason then, why the equation, when 
resolved, should give one of the parts rather than the other ; it 
should therefore give both at the same time. 

Moreover, in order that the problem may be possible, it is 

P 

necessary, that Q should not exceed -j- ; for the greatest possible 

product of the parts, into which the number P may be divided 
being equal only to -j- it is absurd to require that their product, 

which we have represented by Q, should be greater than —. We 

conclude therefore that, in all cases when the known quantity 
is negative in the second Tnemher^ hut numerically greater than 
the square of half the coefficient of the second term., the question 
proposed is impossible. 

117. The following examples will serve as an exercise upon 
the different cases, which we have here been considering. What 
change must be made in the enunciations of the first four ques- 
tions respectively, in order that the negative solutions may become 
positive ? How must the fifth question be modified, so that the 
answers shall become positive ? In what does the absurdity in 
the seventh question consist ? 

1. A company at a tavern had £8, 15*. to pay, but two of 
them having left before the bill was settled, those who remained 
had each in consequence 10s. more to pay. How many were in 
the company at first ? 

2. A man travelled 105 miles, and then found that if he had 
not travelled so fast by 2 miles an hour, he should have been 
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6 hours longer in performing the same journey. How many 
miles did he go per hour ? 

3. A regiment of foot was ordered to send 216 men on gar- 
rison duty, each company being to furnish an equal number; 
but before the detachment marched, 3 of the companies were sent 
on another service, when it was found that each company that 
remained was obliged to furnish 12 additional men, in order to 
make up the complement 216. How many companies were 
there in the regiment, and what number of men was each ordered 
to send at first ? 

4. A and B set out from two towns, which were distant 247 
' miles, and travelled the direct road till they met. A went 9 

miles a day ; and the number of days at the end of which 'they 
ftiet, waii greater by 3, than the number of miles, which B went 
in a day. Where between A and B did they meet ? 

On substituting — x for x in the equations, which pertain 
respectively to the preceding questions, it will be easy to trans- 
late these equations into enunciations analogous to those of the 
questions proposed ; there are questions however, in which it will 
be very difficult to do this, and the negative solutions in such 
cases are to be regarded merely as connected with the first in the 
same equation of the second degree. 

5. A gentleman counting the guineas, which he had in his 
purse, finds that if 24 be added to their square, and 8 times their 
number be subtracted from 17, the sum and remainder will be 
equal. How many guineas had he in his purse ? 

6. A set vout from C towards D, and travelled 7 miles a day. 
After he had gone 32 miles, B set out from D towards C, and 
went every day one-nineteenth of the whole journey ; and after 
he had travelled as many days as he went miles in one day, he 
met A. Required the distance of the places C and D ? 

7. The difference of two numbers is 7, and the square of the 
greater is equal to 25 times the less. What are the numbers f 
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EXAMINATION OF PARTICULAR GASES. 

1. In the general equation let Q be negative, that ^s, let the 

Ofiuation be of the,forma:*-j"^^= — Q» ^ being of any sign 

pa 
whatever ; if we suppo3e Q = -£^ the radical 



v/r 



Q 



w*£ be reduced to 0, and the values of z will be equal each to 

P F 

— 5". Thus if Q be negative in the equation and equal to -^t 

the values of x will be equal, and will both be positive if P is 
negative, or both negative if P is positive. 

2. In the general formula , 

let Q = 0, the values of z will then be a; = 0, a: = — P. 

3. In the same formula let P = 0, we have then 

that is to say, the values of z will in this case be equal, but of 
contrary signs, real if Q is positive, and imaginary if Q is 
hegative. 

4. Let P= 0, Q :=: 0, the values of z will then be each equal 
to 0. 

5. We have next to examine a remarkable case which fre- 
quently occurs in the solution of problems of the second degree. 
For this purpose, let us take the equation 

Aar»+Ba;=C. 
This equation being resolved, gives 

_b±Vb«+4ac 

^~ 2A • 

Let it now be supposed, that in consequence of a particular 
hypothesis made upon the given things in the question, we ha^e 
A SB 0, the values of z then become 

2B 
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The second value of x here presents itself under the form of 
infinity, and may be regarded as a true answer, when the ques- 
tion is susceptible of infinite solutions. In order to interpret the 
first, if we return to the equation, we see that the hypothesis 

C 

A ssB reduces it to Bx= C, from which we deduce a: = =, an 

U 

expression finite and determinatet and which must bo regarded 

as the true value of ^ in the present case. 

6. Let it be supposed finally, that we have at the same time 
A = 0, B == 0, C :=: 0. The equation will then be altogether 
indeterminate. This is the only case of indetermination, which 
the equation of the second degree presents. 
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118. The following problems ofier all the circumstances, which 
Dsually occur in problems of the second degree. 

1. To find on the line A B, which joins two luminous bodies 
A and B, the point where these bodies shine with equal light. 



J L 



C" A C B C* 

The solution of this problem depends upon the following prin- 
ciple • in physics, viz. The intensity of light from the same 
luminous body will be, at different distances, in the inverse ratio 
of the square of the distance. 

This being premised, let a = A B, the distance between the 
two bodies ; let 3 == the intensity of A at the unit of distance, 
c = the intensity of B at the same distance ; let C be the point 
required, and let A C == z. 

The intensity of A at the distance 1 being b, its intensity 

at the distance 2, 3, 4, ... . will ^ 7» q» ifi • • • • » ^^^ ^ 
consequence, at die distance 2, it will be 3. For the saina 



^ 
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reason, the intensity of B at the distance a— -a; irill bo 

z r,; whence, by the question, we have 

b _ c 

^^ a?~(a— z)«; 

^ From which, we obtain 



1* 



4. 



\ — C^\/ {fi 



i^V ifh 



^ — h — c^Y (3 — c)* h — c . 
', ^/ or reducing x = ' -. 

j^ But bzti^^c may, it will be observed, be put under the 

form j^ h (a/ h±si/ c)^ and b — c may be put under the f<win 

Taking advantage of this remark, the value of x uolj be 
expressed more simply, thus 

x= ^ , . — 7", whence a — x= ,., . 

ajs/c 



UA/b 

or a:= ^^ 



~A/b-A/c 



* and 



V^ + a/c 
— oa/c 

' Ajb — Ajc 



DISCUSSION. 

1. Let b be greater than c. 

The first value of x is positive and less than a, since 

^ , , — J- is a fraction. The point sought, therefore, accord 

ing to this value of a:, is situated between A and B. It is 
moreover nearer B than A; for, in consequence of 3^c, 
we have a/ b -\- a/ b, or ^ a/ b^ a/ b -\- a/ c, whence 

a/ b 1 O'A/b ^ a 

V^ + Vc >2' '^ ^ con8eqnence ^^_^^^ >g. 

This, indeed, should be the case, since we have supposed the 
intensity of A greater than that of B. « 

The corresponding value of a — x is alsp positive and leas 
at it will be easy to S6e< than ^ 
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The second value of x is positive, but greater that a, since 

we have ■ — y- > 1. This value of x gives, therefore, a 

second point C situated upon AB produced and at the right 
of A and B. Indeed, since the light from A and B expands 
itself in all directions, there should be, it is easy to see, on A B 
produced a second point where A and B shine with equal light. 
This point moreover should be nearer the body, the light of 
which is least intense. 

The second value of a — a; is negative : this should be the case, 
since we have 2 ^ a. 

2. Let h be less than c. 

The first value of x is positive, but less than 5. The corre- 
sponding value of a — a: is also positive and greater than ^. 

Thus on the present hypothesis the point C, situated between 
A and B, should be nearer A than to B. 

The second value of x is Essentially negative. In order to 

interpret it, we return to the equation, which becomes by substi- 

b c 

tuting — g for a;, 3 = , , . But a-^x expressing in the 

first instance the distance of the point sought from B, a -j- x must 
ih the present case express the same distance. Thus the point 
sought should be at the left of A, in C" for example. Indeed, 
since by hypothesis the intensity of B is greater than that of A, 
the second point sought should be nearer A than to B. 

3. Let5 = c. 

The first value of a:, and also that of a -^ a: is reduced in this 

case to ^. Thus we have the middle of A B for the point sought. 
This result conforms to the hypothesis. 

The remaining values are reduced to ^ or become infimte« 
chat is, the second point where the bodies shine with equal light, 
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18 situated at a distance from A and B greater than any asmgn- 
able quantity. This result corresponds perfectly with the present 
hypothesis; for, if we suppose the difference b — c, instead 
of being absolutely nothing, to he very small, the second point 
^ will exist, but at a very great distance from A and B. If then 
. 3 = c or 

V^ — a/c=0 
the point required must cease to exist, or be placed at an infinite 
distance. 
4. Let bs=c and a = 0. 
The first system of values of x and a — x reduce themselves 

in this case to 0, and the second system to ^. This last charac- 
ter is here the symbol of indetermination ; for, on returning to 
the equation of the problem, 

(b — c)a?—2abx = — iifbf 
this equation becomes on the present hypothesis 

0.2*— 0.:f=.0, 
an equation which may be satisfied by any number whatever 
taken for x. Indeed, since the two bodies have the same intensity 
and are placed at the same point, they should shine with equal 
light upon any point whatever in the line A B. 

6. Finally let a = 0, i being different from c. • 

Both systems in this case will be reduced to 0, which in- 
dicates, that there is but one point, where the bodies shine 
with equal light, viz. the point, in which the two bodies are 
fcituated. 

2. To find two numbers such, that the diflference of their 
products by the numbers a and b respectively may be equal to a 
given number s, and the difierence of their squares equal to 
another given number q. 

Denoting by x and y the numbers sought, we have by the • 
qrestion ax — bysszs ^ 
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Resolving these equations, we have for the first system of 
values for x and y 



at-Yb/^ i"- 


-?(«'- 


-V) 


*■" «»- 


-y 


• 


A* + aV*»- 


-?(«*- 


-«0 


and for the second system, we have 


-«» 




as — b^^- 


-J(«»- 


-«^ 


""— 0*- 


-4» 





y^ 5— jj . 



DISCTrSSION. 

1. Let a he greater than by and by consequence (f — V posi- 
tive 

In order that the values of z and^ may be real, it is necessary 
that we have 

q{c^ — O < **» ^^^ therefore, q ^ , . 

This condition being fuUiUed, the values of x and y in the first 
system will be necessarily positive, and will, by consequence, 
form a direct solution of the problem in the sense, in which it is 
enunciated. 

In the second system the value of x will be essentially posi- 
tive; fora^i givesa*^^*, and for a still stronger reason, 
fls>3A/s^— gr(a« — *«). 

With respect to the value of y, it may be either positive or 
negative. In order that it may be positive, we must have 

bs^a^f — q(a^—l^ 
oiTf squaring both sides, 

11 
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or, adding e?q{a^ — ^ to both sides of this last, and suhiraetiiig 
fif from both sides 

or, by division • ? > -s* 

Thus, in order that the second system may be a real and direct 
iThUioUy we must have 



If, then, we take for a, i, and s any absolute numbers what- 
ever, provided that we have a'^b and that we take for q a 

number comprised between the two limits -3 and ^ p, we shall 

be certain of obtaining two direct solutions. 
Thus, let a = 6, i = 4,* = 15; we have 

?= 36 =^*' ^°^ ?:r^=-20 =^^i' 

if then we take q = 10, for example, we shall have 

6 X 15dz4V225— 20 X 10 11 7 
""= 20 =2" ^'2 

4 X 15± 6\/225 — 20 X 10 9 3 
y= 20 = 2'^'2' 

If on the present hypothesis, we have ^ ^ -5, and for a still 

stronger reason, q <^ lar~S» *^® value of y in the second sys- 
tem will be negative. This system, therefore, will not be a 
solution of the proposed problem in the sense, in which it 
is enunciated, but of an analogous problem, the equations of 
which are ax-\'by = s 

a^ — f=q 
and which will differ from the proposed in this respect only, that 
s will express an arithmetical sum instead of difference, 
2. Let a be less than b and therefore e? — ^ negative. 
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In tUs case the expressions for x and y in the first system 
may be put under the form 

— Bs — a^^ + q(li' — c?f 

y= giiz? ' 

and in the second 



B' — <^ 

y— ^^—-^ . 

The values of x and y in both systems, it is evident, wiH bt 
real, since the quantity placed under the radical is essentially 
positive. 

In the first system the values of x and y are essentially nega- 
tive ; in the second the value of z, it is easy to see, is neces- 
sarily positive, but the value of y may be either positive or nega- 

tive \ in order that it may be positive, we must have !? ^ ^ 

3. Let a s= 3, and therefore cf — 3' =s 0. 
On this hypothesis, we have for the first system of vahiet 
for X and y 

2as 2as 

and for the second 



Returning to the equations of the proposed in order to inter- 
pret these last, we obtain for x and y on the present hypothesis 

""— 2as ' y~ 2as ' 

PEOBLEMS FOR SOLUTION AND DISCUSSION. 

1. There are two numbers, whose sum is a and the 
whose second powers is h» Required the numbers. 



I 
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Patting X and y for the numbers, we have 



or — 


a=FV2A- 


-a* 




2 




y= 


o±V2«- 

~ ft 


-a» 



What conditions are necessary in order that the values of z 
and y may be real ? When will the values* of x both be posi- 
tive? Can both be negative? When will one of them be 
positive and the other negative, and to what question does the 
negative value belong ? 

" 2. To find two numbers such, that the sum of their products 
by the numbers a and b respectively may be equal to 2f, and 
their product equal to p. 

Patting X and y for the numbers, we l^ve 

Xs=: ^ 

a 

y ^ . 

What conditions are necessary in order that the values of x 
and y may be real ? What is the greatest value of which p ad- 
mits ? Can either of the values of a: or y be negative ? 

3. To find two numbers such, that the sum of their product? 
by the numbers a and b respectively may be equal to a given 
number *, and the sum of their squares equal to another given 
number q. 

Putting X and y for the numbers respectively, we have 

_ as±bi>/((^ + b')q — i' 
""— a« + ^« . 

_ bs±:^^{(i' + b^)q — ^ 

y— ?+i5 • 

What conditions are necessary in order that the values of x 
and y may be real ? Within what limits must q be comprised 
in ofder that both values of x may be positive? Within what 
limits must q be comprised in order that both values of y may 
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be positive? In the second system of values for x k>^A y, 
when will the value of x be positive, and that of y negative, 
and what is the analogous problem, to which this system be- 
longs? 

4. To find a number such, that its square may be to the 
(Hoduct of the differences between this number and two other 
numbers a and b in the ratio of q to p. 

Putting z for the number sought, we have 

_ q{a^b)±^f(a — by + 4.pqab 
'— 2(q-p) 

Let this formula be examined on the different hypotheses 



SECTION XIV.— Maxima and Minima. 

119. In several of the preceding questions, the given things 
^e have seen, are so connected among themselves, that one is 
determined by the others to be comprised within certain limits, 
or to have a greatest or least possible value. 

A quantity, the value of which may be made to vary, is called 
a variable quantity; the greatest value of which is called a 
viazimum and the least a minimum. 

Questions frequently occur, in which it is required to deter- 
mine under what circumstances the result of certain arithmet- 
ical operations performed upon numbers will be the greatest or 
least passible. We shall resolve a few questions of this kind 
the solutions of which depend upon equations of the second 
degree. 

1. To divide a number, 2 a, into two parts such, that the 
product of these parta may be a maximum. 

Let X be one of the parts, then 2 a — x will be the other, and 
their product will he x{2a — x). By assigning different values 
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to a;, the product z(2a — x) will vary in magnitude, and the 
question is to assign to a; a value such, that this product may be 
the greatest possible. Let m be the maximum sought, we have 
by the question 

x{2a — z)sssim. 
Regarding for the moment m as known, and deducing from 
this equation the value of a:, we have 

From this result it appears, that in order that x may be real, 
m must not exceed o^ ; the greatest value of m will therefore be 
a', in which case we have 2: = a. Thus to obtain the greatest 
possible prodtcct, the proposed rrvust be divided into two equal 
parts, and the maximum obtained wiU be equal to the square of 
one of these parts. 

In the equation a; (2 a — a:) = 7w, the expression! x(2a — x) 
IS called a function of x. This function is itself a variahUt 
the value of which depends upon that given to the first variable 
or a?. 

2. To divide a number, 2a, into two parts such, that the sum 
of the square roots of these parts may be a maximum. 

Let a? be one of the parts, then 2 a — a? will be the other, and 
the sum of the square roots will be a: + V2a — s?l Let m be 
the maximum sought, we have by the question 

a: + ^/2a — a:' = m; 
from which we obtain 



■=f*\/?+ 



2a — ff^ 



or simplifying x = ^±^ VU— m\ 

In order that the values of x may be real, the value of n^ must 
not exceed 4a; 2>\/a is therefore the greatest value, which m 
can receive. 

Let us put m = 2 >^a, we have x = j^a and a?=:a. whence 
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8a — a?^na. Thus, the proposed must be divided into two eqiud 
parts in order that the 'sum of the square roots of the parts may 
be a maximum. This inaximum moreover irill be equal to twice 
the sguttre root of one of the parts. * 

From what has been done, the following rt^e for the solution 
of questions of the kind which we are here considering will 
readily be inferred, viz. Having formed the algebraic expression 
of the qtiantiiy susceptible of becoming a maximum or minimum, 
make this expression equal to any quantity m. If the equation 
thus Tnade is of the second degree in x, x designating the variable 
quantity, tohich enters into the algebraic expression^ resolve this 
equation in relation to x; make next the quantity under the 
radical equal to zero, and deduce from this last equation the valtie 
of m ; this loill be the maximum or minimum sought. Substi- 
tuting finally the value of m in the expression for x, we obtain 
the value ofx proper to satisfy the enunciation proposed. 

If the quantity, placed under the radical remains essentially 
positive, whatever the value of m, we infer that. the expression 
nroposed may be of any assignable magnitude whatever, or in 
other words, that it will have infinity for a maximum and zero 
for a minimum. 

Thus let there be proposed the expression .T i^ ^ v J 

to determine whether this expression is susceptible of a maxi- 
mum or minimum, 

4a;« J- 42; 3 

Putting .T — , == m and deducing the value of z, we 

. __ 3m— 1 . 1 

nave x — ^ 3: g V^ 9 yw* -{- 4. Here, whatever value we 

give to 7W, the quantity placed under the radical will be positive ; 
the proposed therefore may be of any magnitude whatever. 

EXAMPLES FOR PRACTICE. 

1. To divide a given number a into two factors, the sum of 
which shall b*? a minimum, 

Ans. The two foctors should be equal. 
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2. Let d he the difference between two numbers; requirel 
that the square of the greater divided by the less may be a 
minimum. Ans. The minimum required is 4e2 and the value 

of the greater part corresponding is 2 J. 

3. Let a and h be two numbers of which a is the greater, to 
find a number such, that if a be added to this number, and b be 
subtracted from it, the product of the sum and difference thus 
obtained being divided by the square of the number, the quotient 
will be a maximum, 

Ans. The number = r, and the maximum = !* , . 

a — b 4tab^ 

4. To divide a number 2 a into two parts such, that the sum 
of the quotients obtained by dividing the parts mutually, one by 
the other, may be a minimum. % 

Ans. The number should be divided into two 
equal parts, and the minimum is 2. 

5. To find a number such, that if a and b be added to this 
number respectively, the product of the two sums thus obtained, 
divided by the number, may be a minimum. 

Ans. The number =:>^ad, and the minimum 

==(V'»+\/*)'. 



SECTION XV. — ^Powers and Roots of Monomials. 

120. When a quantity is multiplied into itself, the product, 
we have seen, is called a power, the degree of which is marked 
by the exponent of tne product, thus aaaaa or a* is called the 
fifth power of a; in like manner a"* is called the mik power 
of a. 

The original quantity, from which a power is derived, it 
called the root of this power. The degree of the root is de« 
termmed by the number of times the root is found as a facior 
in the power ; thus a is the fifUi root oi cf\ in like manner a 
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IS the mth root of a"*. The number which marks the degree of 
tlie root is called the index of the root* 

121. Let it be proposed to find the fifth power of 2eflf; 
this power is indicated thus, (2cfl?fi and we have, it is evi- 
dent, 

{2(^Vf = 2cfV X 2a»tf» X So' 3^ X So'i* X 2a' 3^. 

Here, it is evident, 1®. that the coefficient 2 must be multiplied 
into itself four times or raised to the fifth ^wer ; 2°. that each 
one of the exponents of the letters must be added, until it is 
taken as many times as there are units in the exponent of the 
power, or in other words, multiplied by 5 ; we have therefore 

In like manner {8a«*'c)»=512a«iV. 

To raise a monomial therefore to any given power, we raise 
the coefficient to this power, arid mvltiply each one of the expo- 
nents of the letters by the exponent of the power. 

With respect to the sign, with which the powers of a mono- 
mial should be afiected, it is evident, that whatever be the sign 
of the quantity itself, its second power will be positive. More- 
over if the exponent of the power of a monomial be an even 
number, it is easy to see, that this power may be considered 
as a power of the square of the proposed quantity: Thus a®, it 
Is evident, may be considered as the fourth power of c^ ; in like 
manner a'*", any even power of a, may be considered the with 
power of €?. It follows, therefore, that whatever be the sign of a 
monomial, any power of it^ the exponent of which is an even 
nuTnher, is positive. 

Again, since the power of a simple quantity, the exponent 
of which is an odd number, is equal to a power of this quan« 
tity of an even degree multiplied by the first power, it foUovra, 
that every power of a rnonomial, the exponent of which is an odd 
number, wiU have the same sign as the quantity froniL which it is 
formed. 

*22. Let it now be proposed to find the third root of 64a^yA 
o 
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The root requiied is indicated thus, ^^cfb^t?; the siga ^ 
being employed to denote in general that a root is to be taken* 
and the index 3 placed above the radical sign to denote the 
particular root required. 

Since the root of a quantity must evidently be sought by a 
process the reverse of that, by which it is raised to a power, in 
order to extract the .root of a monomial, 1°. we extract the root 
of the coefficient, 2\, we divide the exponent of each of the letters 
by the ijidex of the root. 

According to this rule, the third root of the proposed will 
be 4:C^b^c, In like manner the seventh root of a^*b^^c^ is 

With respect to the signs, with which the roots of monomials 
should be affected, it is an evident consequence of the principles 
already established that, 

1®. Every root of an even degree of a positive monomial may 
have indifferently cither the sign -j- or — . Thus, the sixth root 
of 64a^is±2a^ 

2?. Every root, the degree of which is expressed by an odd 
number, vnU have the same sign as the qiumtity proposed. Thus 
the fifth root of —32a"*'' is —2(^b, 

3®. Every root of an even degree of a negative monomial is an 
impossible or imaginary root. For there is no quantity, which 
raised to a power of an even degree can give a negative result. 

Thus \/ — a, V — b denote impossible or imaginary quanti- 
ties, in the same manner as a/ — a, a/ — b. 

123. From what has been said, it is evident in order that a 
root may be extracted, 1**. that the coefficient of the proposed 
must be a perfect power of the degree marked by the index of 
the root to be extracted ; 2**. that the exponents of each of the 
letters must be divisible by the index of the root. 

When this is not the case the root can only be indicated. It 
should be observed, however, that radical expressions, of any 
degree whatever admit of the same simplifications as those of th« 
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aeeond degree. These simplifications are founded upon the prin- 
eij^e, that any root whatever of a product is equal to the proama 
qfihe same root of the several factors. 

Thus let it be proposed to find the third root of ^c^Vi? 
The third root, it is evident, cannot be taken ; for d4 is not r 
perfect third power, and the exponents of the letters a and c 
are not divisible by 3. We therefore indicate the root, thus. 
a/54 a* ^^c*; but this expression may be put under the form 
V27a^^* X 2ac*; whence taking the third root of the factor 
27a«i', we have W5T^¥?=2^bW2a?. 

Let it be proposed next to find the third root of 

I25a''b + 375a^c. 

This expression, which it is easy to see is not a perfect third 

power, may be put under the form 125a'(fl?i-f"^^)5 whence 

extracting the third root of the first factor, we have for the root 

S'Ughtda ^0*3 + 3c. 

EXAMPLES. 

1. To reduce ^80 a^b''c to its most simple form. 

2. To reduce V'l28a?^z' to its most simple form. 

3. To reduce \/a3!^ -j- ^a;' to its most simple form. 

4. To reduce '\/27fl' + 81 a* ^ to its most simple form. 

5. To reduce ^/ 96 c^b''c^> to its most simple form. 

6. To reduce I / ^7-5 — o^. ., to Us most simple form. 

y^ 81a* — 324 a* ^ '^ 



SECTION XVI. — ^Powers of Compound Quantities, Theoht 
OF Combinations, Binomial Theorem. 

124. Powers of compound quantities are found like those <if 
nVMiomials by the continued multiplication of the quantity into 
itself. Tlvey are indicated by inclosing the quantity in a par^i- 
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thesis, to which is annexed the exponent of the power. The 
third power of cf-^dab — 3c*, for example, is indicated, thus, 
{(f-^dab — b(?)^. This same power may also be indicated 
thus,"?+"5aF=T?i«. 

Next to monomials, binomials are those, which are the least 
complicated. We begin therefore with these. 

Below are several of the first powers of the binomial x-^Ot 
viz. 

(a; 4" ^)' = ^ + « 

{x'\-aY = x'-\'Saa^ + S(i'x + c? 

(a: + a)' = a:* 4- 4aa:' + 6«'^'+ ^o'a: + tf*. 

We have formed the different powers of a: -|- a in this table by 
ihe continued multiplication of a; -f- a into itself. In this way 
we arrive only at particular results. To form any of the higher 
powers, the process of multiplication must still be continued. 
This would be tedious, especially, as the- power to which the 
binomial is to be raised, becomes more find more elevated. We 
proceed, therefore, to investigate a method, by which a binomial 
may be raised to any power whatever, without the" necessity of 
forming the inferior powers. This method was discovered by 
Newton. The principle on which it is founded is called the 
Binomial Theorem. The most simple and elementary demon- 
stration of this theorem depends upon the theory of combinations, 
to which we shall first attend. 

THEORY OF COMBINATIONS. 

125. The results, obtained by writing one after the other, in 
every possible way, a given number of letters, in such a manner|r 
that all the letters will enter into each result, are called permu 
tations. 

Let there be, for example, two letters a and b. These give, it 
11 evident, two permutations, ab,ba 



THEORY OF COMBINATIONS. 173 

Again, let there be three letters, a, b and c. If we set apart 
one of the letters, a for example, the remaining letters give 
two permutations, viz. be, cb; placing next the a at the right 
of each of these, we have two permutations of three letters, 
viz. bca^cba; but each of the remaining letters b and c, being 
set apart in the same manner, will also furnish each two 
permutations of three lettters; whence the permutations of three 
letters will be eqtud to the pemmtations of two letters, multiplied 
by three. 

In like manner the permutations of four letters wHl be found 
eqtud to the permutations of three letters multiplied by four. 

And in general, the permutations of any number whatever n 
of letters, wiU be equal, it is evident, to the permutations ofn — 1 
letters, multiplied by n the number of letters employed. 

Let Q represent the permutations of n — 1 letters, then Qn 
will represent the permutations of n letters ; thus Qn will be a 
general formula for permutations. 

In the general formula Qn, let n = 2, then Q will be 1, 
whence 1X2 will be the permutations of two letters. Again 
let n = 3, then Q will be 1 X 2 ; whence 1 X 2 X 3 will be 
the permutations of three letters. In like manner the permuta- 
tions of 4 letters will be 1 X 2 X 3 X 4. The follo^dng rule 
for permutations will, therefore, be readily inferred, viz. Multu 
ply in order the natural numbers, 1, 2, 3, 4, ^c, to the number 
denoting tite letters employed inclusive; the result wiU be the 
permutations of the given number of letters. 

126. When a given number of letters are disposed in order 
one after the other in every possible way, 2 and 2, 3 and 3, and, 
in general, n and n at a time, the number of letters taken at a 
time being always less than the given number of letters, the 
results o'jtained are called arrangements, 
o* 
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Let it be requiied to form the arrangements of three letlai^ 
a, b, and c, two and two at a time. 

a, ab 
me 

b, ba 
be 

e, ca 

cb 

Setting apart first one of the letters, a for example, we write 
after this letter each one of the reserved letters b and c ; we 
thus form two of the arrangements sought,^ viz. ab, ac; setting 
apart next the letter b, and writing by its side each one of the 
reserved letters a and c, we form two more of the arrangements 
sought, viz. bay be; pursuing the same course with the re- 
maining letter c, we have in the result, it is plain, all the ar- 
rangements required and no more ; whence the arrangements of 
three letters 2 and 2 at a time, vnU be equal to the arrangements 
of the same letters one at a time, multiplied by the number of 
letters reserved. 

Let it be required next to form the arrangements of four letters 
a, b, c, d, three and three at a time. 

ab, abc ea, cab 

abd cad 



ae, 


acb 


eb, 


eba 




acd 




ebd 


ad, 


adb 


ed. 


cda 




ade 




edb 


ba, 


bac 


da, 


dab 




bad 




dae 


be, 


bea 


db. 


dba 




bed 




dbe 


bd. 


bda 


de. 


dea 




bde 




deb 



Having formed the arrangements of the given letters, 2 and 
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9 at a time, we set apart one of these, ab for example, and write 
successively by its side each one of the reserved letters c and J, 
we thus form two of the arrangements sought, viz. ahc, aid. 
The same being done with each one of the remaining arrange- 
ments of the given letters, 2 and 2 at a time^ we obtain, it is 
evident, all the arrangements required and no more. Thus, tJie 
arrangements of 4 letters taken 3 and 2 at a time, wiU he eqtuxi 
to the arrangements of the same letters, taken 2 and 2 at a time^ 
multiplied by the number of Utters reserved. 

In like manner, understanding by letters reserved those which 
remain, when the given letters are taken one less than the re- 
quired number at a time, we have the arrangements of any 
number m of letters, taken n and n at a time, equal to the 
arrange^nents of the same letters^ n — 1 at a time, multiplied by 
the number of letters reserved. 

Let P represent the arrangements of m letters n — 1 at a 
time ; it being required to take the letters n and w at a time, the 
reserved letters will be m — (n — 1), or m — n-|-lj thus the 
arrangements of m letters, n and n at a time, will be expressed 
by the formula. 

This will be the general formula for arrangements. 

In the general formula P (m — n-^l),\Qin equal 2. In this 
case P will represent the arrangements of m letters 1 at a time ; 
thus P will equal m; whence m(m — 1), will express the 
arrangements of m letters 2 and 2 at a time. 

Again, in the general formula P (m — n-^-l), let n=:3. 
In this case P will represent the arrangements of m letters 2 
and 2 at a time ; P will therefore equal m{m — 1) ; whence 
m(m — 1) (m — 2) will express the arrangements of wi letters 
3 and 3 at a time. 

In like manner the arrangements of m letters 4 and 4 at a 
time, will be expressed by m (i» — 1) {m — 2) {m — 3). 

From inspection of the above formulas the following rule for 
arrangements will be readily inferred, viz. From the number 
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denoting the given letters mbtract suecesdvdy the natural \ 
bers 1, 2, 3, ^c. to the number which denotes the letters to be 
taken at a time ; multiply these several remainders and the num- 
ber denoting the given letters together; the product wiU be the 
arrangements required. 

127. Arrangements, any two of which differ at least by one of 
the letters, which enter into them, are called comhinations. 

Let it be proposed to determine the number of combinations of 
three letters, a, i, and c taken two and two at a time. 

The arrangements of these letters, two and two at a time, 
will be 

ab 
ba 

ac 
ca 

be 

cb -* 

Among these arrangements we have, it is evident, but three 
combinations, viz. ab,ac, be, each one of which is repeated as 
many times as there are permutations of two letters. Hence the 
combinations of three letters taken 2 and 2 at a time, wiU be equal 
to the arrangements of three letters 2 and 2 at a time, divided by 
the permutations oftxoo letters. 

In like manner, it will be seen, that the combinations of 4 
letters, 3 and 3 at a time, are equal to the arrangements of 4 
letters, 3 and 3 at a time, divided by the permutations of three 
letters. 

And in general the combinations of m letters, n and n at a 
time, will be equal, it is evident, to the arrangemerUs ofm letters, 
n aTid n at a time, divided by the permutations ofn letters. 

From what has been done, we have therefore the following 
general formula for combinations, viz. 
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la die general formula let n ^ 2, the fonnala which resultt 

This will give the combinationB of m letters 2 and 2 at a 

time. 

Again, let n ss 3 ; the formula which results will be 

m{m—l) {m — 2) 

1.2.3 

This will give the combinations of m letters 3 and 3 at a time. 

f iji ' v.- m(m—l) {m — 2) {m — 3) 

In like manner we obtam — ^ , ^ ^ ^^ ^ i, a 

1.2.3.4 

formula which gives the combinations of m letters 4 and 4 ^^ 
a time. 

From inspection of the formulas obtained by making n as 2,3,4, 
&c. in the general expression, we may infer a general rule for 
combinations as has been done already with respect to permuta- 
tions and arrangements. 

1. For how many days can 7 persons be placed in a different 
position at dinner ? 

2. How many words can be made with 6 letters of the alpha- 
bet, it being admitted that a number of consonants may make a 
word? 

3. How many combinations can be made of 24 letters of the 
alphabet taken two and two at a time ? 

4. A general was asked by his king, what reward he should 
confer on him for his services ; the general only desired a farthing 
for every file of ten men in a file, which he could make with a 
body of 100 men. At this rate what would he receive ? 

BINOMIAL THEOREM. 

128. If we examine with attention the different powers of 

« -|* a, art 124, it will be easy to fix upon the law, aceoirdiiig 

to which the exponents of x and a proceed. But it wiU ncpt 

he so easy to determine the law for the iramerical coeffieioBtii. 

12 
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If we observe, however, the manner in which the difierent 
terms which compose a power are formed, we shall perceive 
that the numerical coefficients are occasioned by the reduction 
of several similar terms into one, and that these similar terms 
arise from the equality of the factors which compose a power. 
These reductions, it is easy to see, vnll not take place, if the 
second terms of the binomials are different. We begin there- 
fore by investigating a law for the formation of the product of 
any number of binomials a:-|-a, a:-|-i, a?-J"^« • • »^g ^^st 
terms of which are the same in each, while the second are 
different. 



(x + a) {x + b) = 3f + a\z + ab 



(z + a) (x + b) (x + c)=2* + a 

b 



z + a){x + b){x + e)lx + d) 

b 
c 
d 



ae 
be 



i* + ab 


a? + aJc 


ae 


abd 


ad 


acd 


be 


bed 


bd 




cd 





z-^abe 



z-^-abcd. 



From inspection of the above products, which we have formed 
by the common rules of multiplication, it will be observed, 

1". In each product there is one term more than there are units 
in the number of factors. 

2**. The exponent ofxin the first term is the same as the num- 
ber offactorsy and goes on decreasing by unity in each of the fol- 
lowing terms, 

3'. The coefficient of the first term is unity. The coefficient 
of the second term is equal to the sum of the second terms of the 
binomials; that of the third term is equal to the sum of the differ- 
ent combinations or products of the second terms of the binomials 
taken two and two; that of ike fourth is equal to the sum of thf 
products of the second terms of the binomials taken three and 



BINOMIAL THEOREM. 179 

threcy and so on. The last term is equal to the product of tie 
second terms of the binomials, 

129. We readily infer from analogy, that the same law will 
obtain, whatever be the number of factors employed. This law 
may, however, readily be shown to be general. In order to this, 
it will be sufficient to show, that if the law be true for the 
product of any number m of binomials, it will also be trub for the 
product of m -j- 1 binomials. 

The number of binomial factors being represented by m, 
the different powers of x will be af*, a:*"*, a;*""*, &c. Let 
A, B, C, . . . U denote the quantities, by which these pcfwers 
beginning with af*""* are to be multiplied; but as the number 
of terms must remain indeterminate, until m receives a particular 
value, we can write only a few of the first and last terms of the 
expression, designating the intermediate terms by a series of 
points. 

The product of any number m of factors will then be repre- 
sented by the expression 

af'-j-Aa;"'- * + Ba:^-^ -} Ca:*-»...U. 

Multiplying this expression by a new factor x-^-K, it becomes 

ar+' + A I tT + B 2r-' + C \ a:^-« UK. 

k| AK bk| 

Here the law for the exponents is evidently the same, as in 
the first expression. With respect to the coefficients, it is 
evident, P. that the coefficient of the first term is unity. 2*- 
A -f- K, the coefficient of the second term, is equal to the sum 
of the second terms of the m -(- 1 binomials. 3®. Since B by 
hypothesis expresses the sum of the second terms of the m 
binomials taken two and two, and AK expresses the sum of die 
second terms of the m binomials multiplied each by the new 
second term K, B -{- AK, the coefficient of the third term, will 
oe the sum of the products two and two of the second terms of 
die 9it -^ 1 binomials. 

In the same manner C -f- BK, it is easy to see, will be tlie 
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of the products three and three of the second terms of the 
fft-}- 1 hinomials, and so on. 4°. The last term UK it is evi- 
doat, is the product of the m-^1 second terms. 

The law laid down, art. 128, being true therefore for expres- 
tioBS of the fourth degree will, from what has just been de- 
iDMistTated, be true for those of the fifth; and being, true for 
eiy^ressions of the fifth degree, it will be true for those of the 
sixth and so on ; thus it is general. 

130. If in the different products which ha^e been formed, 
aft. 128, we make &, c and d each equal to a, these products will 
be converted into powers ofz-\-a, thus 

(ar + fl) (a?-|-3) = (a? + a)« = a» + fl|z + fl?. 



= (z + a] 


« 


;«• + «' 


z' + a* 


<i» 


«• 


t? 


«• 


a» 


tf 


a» 




a« 





X -|-^. 



x+V 



a c? 

a\ fl« 

* + «)(« + *) (« + c) (« + ^) = (« + «)' 

a 

^ a 
a 



Comparing these expressions with the different products, 
from which they are derived, we perceive 1". that the multi- 
"jf&RX of X in the second term has been converted into the first 
power of a, repeated as many times as there are units in the 
number of binomials employed, or which is the same thing, 
08 there are units in the exponent of x in the first term. 2**. 
That the multiplier of the third term has been converted into 
die second power of a, repeated as many times, as there can 
be formed different products from a nimiber of letters equal to 
^ number of binomials employed, taken two and two at a 
time. 3^. That the multiplier of the fourth term has been con- 
iWisd into tike third power of a, repeated as many times ea 
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fkexe can be formed different products from a number of letters; 
equal to the number of binomials employed, taken three Slid 
Aree at |ei time, and so on. . 

131. From what has been done, it is evident, therefore, duU 
whatever be the power to which a binomial 2; -f- d is to be raised, 
I*, the exponent of x in the first term will be etfiial to the gi|k>- 
nent of the power, and that it will go on decreasing by unity in 
each of the following terms to the last, in which it will be 0. 
2". That the exponent of a in the first term will be 0, in the 
second unity, and that it will go on increasing by unity, until it 
becomes equal to the exponent of the power to be formed. 
3®. The numerical coefficient of x in the first term will be u&ity, 
in the second it will be equal to the exponent of x in the first 
term, in the third it will be equal to the number of products, 
which may be formed firom a number of letters, equal to the 
exponent of x in the first term, taken two and two at a time, in 
the fourth it will be equal to the number of products, which may 
be formed from the same number of letters, taken three and three 
at a time and so on. 

Let it be required to form the 5th power oi x-\- a. The dif- 
ferent terms, without the numerical coefficients, will be by the 
preceding rule s/^ -\-ax* -{-o^x^ -{-cf2?-{-a*x-j^€f. 

Witli respect to the numerical coefficients, that of the first 
term will be 1, that of the second will be 5, that of the third will 
be equal to the number of products, which may be formed of 6 
letters taken 2 and 2, that of the fourth will be equal to the num- 
ber of products, \yhich may be formed of 5 letters taken 3 and 3, 
«nd so Dn. Thus the numerical coefficients will be 

1, 5, 10, 10, 5, 1 ; / 
#rhence 

(a: + fl)5 = a:' + 5fla^+10a»a:'+10a'2:» + 5«*« + fl». 
Let it next be required to raise a: -|- a to the with powei:» we 
shall have, according to the preceding rule, for a few of the first 
rerms without the numerical coefilicients 

p 
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Here the numerical coefficients cannot be determined until we 
aatign a particular value to m; by the preceding rule, however, 
die numerical coefficient of th^ second term will be equal to m^ 
whatever the value of m may be. In the development therefore 
of {z -|* a)" we write m for the coefficient of the second term. 
With respect \o the third term the numerical coefficient will 
be equal to the number of products, which may be formed of 
m letters 2 and 2 at a time ; this is expressed by the formula 

— iT— - — - we write therefore — ^ — ^— for the coefficient of the 

third term. For a similar reason — - — ^ !% o ^^ ^ 

the coefficient of the fourth term, and so o'n. We have then 

• •••a"*. 

Prom inspection of the different terms of this development 
it will be perceived, that the coefficient of the fourth, for example, 

ji formed by multiplying — ^ — - — , the coefficient of the third 

term, by m — 2 the exponent of z in this term, and dividing 
by 3 the number, which marks the place of this term. It 
▼. ill be perceived, also, that the coefficient of the third term is 
formed in the same manner by means of the second term, and 
that of the second by means of the first. We readily infer, 
therefore, the following rule, by which to form the coefficient 
of any term whatever, viz. Multiply the coefficient of the jfre- 
ceding term by the eocponent of x in that term^ and divide the 
product by the nurnber which marks the place of that term from 
the left. 

From what has been done, we have therefore the following 
rule, by which to raise a binomial to any power whatever, viz. 
P. T?ie coefficient of x in the first term is unity, and its ezponent 
is equal to the number of units in the degree of the pouter to tohieh 
the binomial is to be raised, 2^. To pass from any term to the 
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foBcm/igy we multiply the nummical coefficient by the exponent 
of X in that term, divide by the numher which marks the place of ^ 
that term from the left, increase by unity the exponent of a and 
diminish by unity the exponent of x. 

According to this rule. 
(a: + a)«==a:» + 6fla^+15a?a:* + 20a»ar*+15d*a?+6a»a: + a*. 

132. It sometimes happens, that the terms of the proposed 
hinomial are affected with coefficients and exponents. The 
following example will exhibit the course to be pursued in cases 
of this kind. 

Let it be proposed to raise the binomial 4 a" 3 — 3 a^c to th« 
fourth power. 

Putting 4 a^ ^ = j:, and — 3 a i c = y, we have 

{X + yf = x' + ^7?y^^^^ + 4txy' + j/*. 
Substituting next for x and y their values, we have 

(4a«3 — SabcT = (^c^bf + 4 (4^A)« (— 3fl3c) + . . . , 
6(4a«*)«(— 3a*c)«4.4(4a«i)(— 3«^c)'+( — 3«ic)*, 
or performing the operations indicated, we have 

(4a8i_3fl^cV=256a»**— 768a'3*c-f-864fl«3V . . 

— 432af^*V + 81a*i^c*. 

The terms produced by this development are alternately 

positive and negative. This, it is evident, should always be 

the case, when the second term of the proposed binomial has the 

sign — . 

133. The powers of any polynomial whatever may be found 
by the binomial theorem. Let it be proposed to find for example, 
the third power of the trinomial a -|- 3 -f- c. 

In order to apply the rule to this case, we put a -|- 3 = m / 
the proposed is then reduced to the binomial m-\- c, and we have 

(771 + cf = wz' + 3 wi'^c -}- 3m(? + c* 
whence, restoring the value of m, we have 

(a + b-\-cf = a^ + 2a'b + 3ab''+P 

-}-3a«c-f-6fl3c + 3i«(j 
+ 3ac* + 3ic« 
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The same process, it is easy to see, may be applied to my 
polyn<mual wliatever. 

mSCELLANSOUS EXAMPLES. 

1. To find the third power of 2a — A -f- c*. 
S. To find the seventh power of 3a^ — 2tf. 
^3. To find the fifUi power of if ^c — 2d. 
4. To find the third power of 2fl« — 4a* + 3/i^. 



SECTION XVII.— Roots of Compound Quantities. 

134. We pass next to the extraction of the roots of com 
pound quantities, beginning with the third or cube root of num 
bers. 

In the following table, we have the nine first numbers, witli 
their third powers or cubes written under them respectively. 
1, 2, 3, 4, 5, 6, 7, 8, 9, 
1, 8, 27, 64, 125, 216, 343, 512, 729. 

By inspection oi this table, it will be perceived, that among 
numbers consisting of two or three figures, there are nine only, 
which are perfect third powers, the others have each for a root 
an entire number plus a fraction. 

If the proposed number consists of not more than three figures, 
its third root or that of the greatest third power contained in it, 
may be found immediately by the above table. 

Let it be proposed to extract the third root of a number, con- 
sisting of more than three figures, 103823, for exampk . 

The proposed being comprised between 1000, the third power 
of 10, and 1000000, the third power of 100, its root will 
consist of two places, units and tens. To return therefore from 
the proposed to its root, let us observe the manner, in which the 
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units and tens of a number are employed in forming the tlurd* 
power of this number. For this purpose designating the tens by 
a and the units by h, we hare 

From this we learn, that the third power of a number consisting 
of units and tens, is composed of the third power of the tens, the 
triple product of the square of thfi tens by the units, the triple 
product of the tens by the square of the units, and the third power 
of the unxts. 

If then we can determiiw in the proposed the third power of 
the tens, the tens of the root will be found by extracting the third 
root of this part. The third power of the tens, it is evident, cam 
have no significant figure below the fourth place, the three 
figures on the right will, therefore, form no part of the third 
power of the tens, and m^ on this account be separated from 
the rest by a comma. The third power of the tens will then be 
contained in 103, the part a^ the left of the comma. The great- 
e&i third power contained in 103 is 84, the roof of which is 4; 4 
is^ therefore, the significant figye in the tens of the root sought. 
Indeed, the proposed is evidently comprised between 64000, the 
third power of 40 or 4 tens, and 125000 the third power of 50 
or 5 tens. The root sought is, therefore, composed of 4 tens and 
a certain number of units less than ten. ' 

The tens of the root being thus obtained, we subtract the third 
power 64 from 103, the part of the proposed at the left of the 
comma, and to the remainder bring down the figures at the right. 
The result of this operation, 39823, must contain, from what has 
been said, the triple product of the square of the tens by the 
units, together with the two remaining parts in the third power 
of the root sought. 

The square of the tens, it is evident, will contain no signifi- 
cant figure less than hundreds ; on this account we separate 23, 
the two figures on the right of the remainder 39823, from the 
rest by a comma ; 398, the figures on the left of the comma, will 
then contain the triple product of the squaie of the tens of the 
p* 
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root sought by the units and something more, in consequence rf 
the hundreds arising from the two remaining parts of the third 
power of the root sought. Dividing therefore 398 by 48, the 
triple product of the square of the tens, already found, the 
quotient 8 will be the unit figure sought, or, from what has been 
said, it may be too large by 1 or 2. 

To determine whether 8 be the right unit figure we raise 48 to 
the third power. This gives 110592, a number greater than the 
proposed; 8 is, therefore, too large for the unit figure. We 
next try 7 ; 47 raised to the third power gives 103823. The 
proposed is, therefore, a perfect third power, the root of which 
is 47. 

The operation may be exhibited as follows. 

103,823 I 47 
64 t 

398,23 I « 
103,823 

Any number however large may be considered as composed 
of units and tens ; the process for finding the root may therefore 
be reduced to that of the preceding example. 

Let it be proposed, for example, to find the third root of 
43726678. Considering the root of this number as composed 
of units and tens, 678 the three right hand figures, it is evident, 
will form no part of the third power of the tens. On this ac- 
count we separate them from the rest by a comma. The third 
power of the tens being contained, then, in the part at the left 
of the comma, we obtain the tens of the root sought by ex- 
tracting the third root of this part. Considering therefore, 
for the moment, the part of the proposed 43725 as a separate 
number, its third root, it is evident, may be found as in the 
preceding example. Performing the operations, we have 36 
for the root and a remainder of 850. There will therefore be 
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35 tens ia the root of the proposed, and in order to find the units, 
we bring down the three right hand figures 678 by the side of 
850, which gives 850678. Separating next the two right hand 
figures of this last from the rest by a comma, and dividing the 
part on the left by the triple square of the tens already found, 
we obtain 2 for the unit figure of the root sought. To determine 
whether this is the right figure, we raise 352 to the third power, 
which gives 43614208, a result less than the proposed. 352 is, 
therefore, the root of the proposed to wathin less than a unit. 
The operation may be exhibited as follows : 



43,725,678 
27 



352 



Is Dividend 167,25 | 27 1st Divisor 

Third power of 35 42875 



2d Dividend 8506,78 | 3675, 2d Divisor 

Third power of 352 43614208 

Remainder 111470 

The same process, it is easy to see, may be extended to any 
number however large. The rule, therefore, for the extraction 
of the third root will be readily inferred. 

If it happens, that the divisor is not contained in the dividend 
prepared as above, a zero must be placed in the root, and the 
next figure brought down to form the dividend. 

EXAMPLES. 

1. Find the third root of 150568768. Ans. 532. 

2. Find the third root of 205483447701. Ans. 5901. 

3. Find the third root of 32977340218432. Ans. 32068. 
135. If the proposed be a fraction its third root is found by 

extracting the third root of the numerator and denominator. 



Thus 



K 27'^3- 
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H iht denominator is not a perfect third power, it may k 
made so, by multiplying both terms by the square of the denom* 

3 

iaator ; thus if the proposed be =, we multiply both terms by 49; 

147 

the firaction then becomes hth* ^® '^^ ^^ which is nearest 

fi .,. , , 1 

-, accurate to withm less than -. 

136. We have seen, art. 94, that the square root of an entire 
number, which is not a perfect square, cannot be exactly assigned. 
The same is true with req[iect to the roots of all entire numbersi 
which are not perfect powers of a degree denoted by the i^idex 
of the root. 

The third root of a number which is not a perfect third powei 
may be approximated by converting the number into a fraction, 
the denominator of which is a perfect third power. Thus let it 
be required to find the approximate third root of 15. This num- 

ber may be put under the form — =— — = ^^ , the thinl 
root of which is :r^ , or 2r^, accurate to within less than ^. It 

1a Ia f Xa 

a greater degree of accuracy were required, we should conrert 
the proposed into a fraction, the denominator of which is the 
third power of some number greater than 12. 

In such cases it is most convenient to convert the proposed 
number into a fraction, the denominator of which shall b^ the 
third power of 10, 100, 1000, &c. 

Thus if it be required to find the third root of 25 to within 
.001, we convert the proposed into a decimal, the denominator 
of which is the third power of 1000, viz. 25.000000000, the 
third root of which is 2.920 to within .001; we have then 
*V25 = 2.920, accurate to within less than .001. 

To approximate therefore the third root of an entire number by 
means of decimab, we annex to the proposed three times as numy 
teres as there are decimal places required in the root, we then 
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€Kiract the root of the number thtis prepared to within a tmal, 
wd point off for decimals, as many places as there are decimal 
figures required in the root. 

137. If the proposed number contain decimals, beginning at 
the place of units, we separate the number both to the right and 
left into periods of three figures each, annexing zeros, if neces- 
sary, to complete the right hand period in the decimal part. W^ 
then extract the root, and point off for decimals in the root 
as many places as there are periods in the decimal part of tbe 
poiver. 

If the proposed be a vulgar fraction, the most simple method 
of finding the third root is to conrert the proposed into a decimal, 
the number of places in which shall be equal to three times the 
number of decimal figures required in the root The quet^^n is 
thus reduced to extract the third root of a decimal fractiim* 



EXAMPLES. 

1. Fnd the approximate third root of 79. Ans. 4.2908. 

2. Find the approximate third root of ^. Ans. 0.824. 

3. Find the approximate third root of 3.00415. 

Ans. 1.4429. 

4. Find the approximate third root of 15f . Ans. 2.502. 
138. By processes altogether similar to that, which we have 

employed in the extraction of the third root of numbers, we 
may extract the root of any degree whatever. The method of 
extracting the root of any degree whatever, in the case of alge* 
braic quantities, is abo founded upon the same principles. The 
foQowing example will be sufficient to illustrate the course 
to be pursued, whatever the degree of the root required may be. 

Let it be proposed to extract the fifth root of the polynomial 
.32a»°— 80a«5»+80a«i*— 40a*^»+10rf»i«— i« 

The pressed bung arranged with mfiBsence to the powers 
ot tke letter a, we seek the fifUi root of the first term 32a*^ 
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Its root 2(f will be the first tenn of the root sought. We 
write, therefore, 2a^ in the place of the quotient in division, and 
subtracting its fifth power from the whole quantity, we have for 
a remainder 

_80a»y + 80fl'3«+&c. 

The second term of the binomid {a -|- b)' is 5a*h; this shows, 
that in order to obtain the second term of the root, we must 
divide — SOa'i*, the second term of the proposed, by five times 
the 4th power of 2 a', the term of the root already found. Pei- 
forming the operation we obtain — P. This will be, therefore, 
the second term of the root. Raising 2 a? — ^ to the fifth power, 
it produces the quantity proposed. The root is therefore obtained 
exactly. If the root contained more than two terms, it would be 
necessary to subtract the fifth power of 2 a? — b^ from the pro- 
posed quantity, and then in order to find the next term of the 
root, to divide the first term of the remainder by five times the 
4th power of 2 a* — b\ In this case, however, only the first term 
of the divisor would be used ; we should have therefore the same 
divisor, that was used the first time. 

139. When the index of the root has divisors the root may be 
found more readily than by the general method. Thus the 
fourth root may be found by extracting the square root twice 
successively ; for the square root of a* is a", and that of a' is a, 
the fourth root of a*. In general, all roots of a degree marked 
by 4, 8 or any power of 2 may be found by successive extrac- 
tions of tlie square root. Roots, the indices of which are not 
prime numbers, may be reduced to others of a degree less 
elevated. The 6th root, for example, may be found by first 
extracting the square and then the third root; for the square root 
of cf is o^, and the third root of £^ is a. 

EXAXFLES. 

1. To find the third root of 8a» -f 36ai" -f 64 a: -f 27. 

Ans. 2a: -f 3. 
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2. To find the third root of a:* + 6a? — 403:* + 96a; — 64. 

Ans. a;*-f-2a; — 4, 

3. To find the third root of a;* — 6a?+ 16a^ — 20a:» + Ifia? 
~6a;-| 1. Ans. a;* — 2a;+l. 

4. To find the third root of 27a« — 64a;" + 63a:* — 44a? + 
21a? — 6a:+l. ' Ans. 3a? — 2:c+ 1. 

5 To find the fourth root of 16d* — 96a':c + 216fl?a? — 
'U6aa;'+81a?. Ans. 2a — 3a:. 



SECTION XVIII. — Calculus of Radical Expressions. 

140. Radical expressions, the roots of which cannot be foucd 
exactly, frequently occur in the solution of questions. On this 
account mathematicians have been led to investigate rules for 
performing upon quantities subjected to the radical sign, the 
operations designed to be performed upon their roots. In this 
way the calculations required in the solution of a question are 
frequently rendered more simple, and the extraction of the root 
is left to be performed at last, when the radical expression is 
reduced to the most simple form, which the nature of the question 
will allow. 

ADDmON AND SUBTRACTION. 

141. Radical expressions of the same degree, and which have 
the quantities placed under the radical sign also the same, are 
said to be similar. 

The addition and subtraction of similar radicals is performed 
upon the coefficients. Thus the sum of the radicals 

34/*, 9^3, is 12^3/ the sum of a4/W,h^/¥F,—c4/^ 

u{a'{'b — c)4/¥c. 

In like manner 9^c^c, subtracted from 12\/a*c gives 
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3 Vtf^c, and ^Va^subtnu^ted from a Vo? gives 

(a— ^)4/a?r 
Radical expressions, which are at fiist dissimilar, frecjaeiilly 
become similar when reduced to their most simple form. Thus* 
let it be required to add 64^2?P^and a ^6^c?V. These ex- 
pressions, reduced to their most simple form, become 5a^2<fb\ 
3a V^Sfl?^; their sum is therefore 

The addition and subtraction of dissimilar radicals can be 
eftcted only by means of the signs -f> and — . 

BXAMPLBS. 

1. To find the sum of 6(f^b?, and a^^cfbt?. "'^ ^ t . ,^ 

2. To find the sum of ai?^l%bU, and 3 Va*3V. \'i, (^'t ' , jTi 
8. To find the sum of ^l^Tifb?, and 6(?^75d'bc. ^l aC \fjl. c 

4 To find the sum of 2 V8> — "^ ^^» 6^72, and —^60. 

Ans. 8V2. 
6. To find the sum of 8 Vi. — 4^^/12, 4a/27, and — 2VA- 

Ans. V\/3. 

6. To find the sum of 2^^, ^60, — ViS, and Vi- 

Ans. ff ^/l6^ 

7. To find the sum of \/l8fl*y, and \/50?^ 

Ans. (3<^3-|-5a*) V2fl*. 
a To subtract ^dc^b^c from 7a^P7. / .> / . c 

9* To subtract ^24 from 4/l^ Ans. 24/a 

10. To subtract l/^ from 1/^ - 






Ans. (3tf 



-'\/ft- 
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MlTLTIPLICATlOIf AND DIVISION. 

142. Let it be reqaired to multiply >^a by ^3, we have 
S/o^y^ il/hr=^f^ab; for H/ay^ft/h raised to the seventh 
power gives ah for the result, and Arai raised to the seventh 
power gives also ah for the result ; whence the seventh powers 
of these expressions being equal, the expressions themselves 
must be equal. 

The same reasoning may be applied to all similar cases ; we 
have, therefore, the following rule for the multiplication of radi- 
cal expressions of the same degree, viz. Take the product of the 
quantities under the radical sigTi, observing to place the result 
under a sign of the same degree. 

Let it next be required to divide /{/a by >^3. In this 

have ^T = l/^ t; for the expressions ^^^, 

- being raised to the fifth power give each y5 these 
o o 

expressions are therefore equal. 

We have then the following rule for the division of one radical 

quantity by another of the same degree, viz. Take the quotient 

arising from the division of the quantities under the radica. 

sign, recollecting to place it under a sign of the same degree. 

EXAMPLES. 

1. Multiply 4/4, 74/6, and i 4/ 5 together. 

Ans. J^12a 

2. Multiply 5^3, 7^|, and a/2 together. Ans. 140. 

3. Multiply 7 + 2 V6 by 9 — Sj^S. Ans. 3 — 17^/6. 

4 Multiply8 + 2V7by8 — 2V7. Ans. 36. 

5. Multiply 5V3y- 7^6 by 2^8 — 3. 

Ans. 41V6-t71V3. 
IS 



case we 



v/ 
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6. Divide ^^S by VS. Ans. 2J. 

7. Divide ^24^ by ^SUFb. Ans. |a^3. 
8L Divide 1 by I4- V^« Expressiog the quotient m the 

form of a fraction, and multiplying both tenns by 1 — ^2 
we have Ans. ^2 — 1. 

9. Divide 1 + V6 by 2 V2 — V^. Ans. ^2 + ^3. 

FORMATION OF FOWEBS AMD EXTRACTION OF ROOTS. 

143. Let it be required to raise the radical ^(^b to the third 
power ; we have 

{4/7b)'=^^b X A/7b X ,ir^=s/:n' 

according to the rule established for multiplication. 

Whence to raise a radical quantity to any power ; toe raise the 
quantity placed under the radical sign to the power required^ 
observing to place the result under the same radical sign. 

When the index of the radical is a multiple of the exponent 
of the power to which the radical is to be raised, it may be 
raised to the power required in a more simple manner than by 
the preceding rule. 

Thus let it be required to raise \/2a to the second power. 
The proposed from what has been said, art. 139, may be put 

under the form | X ^/2a; but to raise this ^expression to the 

second power, it is sufficient to suppress the first radical sign ; 
whence (^2a)* = ^/2Z 

Again, let it be required to raise f^bb to the third power. 
The proposed may be put under the form | X ^5b; whence 

Whence if the index of the radical is dicisiMe by the exponent 
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of the power ^ to which the proposed quantity is to be raised, ike 
operation is performed by dividing the index of the radical by tie 
exponent of the power. 

144. With respect to the extraction of roots, it is evident, itom 
the preceding rules, that to extract the root of a radical, we mof 
extract the root of the quantity placed under the radical sigm, 
the result being left under the same radical sign, or we may 
multiply the index of the radical by the index of the root to he> 
extracted. 

Thus, ^y^2f?—4/2z ^y^^^staz 



'\ 



EXAMFLES. 

1. To raise ^tf*^ to the fourth power. \ ^t M^ 

2. To raise ^cfb^c to the sixth power. v cl <■' ^- 

3. To find the fourth root of A/22(^bK \ J -. i ' 

4. To find the fifth root of 4/243a^ ) 






REBITCTION OF RADICAL EXPRESSIONS TO THE SAMB 
INDEX. 

145. It follows from the principles established above, thai 
tf we multiply at the same time the index of the radical and the 
exponents of the quantity placed under the radical sign by the 
same number, the value of the radical remains the same. 

Thus if we multiply the index of the radical ^e^b by 3, 
we have ^cfb, the third root of the proposed; if then we 
multiply the exponent of the quantity placed under the radi- 
cal sign by 3, we have \/a^^ the third power of ^c^b; the 
second operation, therefore, restores the expression to its onigiul 
value. 

146. By means of this last principle, we may reduce two or 
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moi6 radicals of difierent indices to the same index. Thus lee 
there be the two radicals ^2 a, ^b*c. Multiplying^ the index 
and also the exponents of the quantities placed under the radical 
sign in the first by 4, and in the second by 3, we have for the 
first /9^2V or ^^16?", and for the second ^^. The pro- 
posed are, therefore, reduced to equivalent expressions having a 
common index 12. 

In like manner, the three quantities 

^y^, ^r^, i/77, 

become respectively 

UV l€5 1€S 

Va"*^, \/a«ft«, Vc*^ 
having a common index 105. 

From what has been done we have the following rule for re- 
ducing radical expressions to the same index, viz. Multiply at 
the iome time the index belonging to each radical sign, and the 
exponents of the quantities placed under this sign, by the product 
of the indices belonging to all the other radical signs. 

If the indices of the radicals have common factors, the calcula- 
tions are rendered more simple, by taking for the common ihdex 
the least number exactly divisible by each of the indices. 

A quantity, which has no radical sign, may on the same \>rin- 
ciples be placed under a radical sign ; for this purpose, we foise 
the quantity proposed to the power denoted by the index of the 
radical sign, under which it is to be placed. 

Thus if it be required to put the quantity (f under the sign 

^, we have for the result \/a". 

147. Radical expressions having difierent indices must be re- 
duced to the same index before applying to them the rules for 
multiplication and division laid down above. The following 
examples will serve as an additional exercise in the multiplica- 
tion and division of radical quantities. 
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1. Multiply ^2 by ^3. Ans. 2!^25^ 

2. Multiply a/ a by ^b. Ans. ^^^W. 

3. Multiply 4/a by J^h. Ans. >5^?*»: 

4. Multiply 3a^8? by 25>v^4?c. Ans. 12rf»* /i/2l 

5. Multiply V2, 4^3, and 4/5 together. Ans. A^eiSOOO. 

6. Multiply >^J, 4/ J, and >y 6 together. Ans. J!y^. 

7. Multiply2V6 — 3V5by4V3 — Via 

Ans. 39V2— 16V1^- 
a Multiply 4 VJ + 5 Vi by VJ + 2 V^ 

Ans. V + VV^ 

9. Divide ^6 by ^2. Ans. J^J^fi^gS: 

10. Divide \/l35 by V3- Ans. ^TtW. 

11. Divide a V* by ,^1. Ans. a/^J'A. 

12. Divide ^^a by ^3 + \/^* Ans, r • 

•""" c 

13. Divide v^3 by 1 + V2. Ans. V3(V2— 1). 
14 Divide JVi by V2 + 3 Vi- Ans. ^. 



15. Divide 1 by \/a + V*- Ans. i/ "^ 






16. Divide 



I yVa + V* by ^/sfa — sfh. 

An,. t/^Ti±p5. 



SECTION XIX.— Theory of Exponents. 

148. We have seen, art. 28, that with respeci to the same 
letter, division is performed by subtracting the exponent of 
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the divisor from that of the dividend. The application of this 
rale to the case, in which the exponent of the divisor is equal to 
that of the dividend, gives rise to the exponent 0. An expres- 
sion oP, in which this exponent is found, is to be regarded, 
art 31, as a symbol eguivalent to unity* 

149. The application of the same rule to the case, in which 
the exponent of the divisor exceeds that of the dividend, gives 
rise to negative exponents. Thus let it he required to divide 
c^ by a". Subtracting the exponent of the latter from that of the 
former, we have a~' for the result. But a* divided by o^ is 

expressed by the fraction -^ ; reducing this fraction to its lowest 
terms, we have 3. The expression a"* must therefore be re- 
garded as equivalent to -^. 

a* 
In like manner ^^^ gives by subtracting the exponent of 

the divisor from that of the dividend a~"/ but the fraction 

«"* • . 1 

— r— ffives when reduced to its lowest terms —; whence a"" 

is equivalent to —. 

The expression «""" is, therefore, the symbol of a division, 
which cannot be performed. Its true value is the quotient of 
unity divided by a raised to a power denoted by the negative 
exponent n. 

150. To find the roots of monomials, we divide, art. 122, the 
exponents of the proposed by the index of the root required. 
The application of this rule to the case, in which the exponents 
of the proposed are not divisible by the index of the root, gives 
rise to fractional exponents. Thus let the third root of a be 
required. Indicating upon the exponent of a the operation re- 
quired in order to obtain the third root, we have for the le 

salt a^. But we have agreed to indicate the third root by ^ 
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the expressions 4/ a> ^ are, therefore, to be regarded as equiva- 
lent. In like manner, we have 

The expression a" if, therefore^ to he regarded^ as a symbol 
equivalent to the nth root of the mth power of&, 

151. The two preceding cases sometimes meet in the same 
expression. This gives rise to negative fractional exponents. 
Thus let it be required to extract the seventh root of a? di- 
vided by cf; we have -gsssa'"*, the seventh root of which is 

«"T. In like manner the wth root of 



The expression a " is, therefore, the symbol of a division 
which cannot be performed, combined with the extraction of a 
root, its true value is the nth root of the qt&tient of unity di- 
vided by a raised to the mth power. 

The expressions a°, a""*, a", a *, derived in the manner 
above explained from rules previously established, have be- 
come by agreement notations equivalent respectively to 1, 

1 " / 1 . * 

— , /^/a", 1 y ~~ik> ^^ niay, therefore, at pleasure substitute 

the former of these expressions for the latter, and the converse. 
152. We proceed to show, that the rules already established 
for performing t)ie operations of arithmetic upon quantities 
affected with entire and positive exponents are sufficient for 
these operations, whatever the exponents may be, with which 
the quantities are affected. 
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XULTIFUCATIOlf. 

Let it bb required to multiply a^ by a'. To perform the 
operation required, it is sufficient to add the exponents. 

Indeed a* = A^, a^ = 4/?] whence 
But adding the exponents, we have 

the same result as before. 
Again, let it be required to multiply a~* by a*; we have 

a* = ^ and «"^ = l/^i, 
whence a"* X «*= l]/^ X ^a'^ tV^i X ySJ^a" • 

But adding the exponents of the proposed, we have 

the same result as by the former operation. 

Let it be required next to multiply a * by a' ; 
we have a • = IX ^> a^z^^cf; 

— * z * y 1 

whence a " X a^ = l/^ ^ X i</a^ 









We arrive at the same result by adding the exponents of the 
proposed. 

- = + « 



Indeed a " '==«"» 
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To multiply two monomials therefore, it is sufficient, whatever 
the exponents, to add the exponejits of the letters, which are the 
tame in, each, 

EXAMPLES. 

1. Multiply cTiT^a *5, andc*i 'together. 

Ans. a"*i*c**. 

2. Multiply*-^ by ^. Ans. a^b^c"^. 

3. Multiply (^ + 3* by a^ — 3* Ans. a* — 3*. 

4. Multiply 3 + 5* by 2 — 6*. Ans. 1 — 6*. 



DIVISION. 

163. Whatever the exponents may be, in order to divide one 
monomial by another, we subtract for each letter the exponent 
of the divisor from that of the dividend. 

Indeed, since the exponent of each letter in the quotient should 
be such, that when added to the exponent of the same letter 
in the divisor, the sum will be equal to the exponent of the divi- 
dend, it follows, that the exponent of the quotient should be equal 
to the difference between that of the divisor an^ the dividend. 

EXAMPLES. 

1. Divide a' by a *. Ans. a . 

2. Divide a* by A Ans. a"^. 

3. Divide a^b^ by a"*3*. Ans. a^b"^. 

4. Divide a^ — b^ by a^ — b^. Ans. a^ + a^^ + b^. 
6. Divide 6fl** — 41fl**5 + 42fl*3« by 5a^—6a^b. 

Ans. a* — 7a"* A. 
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FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

154. From the rule for multiplication, it follows, that to raise 
a monomial to any power, it is necessary whateyer the exponents 
of the letters, to multiply the exponent of each letter hy the 
exponent of the power required. 

-a 

Thus a '. Kused to the third power 

_,-i-(-i)^(-i)_,-C«-\ 

Conrersely, to extract the root of a monomialf tee divide the 
exponent of each letter by the tTidex of the rdot. 

Thus j^a-^^a"^. 

The utility of exponents, of the kind which we are here con- 
sidering, consists principally in this, that the calculation of quan- 
tities affected with these exponents is performed hy the rules 
already estahlished for quantities affected with entire and positive 
exponents. The calculation is moreover reduced to operations 
upon fractions, with which we are already familiar. 

155. By means of negative exponents we may give an entire 
form to fractional expressions. Thus, let there he the fraction 

X , 11 

-5, this is the same as x X -il hut -5 = y'"*; whence 
IT f V 

156. Fractional and negative exponents enahle us to arrange 
polynomials, which contain radical terms. Thus let it he 're- 
quired to arrange the polynomial 

according to the descending powers of the letter a. 

To perform the operation required, 1®. we give to the radical 
quantities fractional exponents ; 2^. we reduce to an entire 
form, terms which have denominators; 3®. we reduce all the 
exponents of the letter, according to which the arrangement is to 
be made, to their least common denominator. The proposed 
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may then be arranged according, to the powers of the letter 
required. 

In the preceding example we have for the result ^ 

a^+ 2a* 4- 2a* + «■"* + «"* + da""* 



, SECTION XX.— Pbopoetions. 

167. When two quantities are compared with respect to their 
magnitude, the result of the comparison is called thejr ratio. In 
general, there are two different ways, in which the magnitude 
of two quantities may be compared; P. we may wish to de- 
t^nune how much the yreater exceeds the less; the result is 
then obtained by subtraction, and is called the ratio of the 
quantities hy difference; 2*. we may wish to determine how 
often one of the quantities is contained in the other ; the result is 
then found by division and is called the ratio of the quantities 
by quotient. 

Thus, the ratio by difference of the quantities a and b is 

a — b, and the ratio by quotient is -; a and b are the terms 

o 

of the ratio. * 

tThe same quantity may be added to, or stibtracted from, both 

terms of a ratio by difference mthout changing the ratio, for 

a — b=(a-\-c) — {b + c) = {a — c) — {b — c). 

The two terms of a ratio by quotient may be multiplied or 

divided by the same qtiantity without changing the ratio^ for 

a am 

b bm 

Ratios by difference !ure sometimes called arithmetical latios 

ind those by quotient geometrical ratios. 

158. An expression for two equal ratios is called 9ipropoirtimk 
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If the ratios are by di£ference, the proportion is called a prcpof 
Hon ly dijferenee. Thus the equality 

b — a^sid — c, 
is a proportion by difierence, and is usually written thus, 
n mhi c • d. 
If the ratios are by quotient, the proportion is called a propor* 

Han hy quotient. Thus, the equality y = ~ is a proportion by 

quotient, and is usually written 

azbzieid. 

The proportions above are read thus, a is to 3 as e to ^. The 
first and last terms are called the extremes of the proportion; 
the second and third are called the means ; a is called the ante- 
cedent, b the consequent of the first ratio ; c the antecedent, d the 
consequent of the second ratio. 

Proportion by difierence is sometimQ3 called arithmetical pro- 
portion, that by quotient geometrical proportion. Proportion by 
difierence is now, however, more commonly called equidiffer- 
ence, while the term proportion is limited to proportions by 
quotient 

EQinniFFSKEIfCES. 

169. Let there be the equidifierence a.bic.d; this is the 
same with the equation b — a = d — c, from which we deduce 

a -|- <2 = 3 -|~ c* ♦ 

Thus in an equidifiference the sum of the extremes is equal to 

the sum of the means. This is the leading property of equi- 

differences. 

Reciprocally, let there be four quantities a, 3, c, d, SRch that 

a -|- <^ = ^ + c. From this equation we obtain 
b — a=.d — c, or a.bic.d. 
Thus, if there be four quantities such, that any two of them 

give the same sum with the other two, the first are the eztremes» 

the second the means, or the converse, of an equidiffercTtce. 
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Any three tenns of an equidi&rence are sufficient to deter- 
mine the fourth ; thus, from the equidifierence, a • 3 : c • (2, we 
Reduce a = b — <i-["^»^ = ^"l"^ — ^• 

In the equidifierence a.bic.d^ letcs=:3; we have 
a ,b I b •d* 

This is called a continued equidifierence, and b is called an 
arithmetical mean hetween a and d. 

From the equidifierence a.bib .d, we deduce 

the arithmetical mean between two quantities is, therefore^ equal 
to half their sum, 

160. In order that an equidifierence may exist, it is sufficient, 
that the sum of the extremes should he equal to the sum of the 
means ; we may, therefore, make any transposition of the terms, 
of an equidifierence, which will not alter the equalityhetween 
ihe sum of the extremes and that of the means. The equation 
a — 3 = c — d furnishes the eight following equidifierences, 

a ,b\ c .dj a. ei b , df d ,b i c ,a, d . ci b > a^ 
b.a:d»c, 3.(2:a.c, c»d:a.b, c.aid.b. 

PROPORTION BY QUOTIENT. 

161. Let us take the proportion a:b::c:d; this returns 

.0 - = -, an equation, which gives 
a c 

adsszbc. 

In a proportion hy quotient, therefore, the product of the ex* 
tremes is equal to the product of the means. This is the funda^ 
mental property of proportions. 

Reciprocally, let there he four quantities a, 3, c, d, such, that 

ad = bc; this leads to the equation ~ == ~, or 

^ a e 

a:b:c:d. 

Whence if four quantities be such, that any two of them give the 

same product as the remaining two, the first wiU form the ex* 

iremes and the second the means, or the converse, of a proportiom^ 

E 
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Three terms of a proportion are sufficient to detemine the 
fourth ; thus from the proportion aib ::c: d, we deduce 
he . ad ^ 
a c 

The proportion a:b::b:dy in which the two mean terms are 
the same, is called a conthtued proportion, and b is called a mean 
proportional between a and d. 

From the continued proportion aibiibidiVre deduce b^ssad, 
whence b = ^ad. Thus to find a mean proportional bettoeen 
tfjoo qttantitieSf toe take the square root of their product. 

162. In order that a proportion may exist, it is sufficient, that 
the product of the extremes should be equal to that of the means. 
We may, therefore, make any transposition in the terms of a . 
proportion, which will leave the product of the extremes equal to 

that of the means. Thus't&e equation -ss=-- gives the eight 

a c 

following proportions 

a:b::c:d, a:c::b:di b: d:: jiic, (2 : c : : 3 : a, 

b:a::d:Cf c:a::d:bj d:b::c:a, c:d::a:b, 

163. The same quantity m, it is evident, may be added to oi; 

subtracted from the equation - ss ~, so that we have 

a c 

b_^ d^ 

— 3: m = — 32 m f 
a c 

, b:izma d'jhmc 

whence = , 

a c 

but this last may assume the form 

c (g?±mc ^ 

a 3±fna' 
from which we have the proportion 

b ± ma : ddb^ciiaici 

mt since -ssti we have also 
a o 
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from which we have the proportion 

h i Tfiai d ± 7nc 1 1 b i d» 

These two proportions may he enunciated thus ; The fir%i 

oonseqtient phis or minus its antecedent taken a given number of 

tiTnes, is to the second consequent plits or minus its antecedent 

taken the same number of times f as the first term is to the thirds 

or as the second is to the fourth. 

d ^^^ 7n c c 

164. The expression 7— =a=- returns to 

^ i±ma a 



- d4^mc d — mc 

whence jpr = i > 

o-f-ma b — ma 

or b'\'maid'\'mc:\b — maid-^mc 

or, changing the relative places of the means, 

b'\-ma:b — ma\ id-^mcid — mc\ 

whence making m = l, we have 

b-\-aib — aiid-^-c'.d — c, 

a proportion which may he enunciated thus, 

The sum of the first two terms is to their difference^ as the sum 

of the last two is to their difference. 

165. The proportion a:b::c:d may be written thus, 

aiciibidt 

we have then 

c , d ^ 

a o 

from which we obtain 

c ± ma : d db ^b : : a : 6, or ::c:d; 

whence, the second antecedent plus or minus the first taken a 

given number of times^ is to the second consequent plus or minus 

the first taken the same number of times, as any one of the ante' 

cedents whatever is to its consequent. 

If in the above iH?oportioa we make m as 1, we have 

c dz^ ' d dt^ • ' (^' bf 01 : : e : d; 

whence c + ^-c — and -{-bid — b. 
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Therefore, the sum or differtTice of the antecedents is to the swat 
or differenee of the consequents^ as one antecedent is to its conse- 
quent; and the sum of the antecedents is to their difference^ as the 
sum of the consequents is to their difference, 

166. Let there be the series of equal ratios 

a:in:c:d::e :f: : gih • , . . 

a~ c eg' 

Making -sssq; we have 
a 

h d f h 

whence bs=zaq, d=scqj fssseq, hsssgq; 

adding these equations member to member, we have 

whence -^ — , , = 7 = -, 

a-x-c + e + g ^ a 

or a-|-c + c-f-^:i + <i4-/-f-A::a:3- 

whence in a series of equal ratios, the sum of any number whai 
ever of antecedents, is to the sum of the like number of come 
quents, as one antecedent is to its consequent. 

167. Let there be the two equations - = -,isas-; multiply 

ing these equations, member to member, we have 
hf_dh 
ae eg* 

or aeibf::cg:dh. 

We obtain the same result by multiplying, term by term, the 
proportions a:b::c:d, e:f::g:h; this is called multiplying 
the proportions in order ; it follows then, that if two proportions 
be multiplied in order, the results wiU be proportional. 

It will be seen also, that if two proportions be divided, term by 
term, or in order, the quotients will be proportional. 
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h i 
If in the equation -s=~ we raise both membets to tbeiteth 

powetf we have 

whkk gites a"* : 3* : : c* : rf*. 

It Mows, thereforor that the second^ ikhrd^ tmd m general the 
eamloT powers of four proportixmat pumtkiti are aba prepor- 
ttofud. 

In Mke manner, it may be shown thai the roots of the same 
itgree of four proportional quantities are also proportional, 

QUESTIONS IN WHICH PROPORTIONS ARB CONCERNED. 

1. The sum of the s<|aares of two nuinbers is to the difference 
a£ their squares as 17 to 8, and their product is 15. What are 
the nimtbers ? 

Ptitting X and y for the numbers, we have by the first con* 



dition 


2»+»» 


a? 


-y»::17:8; 


whence art. 164, 


23* 




2j(*.::2S:9, 


or 


a* 




y»::25:9; 


whence art, 167, 


X 




y :: 5:3, 


wherefore 






3x=5y. 



By ibe second condition we have ary= 15; comparing" tfiis 
whh the equation just found, we readily obtain ar = 5, y = 3. 

2. The product of two numbers is 24, and the difference of 
their third powers is to the third power of their difference as 
19 to 1. Required the numbers. 

Let X and y be the numbers, we have by the question 

ary = 24 
«■ — J^:(ar — y)»::19:l. 

Transposing terms and developing ix — ^)* in this liast, we 
have a;» — 2/^:19 ::a:8_32j.y^ 3^y»_^.l J 

whence art. 165, 3a:*y — 3*^ : 18 : : (r — y)* : 1, 

or dividing by a; — y and substituting for xy its value frott At 

first equ ition 72 : 18 : : far — yT*\v 

whence a: — y=s=2. 

14 
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Comparing this last with the first equation v^e obtain 
x = 6,y==4. 

3. The sum of two numbers is to their difference as 3 to 1 
and 'the difference of their third powers is 56; what are the 
numbers? Ans. 4 and 2, 

' 4. There are two numbers, whose product is 135, and the 
difference of their squares is to the square of their diflerenoe 
as 4 to 1. What are the numbers ? Ans. 15 and 9. 

* 5. A merchant mixes wheat, which cost him 10 shillings a 
bushel, with barley which cost him 4 shillings a bushel, in such 
proportion as to gain 43} per cent, by selling the mixture at 
11 shillings a bushel. Required the proportion. 

Ans. 14 bushels of wheat to 9 of barley. 

6. Thie product of two numbers is 63, and the square of their 
sum is to the square of their difference as 64 to 1. What are 
the numbers ? Ans. 9 and 7. 



SECTION XXL— Progressions. 

168. A series of quantities increasing or decreasing by a con- 
stant difference, is called an arithmetical progression or pro- 
gression by difference. The constant difference is called the 
ratio of the progression. 

Thus let there be the two following series 
1, 4, 7,10,13,16 
60, 56, 52, 48, 44, 40. 
the first is called an increasing progression, the ratio of which 
is 3 ; the second is called a decreasing progression, the ratio of 
which is 4. 

To indicate that the quantities a, b, Cy d . . . form a pro- 
gression by difference, we write them thus 
•i- a » b » c , d , . • • 
A progression by difference, it will be readily perceiyed, it 
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simply a senes of continued equidifierences. EacL vcnn there- 
fore is at once antecedent and consequent, with the exception of 
the first term, which is only an antecedent, and of the last, which 
is only a consequent. The progression ^a.b.c.d is enun- 
ciated thus, a is to 3 as & to c, as c to d^ &;c. 
169 Let us«take the increasing progression 
-S-a.&.c.A:.A. . . 
and let d represent the ratio. 
From the nature of the progression, we have, it is eTidenl, 
h=a + d 
cs=sa'\-2d 

from which it is readily inferred, that a term of any rank what' 
ever is equal to the first term plus as many times the ratio, as 
there are units in the number of the preceding terms. 

Let L represent a term at any rank whatever, and let n denote 
the number, which marks the place of this term ; we have from 
what has been said 

L=a + {n-'l)d. 

This expression for L is called the general term of the series. 
If the series were decreasing, we should have, as it is easy to 
see, for the general term 

I. = a — (n — l)d. 

By means of the above formulas we may find any term of a 
progression by difference, when the first term, the number of the 
term required, and the ratio ar^ given. 

Thus, let it be required to find the^fiOth term of the pro- 
gression -i- 1 . 4 . 7 , we have by the first formula 

L=l + (50 — 1)3=148. 

Again let it be required to find the 40th term of the pro- 
gression -^5.3.1..., we have by the second formula 
L=5— (40 — 1)2 = — 73. 

170. The first and last terms of a progression are called the 
extremes; if the number of terms be odd, the middle term is 
called the meffn; if the number of terms be even, the two 
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teon^ haring the same number of terms on each opposite side 

Le» «» tdm the genefal progression ^amb,c..*.k.k,l, 
barn the natme of lbs progression, we have 

whence |-}~^=^^*h^ 

so also c — h=sk — n 

whence e'\'hs=b'\'ksss,m>4~l. 



from which we infer that in a progression by difference, the sum 
of any two terms taken at equal distaiuxs from the extremes is 
equal to the sum of the extremes. 

Let 5 represent the sum of all the terms in the progression 
•^a.b.c.,h,k.l. Writing this progression in an inverse 
order below itself, we have 

S=a + h + c A + ifc + Z 

S=Z + * + A .... c-f i + a; 
adding these equations member to member and uniting the 
corresponding terms, we have 

SS= (« + /) + (* + *).... + (A + c) + CA: + « + (/ + a) 
but the parts h-^-k^ k-^-e . , , Bxe equal each to a-^-l; the 
number of these parts moreover is the same, it is evident, with ' 
the number of terms in the progression; designating then this 
nomber by n, we have 

2S = «(a + Z); 

whence S^'t^^. 

By means of this flhnula we find the sum of all the terms, 
when the first term, the last term and the number of the terms 
aregiiren. 

EXAMPLES. 

1. What is the sum of the natural series of numbers 1, 2, 
.%4^fce.nptolOOO? 

S» The last term mt a progression by difeence is 60, the first 
knt 12, and the number of terms 5. What is the sum of all 
thetermst * 
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X "Wlutt 18 the ^iim of the nneren numbers* 1, 3, S^ 7, Joe 

171 The equations L=:a+{« — 1)* g^ *(^+^ foj. 

nish us mth the means of resolving the following geaeial 
{m>Uem, viz. Amf three of the Jive guantitiet^ a, d^ m, 1 und s, 
which en^er into u pr^gressian by difference, being ^ven^ to de- 
termine the remaining two. 

This general problem resolves itself into as many fnrtioalar 
problems as there are combinations of 5 letters taken 2 and 2, cr 
3 and 3 at a time. The number will therefore be 10. See l)ie 
enamciations below. 
L^ there be given 1^. a, d^ n to find I and s 
2?, a,d,l . • • n and 8 
3^, Ojd^s . . . n and I 
4®. a, n, Z ... (2 and s 
&*. a,nyS . . , d and I 
&*. a, If s . . . d and n 
7^. (2, n, Z ... a and i 
&. d, nj s . . .a and Z 
9®. df I, s . . . aandn 
10®. 9t, Z, f . . .a and i 
172. Let it now be proposed to find the number of terms in 
the progression by difference, the sum of which is 145, the first 
term 1, and the ratio 3. 

This example is a particular case of the third general prob- 
lem ; to prepare a formula for its solution, we eliminate L from 
the equatMms 

by which we obtain for the equation for n 



{d — 2a) 
d 






2s 

d' 



revolving d-is equation we have 

rf— 2a±V(£Z — 2a)» + 8rf# 



2d 
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' • 

from which we*obtain 10 for the number of terms sought This 
being done we readily obtain by means of the formula for L the 
last term required. 

Let the learner prepare the formulas and solve the following 
particular cases. 

1. To find the first and last terms in a progression by^difier- 
ence, the sum of which is 567, the number of terms 21 and the 
ratio 2. f * » I - 

2. The sum of a progression by difference is 1455, the first 
term 5, and the number of terms 30. What is the last term and 
the ratio ? r - . ' A 

3. The first term in a progression by difference -is 5, the last 
term 185, and the ratio 6, to find the number of terms, and the 
sum of all the terms. A * / ^^ - .. 

4. The first term of a progression by difference is 3, the last 
term 41, and the sum of all the terms 440. What is the num 
ber of terms and the ratio ? ,. j *L • 

173. The formula I. = a+ (» — l)d gives <i = =•; this 

expression for d enables us to resolve the following problem, viz. 
to insert between two quantities^ b and c, m arithmetical means^ 
that is to say, quantities, which comprised between h and c, will 
form with them a progression by difference. 

To resolve this problem, it will be sufiicient to determine the 
ratio of the progression required. For this we have given the 
first term &, the last term c, and the number of terms m 4* ^• 
Substituting therefore c, 3, and ^n -j- 2 for Z, a, and n in the 

above expression for d, viz. d = =■, the mtio required will 

c — — A c — ~ h 

be — 7-jr r-= — -j— y, that is, to find the ratio sought, we 

divide the difference of the two numbers b and c by the number of 

terms to be inserted plus 1. 

Let it be required, for example, to insert 11 arithmetical 

means between 17 and 77, 

77 27 

Here ^sss — ^g — = 5. 
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The progression required will therefore be 

^ 17 . 22 . 27 . 32 72 . 77. 

Let it be required, as a second example, to inser d arithmet* 
ical means between each antecedent and consequent of the pro* 

gression -^ 2. 5.6.11.14 

* It will readily be inferred from what has been done, that, if 
hettoeen t/te terms of a progression by difference^ taken tv)o and 
two, we insert the same number of arithmetical means^ the terms 
of this progression together with the arithmetical means inserted 
will form a progression by difference. 

^ QUESTIONS INVOLVING PROGRESSIONS BY DIFFEKENCE. 

1. A number consisting of 3 digits, which are in arithmetical 
progression, being divided by the sum of its digits gives a quo- 
tient 4S; and if 198 be subtracted from it the digits will be 
inverted. Required the number. 

Let X = the second digit and y the common difference, the 
three digits will then be expressed by a; -|- yi ar, a: — y. 

Resolving the question we obtain a: =s 3 ; and the number re 
quired is 432. 

2. Four numbers are in arithmetical progression. The sum 
of their squares is equal to 276, and the sum of the numbeis 
themselves is equal to 32. What are the numbers ? 

Let 2y=the common difference anc^ let a;-j-3y, a;-[-^» 
z — y, X — 3 y be the numbers. 

Resolving the question, we obtain for the numbers sought, 
11, 9, 7 and 6. 

3. A traveller sets out for a certain place and travels 1 mile 
the first day, 2 the second and so on. In 5 days afterwards 
another sets out and travels 12 miles a day. How long and how 
far must he travel to overtake the first ? 

Let X =s the number of days ; then a: -j- 5 = the number of 

a: -4-5 
days the first travels, and (ar -}- 6) T = ^he distance he 

travels 



BesolTing die qoefltioB, we obtain zasS* or 10. 

4. There aie thiee nnndien in mitfimetiail progiessioii^ 
whose 8om is 21 ; and die sum of die fiist and seoood k'lo 
die sum of die second and diird as 3 to 4. Required die 
numbers. Ans. 5, 7, 9. 

5. From two towns, which were 168 miles distant, two per- 
sons, A and B, set out to meet each other ; A went 3 miles the 
first day, 5 the next, and so on ; B went 4 miles the first day* 
6 the next, and so on. In how many days did they meet ? 

Ans. 8. 

6. There are four numbers in arithmetical' progression* whose 
sum is 28, and their continued product b 685. Required the 
Bianben. Ans. 1, 5, 9, 13. 

7. A and B, 165 miles distant from each other, set out widi a 
design to meet ; A travels 1 mile the first day, 2 the second, and 
so on ; B travels 20 miles the first day, 18 the second, and so on. 
How soon will they meet ? 

Ans. They will meet in 10, and also in 33 days. 

8. The sum of the squares of the extremes of four numbers in 
arithmetical progression is 200, and the sum of the squares of the 
means is 136. What are the numbers ? 

Ans. 14, 10, 6, 2, or — 14, — 10, — 6, —2. 

9. A regiment of men was just sufficient to form an equilateral 
wedge. It was afterwards doubled, but was still found to want 
385 men to complete a square containing 5 more men in a side, 
than in a side ,of the wedge. How many did the regiment at 
first contain ? Ans. 820. 

PBO6BESSI0N BY QUOTIENT. 

174. A series of quantities such, that if any term be divided by 
the one which precedes it, the quotient is the same in whatever 
part of the series the two terms are taken, is called a geametricai 
pTogmttoft or progresMon Ify ^piottcnt. 

The constant quotient is called the ratio of the progression. 
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If the series is increasing, the ratio will be greater ihan unity ; 
if decreasing, the ratio will be less than unity. 

The following series are examples of this kind of progres- 
sion, 3 . 6 . 12 . ^4 . 48 . 96 
64 . 16 . 4 , 1 . I. ^ 

In the first the ratio is 2, in die second |. A progression by 
quotient, it w^ readily be perceived, is simply a series of equal 
ratios by quotient, in which each term is at once antecedent and 
cansequentt with the exception of tJte first, which is only an ante- 
cedent, and of the last, which is only a consequent. 

To indicate that the quantities a,h,c,d,., form a progres- 
sion hy quotient, we write them thus 

^a.hicd:,.. 

The progression is enunciated thus, ato^asitocascii tec. 

175. Let us take the general progression 
TT a : ^ : c : (2 . . . . 
and let the ratio be represented by q; from the nature of the 
fHEagressk)!!, we have, il is evident, 

h=:^aq,c=bq=:sa^, d^^^cq^szaf 

from which it will be readily inferred, that a term of any rank 
whatever is equal to the first term multiplied hy the ratio raised 
to a power, the exponent of which is one less than the number, 
lohich marks the place of this term* 

Let £ designate any term whatever of the progression, and 
let n represent the nujnl^er of this term ; from what has been 
said, we have 

L = agr'K 
This is called the general term of the progression. By means 
of it we may find any term required, when the first term and die 
ratio are given. 

Thus let it be required to find the 8th term of the progvesaion 
^ 2 : 6 * 18 ... in this case, we have 

£s2X 3^ = 4374 

8 
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In like maimer if it be required to find the 12tli erm of die 
progression «f 64 : 16 : 4 : 1 : } . ., we have 



^=«*(i)" = 66k- 



176 Resuming the general progression 
-rf a : & : c : ^ . . . A: : Z, 
we have from the nature of the progression the series of equa- 
tions, 

bsssaq^ cssbq, dss:scq . . . ls=skq; 
adding these equations member to member, we have 

b + C'\'d"\'...l=(a'\'b + c + ...k)q. (1) 
Let iS represent the sum of all the terms, we have 
34.c + rf + ....Z=S — fl 

a^b + c + k=S — ls 

whence by substitution in equation (1), we have 
S — a = q(S — l), 

and by consequence S = ^ =- . 

By means of this formula we may obtain the sum of any num- 
ber of the terms of a progression by quotient ; for this purpose, we 
multiply the last term by the ratio, subtract the first term from 
this product, and divide the remainder by the ratio diminished by 
unity. 

Let it be required to find the sum of the first 4 terms of the 
progression tt 2 : 6 : IS : 54 : 162, we have ^ 

^^ 64x3-2 ^0^ 

When the progression is decreasing, that is, when q is less 
than 1, it will be more convenient to put the above expression 

for 5 under the form S=-= ^ ; since in this case the two 

1—^ 

verms of the fraction will be positive. 

Let it be required to find the sum of the 12 first terms of the 

progression ?f 64 : 16 : 4 : 1 : ^ . . . . sg^g- 
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64- 



,„ , _ a — lq 65636 "4 „, 66536 C-.^V 
We have S=^^ =8«+ 196608- V? ^ 

4 
177. If in the formulas for S we substitute for I its value, 
nz. Z = ag^~S we have 

af — a « a — af 

formulas, by means of which we obtain the sum of any number 
of terms of a progression, when the number of terms, the first 
term and ratio axe given. 

Thus to find the sum of the first 8 terms of the progression 
4f 2 : 6 : 18 : 54 we have 

In the same manner, wc have for the saia. of the 12 first terms 
of the progression ^f 64 : 16 : 4 . . . 

^_ a — ag* 64 — 64(4)" „^ , 65535 
1 — g "^ 1 ~" ■'■ 1966081* 



1-4 



EXAMPLES. 



f 



1. The first term of a progression by quotient is 4, the ratio 
3, and the last term 78372. What is the sum of all the terms ? / (^1 'i ** ^ 
. 2. The^rst term of a progression by quotient is 8, the last term 

K^T^y and the ratio ^. What is the sum of the progression ? /'y - . . , 

3. The first term of a progression by quotient is 3, the ratio 

7 

», and the number of terms 10. Required the sum of the pro- 
gression. 

4. The first term of a progression by quotient is g, the ratio 

2 ' '<^ 

s> and the number of terms 9. What is the sum of the pro- 

gression ? 



OP 



nS. Let there l)e the deciea«iig progfesMon 
ir^ihicid . . . 
^OBsistiiig of an ki&ute munber ef torms. The fonniila far the 

sum of any number of terms, viz. Sag ^ may be put 

under the form 

Os=aB:j = ,f. 

l—g l—g ^ 

But since the progression is decreasing, g is a fraction ; g^ is 
also a fraction ; hence as the number n becomes greater, or as 

we take more terms, the expression t— — . ^ becomes smaller^ 

d 
and the value of S approaches nearer to If then we 

aoppose n greater than any assignable quantity or infimte^ 

y . f will be less than any assignable quantity or 0, and 

= will in this case represent the true value of the series. 

We conclude, therefore, that the sum of the terms of a de^ 
creasing progression, in which the number of terms is infinite, 

lias for its expression S= , q T)eing the ratio of the pro- 
gression and a the first term. 

179. Strictly speaking the quantity -z is the lifnit which 

the sum of a decreasing progression can never surpass^ but to 
which it continually approximates as we take more terms. 
Let there be, for example, the progression 

we have a=l, 7= J, whence 

*"r=i~i=^- ^-2=1-2=1 ^V2/ ""2=ri~g^- 

Here die greater the value of n or the more terms we take 
the less is the fraction ^j^^j, and the nearer the sum of the senei 
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i^ptoaches to 2. If the nuiiib^ oC tem^ be coiisidered in&iite, 
the fraction ^i^^j-i ^1 ^ ^s ^^^^^ >^y assignable quantity or 

ano^ aoiid the sum of the series wiU be eqaal to 2. 

Strictly speakings however, 2 is the lknit» which the smsst id 
the proposed series can never siBBpaas, but to whieh k ec m s t ant ly 
approximates as we take more terms. 

Thus let the number of terms be 1, 2, 3, 4 ... . socces- 
sirely, we hare 



1 


=*S--1 


l+« 


=»-J 


1+i+J 


=f-J 


l+i+i+* 


=2-i 



Here the more terms we take, the nearer the sum of the pro- 
gression will approach to 2, from which it may be made to difier 
by a quantity as small as^ we please, tfaougii strictly speaking, it 
can never become equal to 2. 

180. When the series is increasing, that is, when q is greater 

than unity, the expression S = -= cannot be considered 

as the limit, which the sum of the series can never surpass. 
For the sum of a determiimte number n <^ t^oas oesog 

o== -r-^ — , It IS evident, that ; wiu mcrease 

1— f 1—? 1— y 

more and more numerically in proportion as n^ increases; by 
cor^equence the more terms we take, the more will the sum of 

the terms differ numerically fieom i » In this case -— — is 

merely the algebraic expression, which by its development giveft 
rise to the series 

^+«f +«# + ««•+ 

Indeed, if we perform vs^oa a the divnkm indicated, we have 
a 
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18L In the above eiqpressioii let a=l, ^3=2, we have 

_i_ or -1 = 1 + 2 + 4 + 8+ 16+... 

■n equation, in which the firat member is negative, while the 
•econd is positive, and greater in proportion as g is greater. - 
In order to interpret this result we observe, that if in the equsr 

tion •: :^ a -|- ag -|r af .... we stop the series at any par* 

ticolar term, it is necessary, in order to preserve the equality of 
the two members, to complete the quotient by annexing to it the 
firaction which remains. If, for example, we stop the series ak 
the fourth term a^, we shall &ve by completing the quotient 

an equation which is exact. InUeed if in this equation, we 
make a=l, g = 2, we have. 

-l = l + 2 + 4 + 8 + il; * 

from which we obtain — 1 = — 1. 

EXAMPLES. 

1. What is the sum of the infinite progression ^ 

2. What is the sum of the progression 2 : f : f : con- 
tinued to infinity ? 

3. The first term of a geometrical progression is a, and the 

ratio . What is the sum of this progression continued to 

.infinity ? 

4. What vulgar fraction is equivalent to the repeating deci- 
mal 3? 

This decimal may be put under the form 

•^ vrtF I ToTT .T" Tinnr "r loioo "r • • • • ) 
6. What vulgar fraction is equal to the repeating decimal 26; 
what to the decimal 375 ? 

182. The eq rations l=af-\ S= ^~^ contain all the 
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relations of the five quantities a, l^ q, n, and S; we have thee 
the general problem, any three of ike five qtuintitieSt a, 1, q, n and 
S being given to find the remaining two. This general problem 
^yes rise to ten particular problems, the enunciations of whieh 
will not differ from those relative to progressions by difference, 
art. 171, with the exception, that the ratio is here expressed by 
the letter q instead of d. 

183. From the formula ?== agi"-*, we obtain 



This expression for g enable* us to resolve the following 
problem, viz. to insert between two given numbers, h and c, m 
mean proportionals, that is to say, a number m of qtiantities, 
y^ich canonised between b ancrc toillform with them a progress 
Hon by quotient. 

To riesolvfc this problem it will be sufficient to determine the 
ratio of the progression required ; for this we have given the first 
term b, the last term c and the number of terms m-\'2. 

Substituting therefore b, c and m-j-^ for a, I and n in the 
above expression for q, we have for the ratio of the required 
progression 






whence to find the ratio sought, we divide the given numbers b 
and c, one by the other, and extract the root of the quotient to the 
degree marked by the number of terms to be inserted phis one. 

Let it be required to insert six mean proportionals between the 
numbers 3 and 384. Here m s= 6, we have therefore 



j=^^«aJ^=2. 



The progression required is therefore 

#3:6:12:24:48:96 192:384. 
From what has been done, it will be easy to see, that ifbet^oeen 
the terms of a progression by quotient taken two and i|oo, we in' 
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9ert the same nuwifer of mean prcportiornds^ the pmrtwl yrogru- 
nons thus formed will together form aprogrfmon hy putiefU, 

1S4. Of the ten perticalar problems, which may be propoeecf 
upon progressions by quotientr four only can be xesolTed by 
principles thus far laid down. Below we have the ononciatioii 
of these problems with their answers. 

1^. a, q, n being given to find I and S. 

2*. a^n^l being given to find q and iS. 

3*. 7, a. { being^ given to fis4 a snd S. 

4l*. f,*, S being- giveai to find « aid L 

Of the remaining probleras, two, m. drase in wUdht a soid q, 
I snd (f are ihe ui^own quantkies^ depend iq>o» die lesohrtidn 
of equations of a degree superior to the second. The odier finir 
depend upon the resolution of an equation of a nature altogether 
different from "any which we have yet seen, viz. upon an equa- 
tion of the form afsssbm. which the es^nent is the unknown 
quantity. 

(]PESTIONS TBomJCnVff FBOiSRESSlOZIS BY ^CVtlSTVT. 

1. There are three numbers in geometrical progression, the 
greatest of which exceeds the least by 15. Also the difference of 
the squares of the greatest and least is' to tfie sum of the squares 
of all the three numbers as 5 to 7. Required the numbers. 

Let Xt xy, x^f be the numbers ; t!hen by the question we 
have xip — x = 15, 

snd 7(:r»2/*— '2») = 5(a:*y*+:r«j^-fa?^, 

•rbydi^on 7(3^- t) = «'(/-f y^+I). 
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or performing the operations indicated, transposing and redacin^ 

whence, resolving this last, we have 

y*=:4, andy = 2. 
Substituting next for y its value in the first equation, we ol 
tain x^s-^. The numbers required are therefore 5, 10 and 2( . 

2. The sum of three numbers in geometrical progression is 13, 
and the product of the mean, and the sum of the extremes is 30. 
Required the numbers. 

Let the numbers be -, x and xy; then by the question, we 

have 

X 

and l--j-a:yja: = 30. 

By transposition in the first equation, we have 

^ + ^2^=13 — a:/ 

whence, by substitution in the second, we obtain 

(13 _ a;) a; = 30; 
whence a? — 13a: = — 30, 

from which we deduce 

a:=10, a;=:3. 
Substituting the vahie a: = 3 in the first equation, we obtain 

y =: 3, or H» and the numbers sought are 1 , 3, 9. 

3. The difference between the first and second of four n am- 
bers in geometrical progression is 36 and the difference between 
the third and fourth is 4. What sire the numbers ? 

Ans. 54, 18, 6, and 2. 

4. A gentleman divided £210 among three servants in geo- 
metrical progression; the first had £90 more than the last. 
How much had each? 

6. There are three numbers in geometrical progression, die 
16 
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sum of the first and second of which is 9, and the sum of the 
first and third is 15. Required the numbers. 

6. The sum of three numbers in geometrical progression i& 
36, and the mean term is to the difference of the extremes as 
2 to 3. Required the numbers. Ans. 6, 10, 20. 

7. The sum of £ 14 was divided between three persons, whose 
shares were in geometrical progression ; the sum of the shares 
of the first and second was to the sum of the shares of the 
second and third as 1 to 2. Required the shares. 

Ans. 2, 4, a 



SECTION XXII. — Theory of Continued Fractions. 

185. In order to form a more exact idea of a fraction, the 
tenns of which are large numbers aiid prime to each other, we 
seek approximate values of this fraction, which are expressed in 
more simple numbers. 

159 

Let there be, for example, the fraction j^. Dividing both 

terms of this fraction by the numerator, an operation which w^ill 
not change its value, it becomes r^" 

If then we neglect, for the moment, the fifaction r^ in this ex- 

pression, the result ^ will be greater than the proposed, since the 
denominator has been diminished. 

On the other hand, if instead of neglecting the fraction =-3^, 

we substitute 1 for it, the result j will be less than the proposed, 

since the denominator has been increased. 

159 

We conclude therefore, that the fraction ^qq is comprised be 

tween ■= and -^i we are thus enabled to form a very exact idea of 
its ^liie. 
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If a greater degree of approximation be required, we have 

only to operate upon t-^ in the same manner as we have al- 

159 
ready done upon --tjoJ we have thus 

16 1 



169 16 



16 
9nd the proposed fraction becomes 

1 

34^ 



9-4- ^• 

If we neglect ^, ^ is greater than j^; it follows therefore 

L 1 ... 159 ^ 1 ^ 1 9 

that =■ IS less than -r^r^; but 1 becomes =s or ;s=; 

oil 49d q I 1 28 28 

^+9 ^ + 9 -9 

1 9 

thus the proposed is comprised between ^ and ^. The differ- 

ence between these two fractions is ^^ ; the error therefore com- 

19 

mitted in taking k or 5q for the value of the proposed fraction is 
o «&o 

less than r-r, 
84 

To attain to a still greater degree of approximation, we operate 
in the same manner upon :r^ ; thus we have 
16 1 



'' 1+1 
^16 



and the proposed fraction becomes 
1 

3+-' 



9 + i 



^ + h 



ELBMBNTS OF ALGEBRA. 



Neglecting ^ the fraction ? or 1 is greater than r^; 
or j^ is less than T-En* therefore 



or KT is greater than j^ ; thus the proposed is comprised he- 

9 10 
tween ^ and gr-. The difference between these two firactions is 

g»; the error committed, therefore, in taking either ^ <>^ of 

for the value of the proposed is less than 5^. 



The expression ^ is called a continued finac' 



»+i 



■+A 



15 

Hon. We understand therefore, by a continued fraction a frac- 

tiont which has unity for its numerator, and for its denominator 

en entire number plus a fraction, which fraction has also unity 

for its numerator and for its denomi?iator an entire number plvs 

a fraction, and thtis in order. 

It sometimes happens, that the proposed fractional number is 

greater than unity ; to generalize, therefore, the above definition, 

we say, that a continued fraction is an expression composed of an 

entire number plus afrojction which has unity for its numerator, 

and for its deTiomiruUor an entire number plus a fraction, ^c. 

159 
186. If we examine the above process for oonvertmg j^ into 

a continued fraction, it will be perceived, that we have divided 
first 493 by 159, which gives three for a quotient and a remain- 
der 16 ; we then divide 159 by 16, which gives 9 for a quotient 
and a remainder 15; we next divide 16 by 15, which gives 1 for 
a quotient and a remainder 1 ; from which we readily infer the 
following rule for converting a fraction or fractional number into 
a continued fraction, viz. 



— / 



CONTINUED FKACnONS. 

Appiy to the two terms of the fraction the process of finding 
their greatest common divisor; pursue the operation until n re- 
mainder is obtained equal to 0; the successive quotients^ thus ob- 
tained, vnU he the denominators of the fractions, which constitute 
the continued fraction. 

If the proposed be greater than unity the first quotient will be 
the entire part, which enters into the expression of the continued 

fraction. **' t -- 

73 829 *''^' 

Examples. Let the fractions y^s* «ts he converted into con- / ' 

tinued fractions. 

187. From what has been said a continued fraction may be 
represented generally by the expression 






d + ... 

a, b, c, d . . , being entire and positive numbers. • The fractional 
number, to which this expression is equivalent, may moreover be 
represented by a:* ' . 

The fractions -r, -, -3 . . ., the assemblage of which constitutes 
oca 

the continued fraction, are called tntegrarU fractions. The de- 
nominators ^, c, (2 . . . • are called incomplete quotients, sinoe h, 
for example, is only the entire part of the number expressed 

by ^ -j r and c only the entire part of the number ex- 

pressed by c -{- j-j- — and thus in order. Conversely the ex- 
pressions h -| =• c -|- -r — are called complete quotients. 

+ x a • • 

17. 

The results obtained by converting successively into a single 
fractional number each of the expressions 

a + J, a -j r &c. are called reductions, 

T C 
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188. The fonnation of these redactions is subject to a tery 
simple law, which we shall now develop. 

The fiist is a, which may be put under the form y, the second 

is a 4- T) or reducing the whole expression to a fraction, — ^^. 
o o 

To form the third, represented by 

»+^ 

3 + i 
* c 

it will be sufficient to substitute 3 4-- for 3 in the second: 

' c 

making this substitution, we have 

.1 K^ + 9 + ' (g^ + Dc+g 

"^-^i — ^ijx- — ^^+^- 

To form the fourth reduction, it will be sufficient to substitute 
c 4" 5 for c in the third ; which gives 

[(g3+l)c + fl]<f + fl3 + l 

(bc + l)d + b 

The first four reductions therefore will be - 

a ah+\ {ah + l)c + a [(fl3 4- 1) c + g] <^ + g3 + l 
V b ' bc+\ • {pc+l)d + b 

Without proceeding further, it will be perceived, that the 
numerator of the third reduction is formed by multiplying the 
numerator of the second by the third incomplete quotient c, 
and adding to this product the numerator of the first reduction. 
With respect to the denominator, it is formed in the same 
manner by means of the denominators of the second and first 
reductions. 

Ill like manner, the numerator and denominator of the fourth 
reduction is formed, it will be perceived, by multiplying re- 
spectively the two terms of the third reduction by the fourth 
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incomplete quotient d and adding to the two products respectively 
the two terms of the second reduction. 

From what has heen done it will he reaJlily inferred, that the 
ahove law of formation for the third and fourth reductions should 
he extended to those which follow. To demonstrate this law, 
however, in a rigorous manner, we shall show that if it he trut 
in regard to any three successive reductions whatever, it will be 
true for the reduction, which follows ; thus this law being already 
found true for the first three reductions will be true for the 
fourth, and being true for the second, third and fourth, it will 
be true for the fifth, and thus in order; it will therefore be 
general. 

Let :5;, ^„ ^, be any three successive reductions whatever; 

let r be the incomplete quotient, at which we stop in order to 

R 

form the reduction -=7, and let it be supposed, that we have 

R _ Qr + P 

R— QW + r' 

Let - be the integrant fraction, which follows r, and let -^ 

S o 

be the corresponding reduction. In order to form this redu: 

R 1 

tion, it is sufficient to substitute in the expression for -^7, r -j- - 

instead of r ; making this substitution, we have 
S _ Qv+7) + ^ _ (Qr+P)^4-Q .R^ + Q 

We see, therefore, that -=; is formed from the two precediui, 

reductions according to the law enunciated above. This law is 
therefore general ; whence. To form the numerator of any re- 
duction whatever J v)e multiply the numerator of the preceding re- 
duction by the incomplete quotient, which corresponds to ity and 
add to the product the numerator of the reduction, which precedes 
by ttoo ranks the one which we wish to form'': the denominator is 
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formed by the same law by means of the two preceding denomina 
tors, 

189. When the number reduced to a continued fraction i^ 

less than unity, we substitute y instead of a, in order to apply the 

law, which supposes necessarily, that we have already jjie first 
two reductions. 

Let it be proposed to find the successive reductions of the 
continual fraction ' 

65 . 1 



149~1^^ , 1 



^+'- 



The first two reductions being -;» „> ^® ^^^^ ^^' those wmc£ 

follow 

3 2. IZ 24 ^ 
7' 16' 39' 55' 149' 
In like manner we have for the several reductions of the 

continued fraction arising from ^^, 

2 6 7 12 43 ^ 
r 2' 3' 6' 18' 347' 

29 . 
So also the fraction == being converted into a continued frac- 
tion gives the following reductions, viz. 
1 1 2 3 29 
1' 2' 3'' 5' 8' 77' 
190. The successive reductions, it will be perceived, are alter- 
nately less and greater than the whole continued fraction, and 
they approximate this fraction nearer and nearer. 

The first reduction is always less than the whole continued 
fraction x. The reductions of an even rank are, therefore, greater 
than the whole continved fraetiouy and those of an odd rank are 
less. And since tllfese reductions approach nearer nr\t^ »>'*'»T«r 
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^ Talue of X, the reductions of an odd rank must go on increas- 
ing, while those of an even rank decrease. Thus the reductions 
form t^o series, the terms of which approach nearer and nearer 
the value of the whole continued fraction. 

191. The difference between any two consecutive reductions 
whatever has unity for its numerator. The numerator of the 
first difference is -f~ 1> that of the second — 1, that of the third 
-[- 1, and thus in order. In general, the numerator of any differ* 
ence whatever imll be +1, if the second of the reductions under 
consideration is of an even rank, but — 1 if it be of an odd rank. 

From this property, it follows, that the two terms of any 

R 

reduction whatever r^ are prime to each other. 

Indeed l(!t it be supposed, that R and R' have a common 
factor A; by the preceding property, we have / 

i2Q'-Q12'=±l; 
whence dividing both terms by A, we have 
RQ' QR'_l, 
h h ~h} 

but the first member . of this equation is an entire number since 
by hypothesis R and i? are divisible by A, while the second is 
essentially a fraction; R and R* cannot therefore have a com- 
mon factor. 

From this it follows, that if a fraction, the terms of which are 
not prime to each other, be converted into a continued fraction, 
and all the reductions be formed to the last inclusive, the last 
reduction will not be the proposed fraction, but this fraction 
reduced to its lowest terms. 

348 

Let there be, for example, the fraction ^^; converting this 

into a continued fraction, we have for the successive reduc- 

1 1 2 3 29 29 

ti<ms Y» o» o» ^» Q» w* The last reduction == is the proposed 

1 <6 t> 9 o 77 77 

reduced to its lowest terms. 

192. Since the value of the whole continued fraction z is 
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always comprised between any two consecutive reductiona 

q;, ^, it follows that the error committed in taking j^ for x is 

Q_R 
Q' R' 

Q^ R^ !_ 

Q' R — Q'R' 
and since Q' < R' gives Q" < Q' R', we have 



.ess than 7^ — r^; but from what has been said we have 



The error therefore committed in taking any reduction what- 
ever for the vahie of the whole continued fraction is less than 
unity divided by the denominator of this redicction mjdtiplied hy 
the denominator of the reduction tohich follows^ or less exactly 
but in terms more simple, less than unity divided hy the square 
of the denominator of the reduction, which is taken for the whole 
continued fraction, 

193. The ratio of the circumference to the diameter of a 

circle being expressed by the fraction ^ , the terms of 

which are prime to each other, let it be proposed to find a 

fraction, the terms of which will be more simple, and which 

will express the same ratio nearly. Converting the proposed 

into a continued fraction, we have for the successive reductions 

3 ^ 333 355 9208 9563 76149 314159 

V 7 ' TO6' 113' 2931' 3044' 24239' 100000' 

The error committed in taking the second of these reductions 

1 22 

for the proposed fraction will not exceed =^ ; ~ is therefore fre- 
quently employed to express the ratio of the circumference of a 
circle to its diameter. This is the ratio given by Archimedes* 

If a greater degree of approximation is required, we take 
the fourth reduction, which it is easy to see, is but little more 
complicated than the third. The error jcommitted in taking this 

eduction for the proposed will not exceed ^ ^ ^ ono^ 5 TTo ^^ 
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therefore approximate the proposed very nearly. This is iht; 
ratio given by Adrian Metius. 

We thus see the use, which may be made of continued frac- 
tions in estimating approximatively the value of fractions, the 
terms of which are Large numbers and prime to -each other. 

EXAMPLES. 

1. A's property is to that of B as 5743 to 80937. By whai 
smaller numbers may the ratio of their property be expressed ? 

2. The lunar month or the time in which the moon completes 
its revolution, is found by calculation to be 27.321661 days. 
Thus in 27321661 days it would perform 1000000 revolutions. 
How may this relation be expressed in smaller numbers ? 



SECTION XXIII. — Exponential Equations and Logarithms. 

Id4. An equation of the form a'ssb, in which the exponent 
X is the unknown quantity is called an exponential equation 
The solution of this equation consists in finding the power, to 
which it is necessary to raise a given quantity a in order to pro- 
duce another given quantity b. 

Let there be, for example, the equation 2* = 64 ; raising 2 to 
its different powers, we soon find that 2* = 64 ; x = 6 answers 
therefore the conditions of the equation. 

Again, let there be the equation 3' = 243; raising 3 to its 
different powers we find ^ = 243 ; whence a; == 5. In a word, 
so long as the second member i is a perfect power of the given 
number a, x will be an entire number and its value may be found 
by raising a successively to its different powers, beginning with 
that, the exponent of which is 0. 

Let it be proposed next to resolve the equation 2* = 6. 
Putting successively a; = 2, a; = 3, we have 2* = 4, 2'=.= 8; 
the value of x is, therefore, comprised between the numbers 2 
and 3. 
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Let MS put therefore, a; = 2 -{--7, x' being greater than 1, 

substituting this value in the proposed, we have 

»+- 1 - q 

2 •' = 6or2»x2*'=6,whence2*' = 5, 

or raising both members to the power x\ we have 



(i)'=^ 



To determine the value of x' we make successively a;'s=l, 

(3\ 3 /3\' 9 

9) ®' 5 '®^® ^^^ ^» ^^* (9) ^^ i 

greater than 2 ; a;' is, therefore, comprised between 1 and 2. 

Let us put then a:' = 1 -j- -77, a;" being greater than 1. Sub- 
stituting this value, we have 

To determine the value of 2:", we make successively x" = 1, 

(4\ 4 3 /4V 16 

^ 1 or K less than -, but ( k) or -^- 

g 

greater than ^ ; a;" is, therefore, comprised between 1 and 2. 

Let us put then a;"= 1 -|- -;77> a;'" being greater than unity; 

X 

we have by substitution 

(9V 81 
^ 1==^, anum- 

4 /9\^ 729 4 

ber less than k but ( - 1 — ^^o* ^ n^^iber greater than k; thus 

r'" is comprised between 2 and 3. 

Let .. =: 2 + -7777» the equation in a;'" becomes 

/9\«+i«j? 4 , /256\*** 9 

U) =^; whence I :;^| =5. 
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Operating upon this last equation . as upon the preceding, we 
fii&d two entire numbers k and A: -[- 1> between which x"" will 

be comprised. Putting a;"" = ^ -|" 3» ^® determine af, in the 

XT 

same manner as we have already done re"", and thus in order. 
Bringing together the equations ^ 

Ju Ju X X 

we obtain the value of x under the form of a continued frdction, 
ifaos 

1 + —J 

' + —T- 

2 + - 



.//// 



But we have seen that in a continued fraction the greater the 
number of integrant fractions, which are taken, the nearer- we 
approach the value of the number reduced to a continued frac- 
tion ; we shall, therefore, be able to determine the value of x ip 
the equation 2* = 6, if not exactly, at least with such degree of 
approximation as we please. 

Forming the first four reductions, for example, we have 

T* T' 9' "T' ^^^ ^^® reduction -=- differs from a; by a quantity 

iei38 than rr?. " 

To attain a greater degree of approximation, we determine 

(256\*"" 9 
oTo) =^Q» ^'® ^^^® ^^ 

a:""=BB2 + --. We shall have, then, for the fifth reduction 

X 

31 1 

Y^. This differs from a; by a quantity less than ^jt; 

195. From the preceding examples the course to be pursued 
in the solution of equations of the form a* =5 will be readily 
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inferred. In the application of this method to paidcnlar cases it 
is necessary to remark, I*'. If the quantity b be less than a, the 
value of z will be comprised between and 1 ; we pat, therefore, 

x=:-7. 2*. If 3 is a fraction and a greater than unity, the 
▼aloJ^of X will be negative, we put, therefore, x = — y; the 

equation is then reduced to the form of ss-; having found the 

value of ^ in this equation according to the method explained 
above, the value of x will be equal to that of y taken negatively. 

EXAMFLES. ^ J f 

!•. Given 3*= 15 to find the value of x. Ads. x = 2.46:j 

2*. . 10'= 3 .... Ads. x = 0A7.y*'^irr 

2 ^- 

3*. . 5'=gtofindthevahieofx. Ans. a:=— 0.25. '^ 



4^ . (~ I =? .... . Ans. a:=0.53. 



Vl2/ — 4 •• 

In the above examples the reductions furnished by the method 
are converted into decimal fractions, and the value of re is deter- 
mined to within .01. 

THEORT OF LOGARITHMS. 

196. If in the equation ofssy, we assign a constant value 
different from unity to a, and suppose that of x to vary, as may 
be required, we may obtain successively for y aU possible num- 
bers. 

Let us suppose first a greater than 1. 

If we make successively :i; = 0, 1, 2, 3, 4, . . . . 
we have ^ :^ 1, a, <a^, a', ^, . . . . 

Thus by means of the powers of a, the exponents of which are 
positive, entire or fractional, we may produce all possible posi* 
tive numbers greater than 1. 

Again, let a: = 0, — 1, — 2, — 3, — 4, .... 

u ,1111 

we have y= 1' J 5' ?' ?'• • • • 
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Tkus by means of the powers of a, the exponents of which are 
negative entire or fractional, we may produce all possible positive 
numbers less than 1. 

If on the other hand we suppose a less than unity, still all 
possible positive numbers may be produced by means of the 
diflfereut powers of a, only the order in which they are produced 
will be reversed. - 

We see therefore, that aU possible positive nuynbers may he 
prodiLced by imans of any positive number whatever a, differeiU 
from unity y by raising this nurriber to the requisite powers. 

It is necessary, that a should be different from unity, other- 
wise the same number will be produced, whatever value we 
assign to x. 

197. Let it now be supposed that we have made a table con- 
taining in one column all entire numbers, and by the side of 
these in another column the exponents of the, powers, to which it 
is necessary to raise a cpnstant number in order to produce these 
numbers ; this would be a table of logarithms. 

The logarithm of a number, is, therefore, the exponent of the 
power, to which it is necessary to raise a given or invariable 
number J in order to produce the proposed number. 

Thus in the equation a^^s^yy x is the logarithm of y ; in like 
manner in the equation 2* = 64, 6 is the logarithm of 64. The 
logarithm of a number is indicated by writing before it the first 
three letters of the word logarithm, or more simply by placing 
before it the letter L. 

The invaric^ble number, from which the others are formed jb 
called the hose of the table. It may be taken at pleasure either 
greater or less than unity, but should remain the same for the 
formation of all numbers, that belong to the same table. 

Since a°=s 1, and a* = a, whatever number may be assumed 
for the base of the table, the logarithm of the base mil he unity 
and the logarithm of unity will he^). 

198. We proceed to show the properties of logarithms in rela- 
tion to numerical calculations. 
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1. Let there be the series of nambers ^, y\ ^\ .... to be 
multiplied together. Let a represent the base of a 83rBtem*of 
logarithms, which we suppose already calculated, and let x, r% 
z" . . be the logarithms of y, y', y", . . . ; by the definition of a 
logarithm we have 

y = fl;», y'ss a", y" =: cT ; 
multiplying these equations member by member, we have 

yy'y"=: «'+•'+•*, 
whence log yy*y" '=X'\'X* '\- x" = log y + log y' + ^^Z V"- 

That is, the logarithm of a product is equal to the sum of the 
logarithms of the factors of this product. 

If then a multiplication be proposed, we take from a table of 
logarithms the logarithms of the numbers to be multiplied ; the 
sum of these logarithms wiU be the logarithm of the product 
sought. Seeking therefore this logarithm in the table, the num* 
her corresponding to it will be the product sought. Thus by 
means of a table of logarithms addition may be made to take th€ 
place of multiplication. 

2. Let it be required to diride the number y by the number 
y'; let x, t! be the logarithms of these numbers, we have the 
equations 

y = a», y'=:fl^; 
dividing these equations member by member, we have 

whence log ^ = a: — aj' = log y — log y'. 

That is, the logarithm of a quotient is equal to the difference 
betuxen the logarithm of the divisor and that of the dividends 

If then it be proposed to divide one number by another, from 
the logarithm of the dividend we subtract the logarithm of the 
divisor, the result will be the logarithm of .the quotient ; seeking 
therefore this logarithm in the tables the number corresponding 
will be the quotient sought. Thus, by means of a table of loga- 
rithms, subtraction may be made to take the place of division^ 
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3. Let it next be required to raise the number y to the power 
denoted by m, we have the equation ^cfz=y; 

raising both members to the mih. power, we have 

whence the logarithm of y*" = wia; = w log y. 

That is, the logarithm of any 'power of a number is eqttal to the 
prodiLct of the logarithm of this number by the exponent of the 
power. 

To form any power whatever of a number by means of a table 
of logarithms, we multiply, therefore, the logarithm of the pro- 
posed number by the exponent of the power, to which it is to be 
raised; the number in the table corresponding to this product, 
will be the power sought. 

4. Again, let it be required to find the «th root of y. We 
have as before a* =s y ; • 

whence taking the 9ith root of both members, we have 

t I . , i. a: logy. 

a» = y" ; whence log y" = - = °^ 

That is, the logarithm of the root of any degree whatever of a 
number is equal to the logarithm of fhis number divided by the 
index of the root. 

Thus by the aid of a table of logarithms a number may be 
raised to a potver by a simple multiplication, and its root may be 
extracted by a simp^ division, 

FORMATION OF TABLES. 

199. The properties of logarithms demonstrated above are 
altogether independent of the number a or their base. We 
may therefore form an infinite variety of tables of logarithms 
by putting for a all possible numbers except unity. 

If it be required to construct a table of logarithms the base of 
which is 2, in the equation 2*= y, we make y equal successively 
10 the numbers 1, 2, 3 ... ., and determine by the methods 
explained, art. 195, the values of x corresponding. 

We thus obtain the values of x exactly, if y be a perfect power 
of 2, 4r otherwise with such degree of approximation as we please 
16 
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To calculate the logarithm of 3, for example, we have Jic 
equation 2' = 3, from which we deduce 
1 



x=l 



14 



1 



1 



2 + 



1 



Whence stopping at the fourth integrant fraction, and forming 

19 
the reduction corresponding, we have a; = ~; or reducing this 

last to a decimal we have a; = 1.583 accurate to the third deci- 
mal figure. 

200. In the calculation of a table of logarithms, it will be 
sufficient to calculate directly the logarithms of the prime num- 
bers 1, 2, 3, 5 . . . , the logarithms of compound numbers may then 
be obtained by adding the logarithms of the prime factors, which 
enter into them. To find the logarithm of 35, for example, we 
have 35 = 5 X 7 ; whence log 35 == log 5 -f- log 7 ; having al- ^ 
ready calculated the logarithms of 5 and 7, the logarithm of 35 
will be found therefore by adding the logarithm of 5 to that of 7. 

Since moreover the logarithm of a fraction will be equal to the* 
logarithm of the numerator minus the logarithm of the denomi- 
nator, it will be sufficient to place in the tables the logarithms of 
entire numbers. 

201. Below we have a table of logarithms of numbers from 
1 to 30 inclusive, the base of the system is 2, and the logarithms 
are calculated to 4 places of decimals. 



N. 


Log. 


N. 


Log. 


N. 


Log. 


1 
2 
3 
4 
5 


0.0000 
1.0000 
1.5849 
2.0000 
2.3219 


11 
12 
13 
14 
15 


3.4594 
3.6849 
3.7000 
3.8073 
3.9065 


21 
22 
23 
24 
25 


4.3922 
4.4594 
4.5235 
4.5849 
4.6438 


6 
7 
8 
9 
10 


2.5849 
2.8073 
3.0000 
3.1699 
3.3219 


16 
17 
18 
19 
20 


4.0000 
4.0874 
4.1699 
4.2479 
4.3219 


26 
27 
28 
29 
30 


4.7000 
4.7548 
4.8073 
4.8577 
4.9065 
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202. The most convenient number for a base to a system of 
logaritHms, and the one employed in the construction of the 
tables in common use is 10. 

If in the equation 10* = y we make successively 
x = Oy 1, 2, 3, 4 . . . 

we have y=l, 10, 100, 1000,' 10000 . . . 
Again if we make 

^ a: = 0, —1, —2, —3, —4 . . . 

we have y=l, .j^, j^, 



10* 100' 1000' 10000' • • • 

Therefore in a table of logarithms, the base of which is 10, 
1®. the logarithms of numbers greater than unity are positive 
and go on increasing from to infinity. 2®. The logarithms of 
numbers less than unity are negative, and their absolute values 
are so much the greater as the fractions are smaller ; whence if 
we take a fraction less than any assignable quantity, the loga- 
rithm of this fraction will be negative, and its absolute value will 
, be greater than any assignable quantity. On this account we 
say that the logarithm of is an infinite negative quantity. 
3®. The logarithms of all numbers below 10 are fractions ; the 
logarithms of numbers between 10 and 100 are 1 and a fraction ; 
the logarithms of numbers between 100 and 1000 are 2 and a 
fraction ; those of numbers between 1000 and 10000 are 3 and a 
fraction ; and in general, the whole number which precedes the 
fraction in the logarithm is less by one than the number of 
figures in the number corresponding to the logarithm. On this 
account it is called the index or characteristic of the logarithm, 
since it serves to indicate the order of units, to which the number 
corresponding to the logarithm belongs. Thus in the logarithm 
3.75527 the characteristic 3 shows that the number correspond- 
ing to this logarithm consists of 4 figures or is comprised be- 
tween 1000 and 10000. 

203. The logarithm of a number being given, the logarithm 
Df a number 10, 100, .. . times greater is found by adding 
1, 2, . . . units to the characteristic only; indeed log 
(y X 1 0"^ = log y + log 10" = log y 4- « • 
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whence it will be sufficient to add n units to the logarithm offm 
order to obtain the logarithm of a number IQT times as gi€at; aa 
addition which may be performed upon the characteristic only. 

Conrersely, l<^^=logy — loglO";;=logy — a; thus it is 

snfficient to subtract n units from the logarithm of y^ in order to 
• find the logarithm of a number IQT times smaller than y, 

204. The fractional parts of logarithms in the tables are ex- 
pressed by decimals. From what has been said the decimal part 
of the Ic^pemthm of a number will be the same for this number 
multiplied or divided by 10, 100, ... On this account the sys- 
tem of logarithms, the base of which is 10, is more convenient 
than any other system, since we have frequent occasion to multi- 
ply or divide by 10, 100, . . . operations reduced in this case to 
the simple addition or subtraction of units. 

205. Since the characteristic of the logarithm may be easily 
determined by the number, and the number of figures in the 
number by the characteristic of the logarithm, it is usual to 
omit the characteristic in the tables to save the room. It is 

*ako convenient to omit it; because the same decimal part with 
different characteristics forms the logarithms of several difierent 
numbers. 

206. Having already calculated a system of logarithms, it 
will be easy from this to form as many other systedis as we 
please. 

Indeed, let N designate any number whatever, log N its loga- 
rithm in the system the base of which is a, X its logarithm in a 
different system the base of which is b, we have 

b^ = ^. 

Taking the logarithms of ^oth members of this equation in the 
system, the base of which is a, we have 
X . log 3 = log N ; 

whence X = , , . 

logb 
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Having calculated therefore a set of tables for a particular 
base, fo find the logarithm of a number in a proposed system 
with a different base, we take from the tables already calculated 
the logarithm of the number, and also' the logarithm of the base 
of the proposed system*; the former of these logarithms, divided by 
the leUter, ttnll give the logarithm of the number in the proposed 
system. 

The logarithm of 6, for example, in the system, the base of 
which is 10, is .77815, and that of 3 is .47712 ; the logarithm 
of 6, therefore, in the system the base of which is 3, will be 

^=1.63093. 
47712 

207. The expression X = . ^ may be put under the form 

X = j — T log N. Thus having already formed a table of loga- 
rithms, the base of which is a, to construct from this a new table, 
the base of v« hich shall be b, we multiply the logarithms of the 

first table by the quantity z — r. This quantity by means of 

^which we are enabled to pass from the old to the new table, is* 
called the Tttpdulus of the new table in relation to the old. 

MODE OF USING THE TABLES. 

208. As it is impossible to place in the tables the logarithms 
of all numbers, it is usual to place in them the logarithms of 
numbers from unity to within a certain limit. In what follows it 
is supposed, that the student has in his hands tables containing 
the logarithms of entire numbers from 1 to 10000. 

In order to use such a set of tables, we have the two following 
questions to resolve, viz. P. Any number whatever being giveiL, 
to find its logarithm. 2®. Any logarithm being given, to find 
the number which corresponds to it. 

The following examples will exhibit the method of resolving 
these questions. 

1. Let It now be proposed to find the logarithm of 9748 
u* 
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Seeking the proposed in the column of numhers, against it in 
the column of logarithms we find 96892 ; this will he the deci- 
mal part of the logarithm ; or, as is the case with most tahles, 
if the column of numhers contain hut three places of figures, 
we look for 974, the first three figures of the proposed, in the 
first column, and at the top of the table we look for the fourth 
figure 8 ; directly under the 8 and in the same line with 974, 
we find the decimal part 98892 as before; then since the pro- 
posed consists of four places, the characteristic will be 3, thus 
log 9748 = 3.98892. 

2. Let it be required to, find the logarithm of 76.93. Re- 
moving for the moment the decimal point, we find as above 
log 7693 = 3.88610, whence, art. 203, subtracting 2 units from 
the characteristic 3 of this logarithm, we shall have the logarithm 
of the proposed ; thus log 76.93 = 1.88610. 

3. To find the logarithm of .75. The logarithm of this num- 
ber may be presented under two different forms. Writing it 

75 

in the form of a vulgar fraction, it becomes ^nri- The loga- 

^ rithm of 75 is 1.87506, and that of 100 is 2.00000 ; whence 
subtracting the logarithm of the denominator from that of the 
numerator, art. 198, we have — 12494 = log .75. This loga- 
rithm, being altogether negative, is inconvenient in practice; 

1 
it will be observed, however, that ,75=:j^X'7^'9 whence 

log .75 = log ^ + log 75 :;= - 2 + 1.87506, 

= _ 1+87506, 
or placing the sign — over the 1 to show that the characteristic 
only is negative, we have log .75 = 1.87506. 

This last form of the logarithm of the proposed is derived, it 
will be perceived, immediately from the continuation of the prin- 
ciple, art. 203, according to which the logarithm of a number 
!*>, 100 . . . times less than a proposed number is found by sub- 
tracting 1, 2 . . . units from. the characteristic of its logarithm. 
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Thus since the lo^rithm of 750 «= 2.87506, we have 

log 75 =1.87506 

log 7.5 = 0.87506 

log .75= 1.87506 

log .075 = 2.87506 

log .0075 = 3.87506 
4 

4. To find the logarithm of -^ ; we have log 4 aas .60206, 

o 

.og 5 = .69897; whence subtracting this last logarithm from 

4 

the former, we have log ^ = — .09691, in which the logarithm 

4 
is entirely negative. But - reduced to a decimal becomes .8, 

the logarithm of which is 1.90309, the characteristic only being 
negative. 

493 

5. To find the logarithm of 54|^; we have 54J = -— ; log 

493 = 2.69285, log 9 =: 0.95424 ; whence subtracting the latter 

493 
logarithm from the former, we have log -q- or 54^ = 1.73861. 

6. To find the logarithm of 675437. This number exceeds 
the limits of the table ; its logarithm, however, may be readily 
found. The greatest number of places in a number, the logo.* 
rithm of which can be found in the tables, is 4 ; separating there- 
fore the four left hand figures of the proposed from the rest by a 
point, we consider for the moment those on the right as deci- 
mals. The logarithm of 6754.37 is- comprised between the loga- 
rithm of 6754 and that of 6755 ; the difference between these 

37 

two logarithms is .00007 ; -rr-r of this difference therefore added 

to the less logarithm will give the logarithm of 6754.37 nearly ; 
thus log 6754.37 =: 3.82959 ; whence adding 2 units to the 
characteristic of this last to obtain the logarithm of the proposed, 
we have log 675437 = 5.82959. 

209. We proceed next to the second of the proposed questions, 
viz. A logarithm being giveuy to find the numker which corres- 
ponds to it, 

1. To find the number corresponding to the logarithm 2.10449 
The decimal part of this logarithm is contained in the tables ; in 
the left hand column and on the same line with it according to 
the arrangement of the tables, in which there are but three places 
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of figures in the column of numbers, we find 127, and at the top 
of the table directly over it we find 2 ; the characteristic of the 
logarithm being 2, we have therefore 127.2 for the number cor- 
responding to the proposed. 

2. To find the number corresponding to the logarithm 3.42674. 
This logarithm is not found in the tables ; it is comprised however 
between 3.42667 the logarithm of 2671, and 3.42684 that ot 
2672 ; the difierence between these two logarithms is .00017, the 
difference between the proposed and 3.42667 is .00007 ; we have 
then the following proportion : 

.00017 : 1 : : .00007 :.41 nearly. 
The number corresponding to 3.42674 is, therefore, 2671.41. 

3. To find the number corresponding to the logarithm 
— 2.45379. ^The number corresponding to this logarithm will 
be comprised, it is evident, between .01 and .001 ; to obtain this 
number let us add to — 2.45379 a sufficient number of units to 
make it positive, 5 for example, we have 5 — 2.45379 = 2.54621 ; 
the number corresponding to this last is 351.73 ; but by adding 5 
units to the proposed logarithm, we have multiplied the number, to 
which it belongs, by 100000, whence, dividing 351.73 by 100000, 
we have .0035173, the number corresponding to the proposed. 

4. To find the number corresponding to the logarithm 3.86249. 
Adding three units to the characteristic, the proposed becomes 
0.86249, the number corresponding to which is 7.286 ; whence, as 
it is easy to see, the number corresponding to 3.86249 is .007286 



SECTION XXrV.— Application of the Theory of 
Logarithms. 

btoltiplication and division. 

1. Let it be required to multiply 872 by .097. 

log 872 = 2.94052 

lo^ .097 = 2.98677 



log 84.584 ilw. 1.92729 
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2. Let it be required to multiply .857 by .0093. 

log .857 =1.93298 
log .0093 = 3.96848 

log .00797 Am. 3.90146 

3. Let it be required tq divide 5672 by .0037. 

log 5672 = 3.75374 ^ 

log .0037 = 3.56820 

log 1533000 Am. 6.18554 

4 Let it be required to divide .053 by 797. 

log .053 = 2.72428 = 3 + 1.72428 
log 797= 2.90146 

log .0000665 Am. 5.8228* 

To render the subtraction required in this example possible, we 
change the characteristic 2 into 3 -f- 1, which has the same value; 
this furnishes a ten |o be joitied with 7 for the subtraction of 9 
the left hand figure of the decimal part. A similar preparation, 
it is evident, must be made in all cases of the same kind. 

FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

210. Let it be required to find the 5th power of .125. 
log .125 = 1.09691 
5 



log .000030519 Am. nearly 5.48455 
2. To find the 7th power of ,73. 

log .73 =1.86332 
7 



log .11047 Am. nearly 7 -f 6.04324 = 1.04324. 
3. To find the third root of .01356. 
The logarithm of .01356 is 2.13226. The negative charac- 
teristic 2 of this logarithm is not divisible by 3, the index of the 
root required, neither can it be joined to the positive part on 
tic-'^'int of tie difierent si^a. If however we add — 1 + 1 to 



250 ELBMEMTS OF iLLGEBRA. 

the characteristic, which will not alter its value, it bexomea 
3 -|- 1 ; the negative part is then divisible by 3, and the 1 being 
positive may be joined to the fractional part, we have then 

log .01356 = 2.13226 = 3 + 1.13226 ; 
whence dividing by 3, we have 

1.37742 = log .23846 Ans. nearly. 
* In all cases, if the negative characteristic is not divisible by 
the index of the root required, it must be made so in a similar 
manner. 

ABITHMETICAL COMPLEMENT. 

211. The arithmetical complement of a logarithm is the dif- 
ference between this logarithm and 10;, thus the arithmetical 
complement of 3.472584 is 10 — 3.472584 = 6.527416. The 
arithmetical complement of a logarithm is obtained by subtract- 
ing the right Jiand figure^ if it be significant^ from 10, and the 
others from 9. • 

Let it be proposed to find the value of x in the expression 
^ a: = Z — Z'-fr — Z'" — r" 
Z, Z', l" . . being logarithms ; this expression, it is evident, may 
be put under the form 

a:=Z+(10 — Z') + Z" + (10 — Z'") + (10 — Z"") — 30; 
that is, to find the value of ar, we take the sum of the logarithms 
to be added aiid the complements of the logarithms to be sub- 
tr acted t from this sum subtract as many times 10, as there are 
complements employed. 

Thus when there are several multiplications and divisions to 
be performed together, by using the complements of the loga- . 
rithms of the divisors the whole may be reduced to the additior 
of logarithms. 

EXAMPIi'bS. 

1. To find the value of x in the expression 
1.75 X 73 X .056\* 



^=Ct 



7498 X 125.13 ^ 
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log 3.75 0.57403 

log 73 1.86332 

log .056 2.74819 

log 1.7498 Comp. 9.75701 

log 125.13 Comp. 7.90264 

18.84519 
Subtracting next 20 from the characteristic, and taking | 6t 
the remainder, we have 2.07532 == log .011803 Ans. 
2. To find the value of x in the expression 

^^/132X(7.356)Y ^ j^^^^2 
^ (3.25)* ^ 

PROPORTIONS. 

212. Let it be required to find the fourth term o^the proportion, 
of which the numbers 963, 1279, 8.7, are the first three terms. 

log 1279 3.10687 

log 8.7 0.93952 

log 963 Comp. 7.01637 

log 11.555 Am. nearly 1.06276 

From the proportion a: b : : c: d^ we have - = -; 

whence log a — log 3 = log c — log d, 

therefore log a . log & : log c . log d, 

that is, if four numbers form a proportion^ their logarithms wtU 

form an equidifference. 

EXPONENTIAL EQUATIONS. 

213. We have already explained a method for finding the- 
value of X in the equation a* = by from which the theory of 
logarithms is derived ; but a tatile of logarithms being once con- 
structed, there is nothing to prevent its use in the solution of 
equations of this kind. * 

Let it be required to find the value of x in the e|uatioii 
3'=; 15. 

Taking the logarithms of both sides, we have 
a; log 3 = log 15; 
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whence . = ^ = l:g«g = 2.464 + 

log 3 .47712 * 

The division required in this example may be performed, it w 
easy to see, by subtracting the logarithm of .47712 from that of 
1.17609, as in the case of any other numbers. 

PROGRESSION BT QUOTIENT. 

214. Logarithms are particularly useful in the solution of 
questions in progression by quotient. 
Let it be proposed to find the 20th term in the progression 
3 9 27 

Putting u for the last term of a progression by quotient, we 
have, art. 176, 

u = flj^""* ; whence, log m = log a -|- (» — 1) log gi 
We have, therefore, for the 20th term in the progression pro- 
posed 

log i« = log 1 + 19 (log 3 — log 2) = 19 (log 3 — log 2) 
the term required will therefore be 2216.84 to within .01. 

Let it be rehired next to insert between the numbers 2 ani 
15 fifty mean proportionals ; we have for the ratio, art. 184 



m+l 



Q=\ / - ; whence log q = 



log b — log a ^ 



m + 1 ' 

in the question proposed, we have, therefore, 
, logl5 — log2 

^^gg= 51 > 

or, performing the calculations, we obtain 
^=1.040286. 
215. Let it be required to find the sum of the first ten terms in 
ihe progression ^f 5 . 15 . 45 . . . ; we have, art. 178, 

S = ~^^^ — =— ^; whence 
q — l 

log S == log a + log (^^ 1) — log (q — 1). 
Applying this formula to the proposed question, we have 

log S = log 5 -f log (3" — 1) — log (3 — 1). 
Calculating 3*" by logarithms, we have 
log 3»° ===10X10- 3, 
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from which we obtain S^'^ss 59048; 

whence log S = log 5 -|- log (59048 — 1) — log 2, 

or, performing the calculations, we obtain 147620 for the sum 

lequired. 

Let it be proposed next to find the number of terms in the 
progression of which the first term is 3, the ratio 2, and the last 
term 6144. 

From the formula u == ag"""* we' have 

log u = log a -|~ (^ — ^) loff 9 * 

, - , logtt — log a 

whence n = 1 H — 2_- 2__, 

logy 

Applying this formula to the proposed question, we have 

^_ log6144-Iog3_^ ^^^j^ 

' log 2 ' 

216. Let us take next the progression 

^a:h: c:d:e:f: g , . 
from the nature of the progression, we have 

a b c d / 

b c d[ e g* 

whence log 7 = log - = log 3 = log - . . . • 
o c a e 

wneiefore, log a — log 3 = log 3 — log c = log c — \ogdc=s » . 
from this last we have 

-S- log a . log b . log c Aogd. . . . 
If, therefore, the numbers a, b, c, d . . form a progression by 
quotient, their logarithms will form a progression by di&rence. 
Logarithms may therefore be defined a series of numbers in 
arithmetical progression corresponding term to term to another 
series of numbers in geometrical progression. This is the defini- 
tion of logarithms given in arithmetic. 

COMPOUND INTEREST. 

217. One of the most important applications of logarithms is 
lo questions upon the interest of money. 

Interest is of two kinds, simple and compound. If interest be 
paid upon the principal only, it is called simple interest ; but if 

V 
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the interest, a& it becomes due, be added to the principal, and in 
terest be paid upon the whole, it is then called compound interest 

We have already investigated formulas for simple interest 
Let it now be proposed to determine what sum a given principal 
p will amount to, in a number n of years, at a given rate r at 
compound interest. 

The amount of unity for one year will be 1 + r ; that of p 
units will be therefore |?(1 + V). 

For the second year p(l + ^) '^^ ^ ^® principal, and its 
amount will be I? (1 -|- r) (1 -f- r) or jp (1 -|- r)'. 

The original sum p therefore at the end of the second year 
will amount to ^(l-|-r)*. In like manner at the end of the 
third year it will amount to ^ (1 + r)' ; whence putting A for 
the amount required, we have 

A=p(l+r)-. 
This is a general formula for compound interest; taking the 
logarithms of both sides we have, 

log A = log^ + nlog(l + ^)- 

Let it be proposed to determine what sum S 30000 will amount 
to, in 30 years, at 5 per cent, compound interest. 

We have log A = log 30000 + 30 log 1.05, 
whence, we obtain $ 129658.27, Ans. 

218. The equation A==^(l -|- r)" contains four quantities 
A, p, r, and w, any one of which may be determined, when the 
others are known. It gives rise therefore to the four following 
questions, viz. 

1®. To determine A, when p, r, and n are given^ or the princi- 
pal^ rate^ and number of years being given, to find the aTrumnt. 

This question we have already solved. 

2®. To determine p when A, r, and n are given, or to find 
what principal put at compound interest will amount to a given 
sum, in a certain number of years, at a given rate. 

Resolving the general equation with reference to p, we have 
_ A 

or by logarithms log p = log A — nlog ( 1 -f- r). 
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3®. To determine r, when A, p, and n are knoivn^ that is, to 
find at what rate a given sum must he put at compound interest^ 
in order to aTrumnt to another given sum in a given time. 

Resolving ih^ general equation with reference to r, we have 

or by logarithms log (1 -|- ^) = — ^ — -~- — —' 

Having by means of this last determined the value of 1 + r, 
that of r will be easily found. 

4**. To determine n, when A, p, and r are given, that is, to 
find for what time a given sum must be put at compound interest 
at. a certain rate in order to amount to a given sum. 

Making n the unknown quantity in the general formula, we 
obtain 

log A — logp 
"*— log(l + r)- 

If it be asked what must be the value of n in order that the 
sum at interest may be doubled, tripled, &c. ; we put in the 
general formula A = kp, k denoting 1, 2, 3 . . . , we thus have 

A-p = ;? (1 + r)»; whence n = ^ !^^^, ; 

n is therefore independent of p, that is, whatever the sum put 
out, it will be doubled, tripled, &c. in the same time. 

EXAMPLES. 

1. What the amount of .$1000 for 25 years at 5 per cent, 
compound interest ? Ans. $3386. 

2. What will $600 amount to in 6 years at 4 J per cent, 
coripound interest, supposing the interest to be payable half 
yearly? Ans. $783.63. 

3. In a certain province there are at present 200000 inhab- 
itants. If the population increases -^V P^^^ yearly, what will it 
be 100 years hence ? Ans. 1448927, nearly. 

4. How much money must be placed out at compound inter- 
est to amount to $1000 in 20 years, the interest being 5 per 
cent ? Ans. $376.89. 
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5. A sam of $201.22 is payable 12 years hence without inter- 
est. What sum put out at 6 per cent, compound interest will be 
sufficient to meet the payment at the end of that time ? 

Ans. 8100.00. 

6. The sum of $500 put out at 5 per cent, compound inter- 
est has amounted already to S900. How long has it been at 
interest ? Ans. 12.04 years. 

7. A capita] of $3200 having been at compound interest for 
80 years has amounted to $34050.84, at what rate per cent, was 
it put out ? Ans. 3 per cent. 

8. In what time will a principal be doubled at 5 per cent.? 
In what time will it be tripled at 6 per cent. ? 

ANNUITIES. 

219. An annuity is a sum of* money payable yearly for a cer 
tain number of years or forever. 

Let it be proposed to determine what sum must be put at 
interest to pay an annuity of b dollars for n years, the interest 
being reckoned at the rate r compound interest. 

According to the rule for compound interest, the amount of 
the first payment, at the expiration of the n years, will be 
i(l + r)""*, the amount of the second payment will be 

^(1 -j-r)— », that of the third will be i(l +r)"-' the 

last payment will be b. Putting A for the sum placed at interest 
for the payment of the annuity, its amount at the end of the 
n years will be A(l + ^r5 ^^ shall have therefore 
A(l+rr = 3(l + rr-» + *(l + r)-« + i(l + r)-'...i, 
but the second member of this equation forms, it is evident, a 

progression by quotient the ratio of which is ^ . , or, the ordei 

of the series being reversed, 1 + ^ / taking its sum we have 

A(l + r)' = ^"^+;)"-^^ 

whence ^^m±^. 

r(l+r)" 
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This equation gives rise also to four different questions, ac- 
cording as we make A, i, r, or n the unknown quantity. The 
following examples exhibit particular cases of these questions. 

1. A man wishes to purchase an annuity which shall afford 
him $1500 a year for 12 years. What sum must he deposit in 
the annuity office to produce this sum, supposing he can be 
allowed 7^ per cent, interest ? Ans. S 11602.91. 

2. A man purchased an annuity for 15 years for $100000. 
How much can he draw annually, the interest being reckoned at 
5 per cent.? Ans. $9634.22. 

3. A man has property to the amount of $34580, which yields 
him an income of 4 per cent. His annual expenses are $2000. 
How long will his property last him ? Ans. 30 years nearly. 



SECTION XXV.— Praxis. 

I. — ^EQUATIONS OP THE FIRST DEGREE. 

1. Given {x + 40)* = 10 — a;*, to find the value of z. 
Squaring both sides of the equation, we have 

a: + 40=100 — 20a;* + « 
whence a: == 9. 

2. Given {x — 16)* = 8 — x*, to find the value of x. 

Ans. :e = 25. 

^ ^. a;* + 28 a;* + 38 , . . ,, , - 

3. Given — j-^ = "i » ^ ^^^ "^® ^*^^® ^^^' 

a;4j.4 a;* + 6 

Freeing from denominators and reducing, we have 16 = 8a:*, 
whence a: =s 4. 

4. Given (9^) —4 ^ 15 + (9 a;) ^ ^ ^^^ ^^ ^^^ ^^^ 

«* + 2 a;*+40 

Ans. a;aB5 4. 

5. Given (2 + xy + a;* = r, to find the value of % 

1^ Ans. a:s8|. 
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1 4 36 

6. Given «' 4- (x — 9)' = ^, to find the valae of x. 

(x-9)* 

Ans. a;ss25. 

n. — ^UVCOKPLETE EQUATIONS OF THE SECOND DEGREE. 

Adding 3 times the second equation to the first and extracting 
the third root, we have a: -}- y = 9f . 

but a?y + a;^ = a;y(a: + y), whence 9a:y=180, 

and 2^ = 20; subtracting 4 times this last from the equation 
r -^ y = 9 raised to the square, and extracting the square root 
of both sides of the remainder, we obtain x — y s= 1 ; whence 
af = 5, y = 4. 

Ans. x = ±2, y^±4. 

and z^} = 18 ! *° ^^^ *® ^^^ ^^ ^ ^^^ 2^- 

Ans. a: = ±9, y = ±3. 

^ iSd^^y^S^ 16 j *^ findthe valuesof a: and y. ^ 

Ans. a;^4 or — 2, y = 2 or — 4, 

6. Girena? + y' = ^l 

A ^ > to find the values of z and y. 

and a:y = 

z — y] 

Ans. a;==3 or — 2, y = 2 or — 3. 
6. Given a: + y «= 13 K^ g^^ ^^^ ^^j^^^ ^^^ ^^j ^ 

and:c^ + y'= 5) 
Squaring the second equation 

ar' + 2a:*y*+y'««25 

but J +y^ = 13 

whence by subtraction 2a:' y ' = 12 

sabtractmg this last from the first equation 

«' — 2a;*y*+y'=l 
whwce x^ — y^ := ± 1 
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.>. n which compared with the second equation, we obtain 
« = 27 or 8, y = 8 or 27. 

^' ^^Tji} ^ 34 } to find the values of x and y. 

Axis. x = 6 or 3, yssz3 or 5. 

Ans. x=^2, y = 3. 

9. Given ^* + y* = 20K^g^^^^^^^^f^^^jy^ 

andx*+y*= 6) 

Ans.,a; = ±8 or ±a/S, y = 3Q or 1024. 

10. Given x 4- «■ y ' + V == 19 ( to find the values 

and ar -{- xy -f- y* = 133 j of x and y, 

V tiding the second equation by the first, we have 

adding this last to the tnA and dividing by S, we obtain 
x-j-y»^13; subtracting it from the first, dividing by 2 and 
squaring both sides of the, restslt, we have a;y = 36 ; comparing 
the equations thus obtained, we ba'^o a: = 9 or 4, y = 4 or 9. 

11. Given .-.£IL. = 48" 



xly'i 

andi^ = 24 



to ilb^ tv values of x and y. 



.Vns. xs=z36f ysB4. 

Ans. 3 = ±5, y = ±4. 

Ans. a;-; 2 CI ] ysslorS. 

m.— COMPLETE EQUATIONS OF THE XECOJU^ ^ AGBEE. 

1. Given a:* + 2* = 766, to find the values cJ 



Completing the square, * + « + * =•' "^T^ * 
extracting the root a: + 5 «=* ± ^f ; 

fifom which we obtain x = 243 or ( — 28)'. 
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2. Givea a:* — x* := 66, to find the values of z. 

Ans. 2; s: 4, or (— 7) . 

3. Giren Sz^ + z^^^ 3104, to find the values of z. 

Ans. a; as 64, or {—^y. 

4. Given ar '{-arss 6a;", to find the values of z. 

Ans. a;s:2, or — 3. 

5. Given ar — a; = 2a;', to find the values of z. 

Ans. a; = 4or 1. 

6. Givena;-|-5 — (a;-|-5) =0, to find the values of a:. 
Completing the square, a; + 5 — (a:-|-5)' -|- j = -|-, 

extracting the root (2? + ^) — q^'^^q* 

firom which we obtain a; = 4, or — 1. • 

7. Given (« + 12)* + (a; + 18)* a= 6, to find the values of z. 

Ans. a; = 4, or 69. 

8. Given a? + 16 — 7 (a; + 16)* == 10 — 4(a; + 16)*, to find 
the values of a?. Ans. a; = 9, or — 12. 

9. Given a;^ + (6a: + a?)* = 42 — 6a:, to find the values of :c. 

Ans. a;8s4, or — 9. 

10. Given a:* — 2a; + 6 (a;* — 2 a: +6)* = 11, to find the 
values of z. 

Adding 6 to each member 

a:»_2a: + 6 + 6(a? — 2ar + 6)*=rl6, 



a?_2« + 6 + 6(x« — 2a: + 6)* + 9 — 25, 



completing the square 

3» — 2z + i 

extracting the root and reducing, we obtain ^^ 

:c=l, or±2V15- ' "^ ^ "^ '^"^ 

11, Given 9ar — 4a?-f (4a? — 9a: + 11)* = 6, to find the 
values of z. Ans. a; = 2, or }. 

12. Given (a;* + 6)* — 4a;" = 160, to find the values of z. 

Ans. a;^3,or^ — 16, 
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13. Given (a;* — 7 a;) + (a:» — 7a:+ 18)^ = 24, to find the 
values of z. Ans. a: = 9, or — 2. 

14. Given 2a? + 3ar — 6{2a* + 3ar+9)* + 3 = 0, to find 
the values of z. Ans. a; :^ 3, or — 4J. 

15. Given a: + (a; + 6)^ = 2 + 3 (a: + 6)*, to find the values 
of X. Ans. z = 10, or — 2. 

16. Given ' , = — r — , to find the values of z. 

z — z^ 4 

Ans. a: = 4, or 1. 

(8\' 8 
^ + "") +a; = 42 , to find the values of z. 

Ans. a:s=4, or 2. 

19. Given 7-3 rr-a + -0 7 = 27F-5> to find the values of z. 

(or — 4)* * or — 4 26ar 

Ans. a? = ±3. 
19. Given [(« — 2)« — a:]« — (a; — 2)« = 90 — a:, to find the 
values of a;. Ans. a: = 6, or — 1. 

From the first equation oft^ -j- 4a;y = 96, completing the square 
and extracting the root a:y = 8, or — 12. 

Ans. a: = 4 or 6, ^==2 or 4. 

21. Givena!'^ — 7a:y" — 945 = 765) to find the values of 

and zy — y = 12 J z and y, 

Ans. z^=i6^ y = 3. 

22. Given a:*-|-a;4"y=18 — lt\ to find the values of z 

end a;y = 6 ) and y. 

From the first equation a?-|-^ + a:-[-ys=18 

from the second 2zy:^l2 

by addition x* + 2zy -}-^ + x-[*y = 30 

or {x + yr+{z + y) = SO 

whence x = 3 or 2, y= 2 or 3. 

23. Given x* + ^ — z — y=78) to find the values of z 

and xy + X + y =: 39 J and y. 

Ans. x = 9 or 3, y = 3 or 9. 

24. Given x* 4- 3x 4- y = 73 — 2xy ) to find the values of x 

and y^-|-3y4-^ = ^'^ 1 and y. 

Ans. X s= 4 or 16, y = 5 or — 7. 
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26. Given* — 2a:«y«+3r = *«—y«/ to find the Talaeso^ 

Fmb the fiist equation we have (z^ —y^)*—{x^—yi)zssO. 

Ans. 2 = 9, ys=s4 

96. Givenz*-|-2zy-f-y^-|'2:es=:120 — 2y ) tofindtheval- 
andxy — ^" = 8 i uesof zandy. 

Ans. y = 4 or 1, z = 6 or 9. 

27. Given a; + Ax^ + 4y = 21 + 8y* 4-4x^y^ ^ to find a 

Ans. x=:^25, ffGSih 

17. — ^BOSCELLANBOUS QUESTIONS. 

1. A farmer has a stack of hay, from which he sells a quan- 
tity, which is to the qaantity remaining in the proportion of 4 
to 5. He then uses 15 loads and finds that he has a qaantity 
left, which is to the qaantity sold as 1 to 2. How many loads 
did the stack at first contain ? Ans. 45. 

2. A person engaged to reap a field of 35 acres, consisting 
partly of wheat and partly of rye. For every acre of rye he 
received 5 shillings ; and what he received for an acre of wheat, 
augmented by one shilling, is to what he received for an acre of 
rye as 7 to 3. For his whole labor he received £13. Required 
the number of acres of each sort. 

Ans. 15 acres of wheat and 20 of rye. 

3. A person put out a certain sum at interest for 6^ years at 
6 per cent, simple interest,^ and found that if he had put out the 
same sum for 12 years and 9 months at 4 per cent, he would 
have received $ 185 more. What was the sum put out ? 

Ans. SIOOO. 

4. Two persons, A and B, were partners. A's money re- 
mained in the firm 6 years, and his gain was one-fourth of his 
principal, and B's money, which w;as £50 less than A's, had 
been in the firm 9 years, when they dissolved partnership, and it 
ippeared that if B had gained £6. 5s. less, his gain and princi- 
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pal would have been to A's gain and principal as 4 to 5. What 
was the principal of each ? Ans. £200 and £ 150. 

5. The crew of a ship consisted of her complement of sailorb 
and a number of soldiers. Now there were 22 seamen to every 
three guns and ten over. Also the whole number of hands was 
6 times the number of soldiers and guns together. But after an 
engagement, in which the slain were one-fourth of the survivors, 
there wanted 5 to be 13 men to every 2 guns. Required the 
number of guns, soldiers, and sailors. 

Ans. 90 guns» 55 soldiers, and 670 sailors. 

6. A shepherd in time of war was plundered by a party of 
soldiers, who took ^ of his flock ahd | of a sheep ; another party 
took from him ^ of what he had left and i of a sheep ; then a 
third party took ^ of what now remained and ^ of a sheep. 
After which he had but 25 sheep left. How many had he at 
first? Ans. 103. 

7. A trader maintained himself for 3 years at the expense of 
S50 a year; and in each of those years augmented that part of 
his stock, which was not so expended by one-third thereof. At 
the end of the third year his original stock was doubled. What 
was his stock? Ans. $740. 

8. When wheat was 5 shillings a bushel and rye 3 shillings, 
a man wanted to fill his sack with a mixture of rye and wheat 
for the money he had in his purse. If he bought '7 bushels of 
rye, and laid out the rest of his money in wheat, he would want 
two bushels to fill his sack ; but if he bought 6 bushels of wheat, 
and filled his sack with rye, he would have 6 shillings left. 
How must he lay out his money and fill his sack ? 

Ans. He must buy 9 bushels of wheat, and 12 bushels of rye. 

9. In one of the corners of a garden there is a rectangular 
fish-pond, whose area is one-ninth part of the area of the garden ; 
the garden is rectangular and its periphery exceeds that of the 
fish-pond by 200 yards. Also if the greater side be increased 
by 3 yards and the other by 5 yards, the garden will be enlarged 
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by 645 square yards. Required the periphery of the garden, and 
the length of each side. 

Ans. The periphery is 300 yards, and the 
sides are 90 and 60 yards respectively. 

10. A sets out express from C towards D, and three hours after- 
wards B sets out from D towards C, travelling 2 miles an houi 
more than A. A^en they meet it appears that the distances they 
have travelled are in the proportion of 13 to 16; but had A trav- 
elled 6 hours less and B gone 2 miles an hour more, they would 
have been in the proportion of 2 to 5, How many miles did each 
go per hour, and how many hours did they travel before they met? 

Ans. A went 4, and B 6 miles an hour, and 
they travelled 10 hours after B set out. 

11. There is a number consisting of two digits, which being 
multiplied by the digit on the left hand, the product is 46 ; but if 
the sum of the digits be multiplied by the same digit, the product 
is only 10. Required the number. Ans. 23. 

12. A detachment of soldiers from a regiment being ordered to 
march on a particular service, each company furnished four times 
as many men as there were companies in the regiment; but 
these being found to be insufficient, each company furnished 3 
more men; when their number was found to be increased in 
the ratio of 17 to 16. How many companies were there in the 
regiment? Ans. 12. 

13. A farmer has two cubical stacks of hay. The side of one 
is three yards longer than the side of the other ; and the differ 
ence of their contents is 117 solid yards. Required the side of 
each. Ans. 6 and 2 yards respectively. 

14. A and B purchased a farm containing 900 acres of land, 
at the rate of $2 an acre, which they paid equally between 
them'; but on dividing the same, A got that part of the farm, 
which contained the best of the improvements, and agreed to pa^ 
45 cents an acre more than B. How many acres had each, and 
at what price ? Ans. A had 400 acres at $2,25 an acre, 

and B 500 acres at $ 1,80 an acre. 
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SECTION XXVI. — General Theory of Equations. 

221. The equations thus far considered are of the first and 
second degrees only. Those of the third degree come next in 
order. We now proceed, however, to develop the general the- 
ory of equations. 

No general formulas can be given for the solution of equa- 
tions of a degree higher than the fourth. And the attention of 
mathematicians has been directed chiefly to the solution of 
numerical equations, that is, to those which arise from the alge- 
braic translation of a problem in which the given things are 
particular numbers. We shall give an elementary view of the 
'principles by means of which this object has been successfully 
accomplished. 

222. In the numerical operations required in the solution of 
equations of this kind, particularly that of division, certain sim- 
plifications are of great utility. We will first explain them. 

DETACHED COEFFICIENTS. 

L To multiply j^ — ^t^ + 3ar — 1 by u?-^2x+h 
The operation may be abridged by first performing the 
multiplication upon the coefiicients detached from the letters, 
and afterwards annexing the letters raised to the proper powers. 
Commencing with the coefiicients the work will stand thus : 
1_3+ 3_ 1 

1 — 2+ 1 

1^3+ 3— 1 

— 2+ 6— 6 + 2 

1— 3 + 3—1 



1 — 5+10—10 + 5-1. 
The product of a:* by a;* is a:* ; the highest power of x in the 
product will be, therefore, a:* ; and since from the arrangement, 
the powers of this letter go on decreasing by unity, we shall 
have, it is evident, for the powers, 

ftM fifA o*9 /j»8 M* 

23 
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AnngTing tfaew to die coefficie&t8, the lequiied product wiQ 

be 

x»_5af»+10a»— 10:r* + 5z — 1. 

2. If any powers are wanting in either of the fiactois, thej 
must be supplied by writing them with as a coefficient Thus, 
let it be required to multiply 

3:t*-7a:»y + 8zy-5j^by22» — Sxy + y' 
Here a term x^^ in the multiplicand is wanting, which must 
be supplied, thus, Oz^. The opeiations upon the coefficients 
will then be as follows : 

3- 7+ 8+ 0- 5 

2- 3+ 1 

6—14 + 16+ — 10 
_ 9 + 2i_24— + 15 

3— 7+ 8+ 0—5 

6 — 23 + 40 — 31— 2 + 15 — 5. 

The powers of a; go on decreasing by unity, and those of y in- 
creasing by unity. Supplying these, the product required will be 

3. Multiply 5a:» — 3aa» + 5<^j;— fl» by a» + 3aa: + 5:c» 
In this case we reverse the order of the terms in the multiplier, 
so that the arrangement maybe the same as in the multiplicand. 
The operation performed upon the coefficients, as above, will give 

25—0 + 21 + 7 + 2—1. 
And the required product will be 

25z» + 21a:»a' + 7a«a» + 2a:«*-tf». 

4. Multiply2a»— 3a3« + 5^by2a«— 53». 

Ans. 4a» - 16fl«3»+ lOa^^ + 15a^* - 25 i«. 

5. Multiply a?* — ax* + a^a^ — o^^c + a* by a; + a. 

Ans. a:* + (^. 

The process above is called Midtiplicfitum by DeUxched Cq- 
efficients. The examples, art. 24, will serve as an additional 
exercise. 

223. The process of division may, in like manner, be 
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abridged by first performing tbe operation upon die coefficients 
detached from the letters, and then supplying the letters. 

1. Let it be required, for example, to divide c^ — 5 <i^2 + 
lOrfa*— 10fl32;» + 5aar*- x» by «« -2aa; + z\ 
The operation upon the coefficients will be as follows : 
1-6+10-10 + 6-11 1-2+1 
1-2+ 1 1-3 + 3-1 



-3 + 

-3 + 


9- 
6 — 


10 
3 






3- 
.3- 


7 + 5 
6 + 3 






^_ 


1 + 2- 
1 + 2- 


-1 
-1. 



The coefficient of the quotient will be 1 — 3 + 3 — 1. And, 
m order to supply the letters, we take the quotient of the letters 
in the first term of the dividend by those of the divisor ; thus, 
o^ divided by a? gives a'. The letters in the first term of the 
quotient will then be c^y and in the succeeding terms they will 
follow, it is evident, the law of the dividend. The quotient 
required will then be a?— 3 a'a; + 3 aa* — ^. 
2. Divide 6a*i» + 3a»y — 4a»i* + y by 3a»3-2«i^+**. 
The ppera^tions upon the coefficients will stand thus : 
6 + 3-4 + 0+11 3 + 0-2 + 1 
6+0-4+2 I2+I 
3 + 0-2+1 
3+0-2 + 1. 

Suppling the letters we shall have for the quotient, 2 a 3 + y. 

Before commencing the operations, the dividend and divisor 
should, it is evident, be arranged both in reference to the same 
letter. The process is called Dimsion hy Detached Coefficients, 

STNTHETiO KVISION. 

224 The operation for finding the coefiicients of the quotnsnt 
may be still further abridged. 
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In die ordinaiy process of diyision, we multiply the divisoi 
by each xrm of the quotient as it is found, and subtract snc- 
ceasirely the partial products firom the dividend. The effect, 
it is evident, wiU be the same, if we change the signs of the 
divisor and add the partial products to the dividend. Thus, in 
the first example above, if we change the signs of the divisor, 
and then find the terms of the quotient by the first term of the 
divisor with its sign unchanged, the partial products may be 
added, and the work will stand as follows : 

1^64.10-104.6-11 — 1-1,2^1 
-1 + 2- 1 I 1-3 + 3-1 



— 3+ 9- 
3— 6 + 


10 
3 


3- 

-3 + 


7 + 6 
6-3 


— 


1 + 2—1 
1 — 2+1. 



In this operation it is easy to see that the teims + 9—10 
in the second partial diridend, — 7 + 6 in the third, and +2 
— 1 in the fourth, may be omitted; and the first term in each 
partial dividend found by adding all the terms in each column 
as the woi^ proceeds. With this modification the work will 
stand thus: 

1-6 + 10-104.6-1 1 -1 + 2-1 
-1+2 - 1 I 1-3+3-1 

-3 

+ 3+ 6 + 3 
3 
' -3+ 6 —3 

— 1 

+ 1-2+1 
0. 
In this process there is liability to error in the signs of the 
quotient, in consequence of the necessity of finding each term 
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of the quotient by means of the first tenn of the divisor with its 
sign unchanged. To avoid this liability, recollecting that the 
first term in each successive dividend is always cancelled by 
the product of the first term of the divisor by the corresponding 
term of the quotient, we retain the first term of the divisor with 
its sign unchanged, and change all the rest. The operation 
will then stand thus : 

1+2^1 
l_3+3-l 



1 


-6 + 10- 

2- 1 
-3 


10 + 


6-1 




- 6 + 


3 






- 3 








+ 


6- 


3 




— 


1 










2+1 



1_6_|.10_ 
2— 6 + 

- 1 + 


10 + 5-1 
6 — 2 
3-3 + 1 


-3 + 


3- 


1 








The work may be written more concisely thus : 

1 
2 

-1 

First tenn of Dividends, 

Quotient, 1—3+ 3— 1 

The divisor is placed at the left of the dividend in a vertical 

column. Beneath, in a horizontal line, are placed the first 

terms of the successive partial dividends ; and under the whole 

is written the quotient also in a horizontal Ime. The partial 

products are written under the terms of the dividend to which 

they belong, in a diagonal line from the left downwards toward 

the right 

23* 
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2. Divide Sa* — 6fl* + 4a« — To* + 9 
by2a« + 6a»-.10. 



2 


1« 



5 0-6+4-7 0+9 
-6 + 18-54+150-372 



10- 30+ 90-250 + 620 



— 6+18 — 50 + 124-289-250 + 629. 



1_j3+ 9-25+ 62. 

The operation, it is evident, terminates when the partial 
products have reached the right hand column. This is the 
case, in the present example, when the term 62 of the quotient 
is ohtained. And since the columns to the right of this do not, 
when added, severally reduce to 0, there will he a remainder, 
of which the sums of these columns respectively will he the 
coefficients. 

Supplying the letters, we shall have, therefore, tf* — 3 a? + 9 
0* — 25 a + 62 for the quotient, with a remainder — 289 a* — 
260a + 629. 

3. Divide a:« — 5«« + 15«*-24a:» + 27a:* — 13:r + 5 by 
a^-.2z» + 4a:*— 2«+l. Ans. a:» — 3 :r + 5. 

4. Divide a:« + 2a:^ + 3 a:y — a^ — 2a;^ — 3y» by 7^ 
+ 2a:y + 3y». Ans. a* — ^. 

The process with the modification above is called Syfdhetie 
Division, The examples, art 39, will furnish an additional 
exercise foi4he learner. 

General Properties of Equations. 

225. Any expression which involves a quantity is called a 
fimction of that quantity. 

Thus, a:* + J? a:, fl a:* + i, (a + a:)* are all functions of a:. 

In like manner, ast^ — b^, a?y + ^a:, are functions of x 
andy. 

2. A function is usually indicated by some one of the letters, 
/, F, &c., the quantity or quantities of which the expression is 
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d function being inclosed in a parenthesis. Thus, / (3;) indicates 
a function of x^f{z^ y) a function of x and y, 

3. If by / (z). we denote a particular function of x, then / (a) 
will denote the same function of a. Thus, if the first function 
is a:* + 6a: + 6, the second will be a'-f-Sa-j"^' 

4 It will be recollected that by the roQt of an equation we 
understand any quantity which, being substituted in the equa- 
tion, will satisfy its conditions. . 

5. An equation of the second degree is sometimes called a 
quadratic equation, one of the third degree a cubic, and one of 
the fourth a biquadratic equation. 

6. A complete equation of the nth degree with one unknown 
quantity, n being an entire and positive number, may be re- 
duced to the form, 

x-+Aa:-i + Ba:-«+Car^+ . . . Ta; + U = 0,in 

which the coefficients A, B, C . . . T, XI, are any num- 
bers whatever, positive or negative, entire or fractional. 

Every equation of this description, since it is supposed to be 
derived from a problem with sufficient and properly limited 
conditions, may be assumed to have at least one root. 

We now proceed to investigate the general principles neces- 
sary to the solution of numerical equations of any degree. 

Divisibility of Equations. 

226. 1. Resuming the general equation, 
a:- + Aa:"-i + Ba:»-«+ . . . Tx + U=0, (1) 
if a is a root of the equation, then the first member is dimsiMe 
byx — a. 

For if the division is not exact, let Q be the quotient, and R 
the remainder arising from the division by x --' a; then we 
have 
af + Aa:*~^+ .... T 2r+Un=Q (x — a) + R. (2) 

But the left hand member of this equation is equal to ;• and 



272 SLBMENTS OF ALQEBSA. 

since a is by hypothesis a root of the equatiwi, we have z =s a 
or z —'a sss 0, and the equation (2) reduces to 

= 0+R, orR = 0, 
that is, there is no remainder, and the division is exact 

2. Conversely, if the first member of the equation (1) is divisi- 
ble by a: — a, then h is a root of the equation. For Q bemg 
the quotient arising from the division by x — a, the equation 
returns to Q (z — a) = 0, 

which is satisfied by the value zs=za; hence a is a root of the 
equation. 

In the solution of equations We have frequent occasion to 
ascertain, by trial, whether a particular number is a root of the 
equation. From the preceding principle it is obvious that this 
may easily be done by division. 

Ex. 1. To determine whether 4 is a root of the equation, 
aJ»-9a:* + 26a:-24 = 0. 

Dividing by a: — 4, and performing the operation by synthetic 
division we have 



l«.9 + 26-24 
4—20 + 24 



1-5+ 6 
Ans. 4 is a root, and if the proposed be divided by a; — • 4 
the equation which results will be 

iB«-5a; + 6=5 0. 

Ex. 2. To determine whether 5 is a root of the same equa- 
tion. 

Ans. 5 is not a root, since the division by 2; — 5 leaves a 
remainder of 6. 

Ex. 3. Is2aroot of the equationo:' — 7a:+6 = 9? 

Ex. 4 Is 3 a root of the equation «* — 6a:* + 8a: — 16 
^0? 
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Number of the Hoots. 

227. In order to the solution of an equation, we must first 
determine the number of its roots. An equation of the second 
degree with one unknown quantity has, we have seen, two 
roots. We shall now show that every equation with one 
unknown quantity has as many roots as there are units in ^e 
highest power of die unknown quantity, and no more. 
Let a be a root of the equation 

ar + Aaf^^ + Bar-^+ . . . Ta: + U«rO,* 
since by the last article this equatioa is divisible by a; -^ 0» it 
returns to 

(«-«) (a:"-i + A'ar*+ . . . T'» + U;) = 0, 
' A", &c., being the new coefficients which arise from the divisiOB* 
But this equation is satisfied hy z — assfi^orhy 

a:«-i + A'ar-a+ .... T'af-fU'«0. 
Let b be a root of this last equation, then we have 
(a;-i)(af-* + A"aj»-*+ . . . T"a? + U")=0, • 
which is satisfied by a; — ^sO, <» by 

ar'^ + A''ar^+ .... T"a;+U' = 0. 
Continuing the operation, it will be seen that for eveiy new 
factor obtained, the exponent of x is made dne less, and that we 
shall have finally af'^- A 0^-^ + 83:"-^+ . . . Ta; + U 
c=(z — a){X'-b){x^ c) . . , . {x — p)f in which the 
number of binomial factors, a: — a, a: — A, &c., is equal to n or 
to the liumber of units in the index of the highest power of the 
unknown quantity. And since there are as many roots as 
factors, there will be as many roots as units in the highest 
power of x, the unknown quantity. 

An equation, moreover, cannot have a greater ntonber of 
roots than there are units m the highest power of x. 

hetY = ar + Aar-^^Bar-*+ .. . . Ta: + U=:0, 
the roots of which are a, i, c , . p, respectively ; then 

V«(z-a)(z-^)(jf-c) . .... (x^p). 

18 
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If it be possible, let a' be another root differing from a, 6, e, 
. . ' . p\ then Tire. shall have. . 
V=(fl' — fl)(a'— 3)(flr — d . . . . (a' — p)=0; 
bat this equation is impossible, since a* being different from a, 
3, c, . . . . J9, no one of the factors of V can be equal to 0. 

Every equation^ therefore, fvill have as many roots as there are 
units in the highest power of the unhrunon quantity , and no more. 

These roots may not, however, be all different. In fact, any 
number of them may be equal, as a and b, or a, b, and c, &c. 

If the equation has two roots, each equal to a, for example, it 
will be divisible by {x — a)^; if it has three roots, each equal to 
a, it will then be divisible by (a? r- a)', and so on. 

A part of the roots, moreover, may be imaginary. But, from 
what has been said, every equation will have at least one real 
root. 

228. From what has been done, it will be seen that if one or 
more roots of an equation are known, the reduced equation con- 
taining the other roots may easily be found by division. 

Ex. 1. One root of the equation a^ — 15a:* + 75ar — 125 
s=0, is 5. What is the equation which contains the other 
roots? 

By Synthetic Division, 1 1 1 — 15 + 75 — 125 
5 [ 5_50-|-ig5 

l_10-f.25. 

Ans. a:*— 10a: +25 = 0. 

Ex. 2. Two roots of the equation ar* — 5 a:' — 12 a:« + 76 « 
— 80 = 0, are 2 and 5. What is the reduced equation which 
contains the other roots ? 

Operation. 



1st Division, 1 
2 

2d Division, 1 
5 



1 — 6—12 + 76 — 80 
-_ 6 — 36 + 80 



l_3_18 + 40 
■ 5+10 — 40 



1+2— 8 



Ans. a:* + 2x— 8as0 
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If, as in the preceding example, the reduced equation is a 
quadratic, the remaining roots may be found by the methods 
already explained. 

Ex. 3. One root of the equation a:» + 3a:'— 16a:-f-12=0 
IS 1 ; what are the remaining roots ? Ans. 2, and — 6. 

Ex. 4. Two roots of the equation a?* — 122:' + 48a:' — 68a 
-^ 15 = 0, are 3 and 5. What are the remaining roots ? 

Ans. 2 + V 3, and 2 — V 3- 
Ex. 5. One root of the equation a:* — a:* — 7 a: -|- 15 = 0, is 
- 3. What are the other two roots ? 

Ans. 2 + V — 1, and 2 — a/ — 1. 

Coefficients. 

229. The roots of an equation are obviously involved in the 
coefficients. We proceed next to determine the law of the 
coefficients, or the manner in which they are connected with 
the roots. 

Let it be proposed, then, to form the equation whose roots 
shall be a, ^, c . . . . respectively. 

The left hand member will be equal, it is evident, to the con- 
tinued product of a: — a, a: — b, z — c . . , . Performing 
the multiplication we have 



(a:- 



-a) {x — b) zssa^ — a 
— b 

•b)(X^C)'. 



x-^-ab 



X — abc 



•.a? — a a^-^ab 

— b ac 

'C be 

and so on, as in art. 128. 

From what has been done we have the following properties, 
▼iz. : 

1®. The coefficient of the second term in. the required equa- 
tion will be the sum of aU the roots with their signs changed. ; 

2®. The coefficient of the third term will be the sum of the 
products of every tvx) roots with their signs changed. 
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3®. The coefficient of tlie famih teim will be lA« ium of thi 
pr^imts rf every three roots with their signs changed, and so on. 

4^ The last, or aisobUe term will be the product of aU the 
roots with their signs changed. 

That this law is general may be shown, as in art 129. 

Ffom these princijiles, k follows, 

V, U the coefficient of the second term in any equation is 0, 
that is, if the second term is wanting, the sum of the positive « 
loots is equal to the sum of the negadve roots. 

2^. If the signs of the terms of the equation are all positive, 
the loots are all negative ; and if the signs are alternately posi- 
tive and negative, the roots are all positive. 

3^. Every root of an equation is a divisor of the last or 
absolute term. 

1. The following examples exhibit the manner in which the 
coefficients are derived from the roots. 

Ex. 1. Find the equation whose roots are 2, 3, 4 and — 5. 
fodicating the equation it will be 

(ar — 2) (z —3) {x—A) (a: + 5) = 0. 

The coefficients may be found by the principles just demon- 
strated, or by actual multiplication as follows, 



— 3 


1 — 2 
— 3 + 6 


— 4 


1-6H 

— 4- 


- « 

-20— 24 


6 


■-fj 


t-28— 24 
-45+130 — 120. 



1_4_19 + 106_120. 
Ans. af» — 4a:»— 19a:»+ 106ar— 120 = 0. 
Ex. 2. What is the equation whose roots are 1, 3, and — 4? 

Ans.x» — 13a: + 12 = 0. 
Ex. 3. What is the equation whose roots are — 1, — 2, — 3, 
w4— 6? 

Ans.af*+ll«» + 41a:*-f.61x+30=:0. 
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Et. 4. Find the equation whose roots are 2, 3, 5, and 6. 
Ans. «*— 16a5»-f 91ic« — 216!r+1«) = 0. 

8. By means of the first of the preceding principles one <*f 
die roots of an equation may be fonnd, when all the rest aie 
determined. 

By means of the fourth, the integral toots may all be found. 
In order to this, we seek among the divisors of the last term 
those that will satisfy the equation. 

Ex. 1. Find the integml roots of the equation a:* — 8:c*4-l&« 
-- 12 A 0. The divisors of the last term are 1, 2, 3, 4, and 6; 
of these 1, 3, and 4, substituted respectively for x, satisfy ibe 
equation, and are, therefore, roots. The equation being of the 
fliird degree only, they are all the roots. 

Ex. 2. Find the roots of the equation «* — 2 a!* — 6«-|"^ 
«0. Ans. 1,3, and— 2. 

Ex. 3. Find the roots of the equation a^ — x — 6 = 0. 

Ans. 2 is the only integral root. Depressing the equation by 
this root, the remaining roots found from the resulting eqoatieti 
are -1±V— 2. 

FOIIU OF TEX |U)OTS. 

230. The roots of an equation may be entire, fractional, 9urd 
or imaginary. 

Let there be the equation 

ar + A3r-^-\'Bar-^+ Ta: + U=»0, 

in which the coefficient of the first term is unity, and A, B, &c,, 
entire numbers. To determine whether this equation can have 
a fractional root : 

If it be possible, let the fraction?, the terms of which are 
prime to each other, be a root of this equation. 

Substituting-^ for £, multiplying both members by ^'^^and 

transposing we obtain 

f=-.Aa'-^-Ba'-»i- .... Ta3-*— U*-* 
' 24 
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The right hand member of this equation is an entire qimntityt 
since it is composed of terms each of which is integral The 
left hand member must, therefore, be entire, or we shall have a 
whole number equal to a fraction, which is absurd. Hence an 
equoHan, whose coefficients are aU integers and that of the highest 
power of the unknown quantity equal to unity ^ caimot haee a 
fractional root* 

It does not follow from this, however, that all the roots are 
whole numbers. The equation may have other roots, which can- 
not be expressed in whole numbers or definite fractions, such as 
surds or imaginary quantities. 

231. But s:Urds and impossible roots enter equations by pairSt 
so that if there be one, there will necessarily be two ; and if 
three, there ynH necessarily be four, and so on. 

Let a + A/ — b,(oi example, be one of the roots of an equa- 
tion, the coefficients of which are real. 

Suppose the equation reduced by division until two only of 
its roots remain. It will then be a quadratic. And if one of 
its roots is a -{- a/ bf ihe other will necessarily be a — V — ^• 
In the same way it may be shown that if there are three surd 
or imaginary roots, there will necessarily be four, and so on. 

From this it follows, 

1^. An equation of an even degree may have all its roots 
imaginary ; but if they are not all imaginary, two of them, at 
least, will be real. 

2**. The product of every pair of imaginary roots being of the 
form, a' + b, is positive ; hence the absolute term of an equation 
whose roots are all imaginary must be positive. 

3^. Every equation of an odd degree has at least one real 
root ; and if there be but one, that root must necessarily have a 
contrary sign to that of the last term. 

4^. Every equation of an even degree whose last term is 
negative has, at least, two real roots ; and if there be but two 
)ne of these will be positive and the other negative. 

These principles are illustrated in the following examples 



GENERAL THEORY OF EQUATIONS. 279 

In fonning the equations, the most convenient process will be to 
multiply together in pairs the factors containing the imagiriary 
roots, and then combine the factors thus obtained. 

Ex. 1. Form the equation whose roots are 2 -[- V — 3> 2 

— V —3, 3 + V — 1» and 3 — V — 1. 

Ans. a;*— 10a:^ + 41a;« — 822r + 70=:0. • 

Ex. 2. Form the equation whose roots are 3 -f- V ~" ^» 3 — 
V — 5, and 5. Ans. a;»— 12a;2 + 50ar — 84 = 0. 

Ex. 3. Form the equation whose roots are 5 -j- V — 1> and 
5--a/ — 1. Ans. a:" — 10a: + 26 = 0. 

Ex. 4. Form the equation whose roots are 2, 3 -}- V — 4 
3 — V — 4, and — 5. 

Ans. ar* — 32:* — 15a;2 + 99a:-7-130 = 0. 

2. An equation which has imaginary roots is divisible by 
(x^a + bAs/ — I) (a; — a — 3V — 1), or, (a: — a)« + 3*; a 
+ ^V— 1, « — ^V — 1> representing any pair of the roots ; 
hence 

1°. Every equation may be resolved into rational factors, 
simple or quadratic. 

From what has been done, it is also evident that, 

2**. An algebraic equation which has real coefficients is 
always composed of as many real factors of the first degree as 
it has real roots, and of as many real factors of the second 
degree as it has pairs of imaginary roots. 

Ex. Form the equation whose roots are 3, — 5, 1 + V — 3, 
1-a/— 3. Ans. a^-^lbx" + 28x^60 = 0. 

1. What are the factors corresponding to the real roots of 
this equation ? Ans. a: — 3, and a? + 5. 

2. What is the factor corresponding to the pair of imaginary 
roots ? Ans. a^ — 2 a: + 4. 

Relation of the Signs to the Roots. 

232.» In. the preceding article we have seen the important 
relation between the sigh of the absolute term of an equation 
and the form and number of the roots. Let us now examine 
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the relation of the signs of the terms genemlly to the rool& 
Resiiming the general equation, 

3r + A3r-^-^Bar-'+ .... Ta: + U=aO, (1) 
and changing the signs of tLe alternate terms it becomes 

a:" — Aa:— ^ + Ba;"^— .... dbTa:TU = 0; (3) or 
. changing all the signs in this last, which will leave the equation 
identically the same, 

-X- + AZ-1 — Ba:^+ =F T a: ± U = 0, (3). 

Now if a be substituted for x in equation (1), and — a be sub* 
stituted for x in (2) when n is an even number, or in (3) when 
*i is an odd number, the equations which result will be identi- 
cally the same. If then a is a root of equation (1) this equation 
will be verified by this substitution. Hence the equation (2), 
or (3) as the case may be, will be verified by the substitution of 
— a for X, and, therefore, — a is a root of the equations (2) 
and (3). 

^t therefore, the signs of the alternate terms in an equation 
are changed, the sigru of all the roots vnU be changed, 

Ex. 1. Form the equations whose roots aie 1, 2, 3 ; and — 1, 
-2,-3. 

Ans. The equations are a:"— 6a:*+ 11^ — 6 = 0, and 3^ 
-f6«»+ll« + 6».0. 

Ex. 2. The roots of the equation 7^ + 01? — I9a:^ + 11 «-f- 
30 = 0, are — 1, 2, 3, and — 6. What will be the roote if the 
signs of the alternate terms are changed ? 

Since the negative roots may be changed into positive by 
simply changing the signs of the alternate terms, the finding the 
real roots of an equation is reduced, by the preceding princi|^e, 
to finding positive roots only. 

233. When in an equation the signs continue the same from 
one term to the next following, there is said to be a perrrumence 
of signs ; and when the signs change from one term to the next 
lowing, a variation of signs. Thus, in the equation,^ — 3 
z' — 15 a;' 4~ 49 a: — 12 ss 0, there is one permanence and 
three variations of signs. 



GENERAL THEORY OF EQIFATIONS. 2&1 

I^ +H 1 f--f--|-bethe order of signs m any 

equation, and let us introduce into this equation a new positive 
soot a. In order to this, we multiply the equation by ar -^ a. 
The operation, so far as the signs are concerned, will be as 
&II0W1: 

+- 

+dt-+— f±±- 

in which the ambiguous sign d= indicates that the sign may be 
-f- or — , according to the relative magnitude of the partial 
products vnth contmry signs united in the terms to which it 
corresponds. 

If now this result be examined with attention, it will be seen 
that each permanence is changed into an ambiguity by the in- 
troduction of the new positive root + «• It follows, therefore, 
that the permanences, take the ambiguous sign as we may, 
cannot be increased in the final product by the introduction of 
the new positive root ; but, as the number of signs is increased 
by on«, the number of variations must be increased by am. 

In the equation a: — a = 0, there is one positive root, and 
one variation. And since, from the reasoning above, the intro- . 
duction of each new positive root in this equation will produce 
at least one variation, it follows ihat the number of positive 
roots in any equation can never be greater than the number of 
variations of sign. 

By a process altogether similar, it may be shown that the 
introduction of a new negative root produces at least one new 
permanence, and that the number of negative roots can never 
be greater than the number of permanences. Hence, generally, 
in a complete equation of «my degree, the vumber of positivi 
roots carmot be greater than the number of variations of sign^ 
nor the number of negative roots greater than the number of 
permanences. , 
24* 
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Ex. 1. How many peimanences and variations of siga. are 
theze in the equation whoee roots are 2, 3, and — 4 ? 

The equation x — 2 = gives one variation corresponding 
to the positive root 2. If we now multiply this by x — 3, the 
result, 2*— Sx-J-BssO, gives an additional variation corre- 
sponding to the new positive root -{- 3. Multiplying again by 
a: 4- 4, the result, x" — x* — 14a: -|- 24 s=s 0, gives, as before, 
two variations corresponding to the positive roots 2, and 3, and 
one permanence corresponding to the negative root — 4. 

Ex. 2. How many permanences and variations in the equa- 
tion whose roots are 2, — 3, and — 5 ? 

Ans. The equation is x'-f-Gx^ — x — 30 = 0, exhibiting 
one variation and two permanences. 

The v/hole number of permanences and variations taken 
together, it is evident, will be equal to the degree of the equa- 
tion. If all the roots, therefore, are real, the number of positive 
roots will be equal to the number of variations, and the number 
of negative roots will be equal to the number of permanences. 

234 In what precedes, the equation is supposed to be com- 
plete. If there are missing terms their place must be supplied 
with the coefHcient 0. Any sign may be given to this coeffi- 
cient without affecting the roots of the equation. 

Let there be the equation x* -^bs^ -\-8x -—60=0, In its 
present form this equation exhibits variations only. It would 
appear, therefore, that it can have no negative roots. But if 
we supply the missing term it becomes 

a^ ± Oa;» — 5a:* + 8a; — 6 = 0. 

Now which ever sign we take with the coefficient, the 
equation will present one permanence. It may have, therefore, 
one negative root. 

The preceding principle enables us to determine the numb» 
of positive and negative roots a proposed equation may have, 
an object of importance in the research for the roots. ^ 

Ex. 1. The equation a;« — 3a:* — 5a:»+15a:» 4-42: — 12 
^ 0, has five ^real roots. How many of them are positive ? 
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Ex. 2. The equation a?* — 3 «» — ISa;^ + 49 a: — 12 s= 0, 
has four real roots. How many of them are negative ? 

Ex. 3. The equation ar* — Sr* — 15a;2+99a; — 130=0, 
has (art. 231) two real roots.^ What are their signs ? 

235. By means of the ahove rule we are sometimes abo 
enabled, when there are missing terms, to detect the existence 
of imaginary roots in an equation. 

Thus, let there be the equation a;^ -|- 30 = 0. 
Supplying the missing term, it becomes 

If the upper sign be taken with the coefficient 0, there will be 
no variations ; hence there can be no positive roots. And if the 
lower sign be taken, there will be no permanences ; hence there 
can be no negative roots. The two roots of the equation will 
therefore be imaginary. 

Let there be next the equation a:^ -f- 10 a: -f 5 = 0. 

Supplying the missing term, it becomes 

Here, if the upper sign of the coefficient be taken, the ^nation 
exhibits only permanences ; it can have, therefore, no positive 
root. If the lower sign be taken there will be but one per- 
manence, and, therefore, there can be but one negative root. 
Thus it appears that the equation must have two imaginary 
roots. 

Transforiiation of Equations. 

236. When the solution of an equation is difficult, the work 
may sometimes be accomplished with more facility by aid of 
another equation, the roots of which shall bear to those of the 
proposed some given relation. The roots of the latter being 
found, those of the former will then be readily deduced from 
them. 

It may, therefore, be required to change a proposed equation 
into another, the roots of which shall bear to those of the former 
a given relation. One of the most simple, as well as useful, of 
= 0? 



284 SLEXB1TT8 07 ALGEBKA. 

these transfonnations is to change the equation into another, 
the nx>ts of which shaU be greater or less than those of the pro- 
posed by a given quantity. 

To effect the transformation reqtiired, it will be sufficient, 
h is evident, to substitute for x in the proposed x diminished or 
increased by the desired quantity. The resulting equation will 
be of the same form with the proposed, the roots of which will 
be of the required dimensions. 

Let it be required, for example, to find an equation whose 
roots shall be less by 2 than those of &e equation 

a:>-8a:+7 = 0. (1) 

Substituting z -|- 2 for x, the equation becomes 

(a: + 2)«-8(a: + 2) + 7 = 0; 

or developing and reducing, 

a;« — 4a:— 6 = 0. (2) 

Besolving equation (1) its roots are 7 and 1. Kesolving 
equation (2) its roots are 5 and — 1, or less by 2 than those of 
the proposed, as was required. 

' Ex. 2. Let it be required to find next an equation whose 
roots shall be greater by 2 than those of the equation 
aJ»_6a;« + lla:— 6 = 0. 

Ans. a:»— 12a:2 + 473: — 60=0. 

237. The process above is laborious, especially in the higher 
equations. Let us see if one more simple can be found. 

Besuming the general equation 

a:- + Aa:*-»+Ba*-»+ .... Ta: + U=0, 
let us make x^=iU-\-x\u being a new unknown, and x' an 
indeterminate, to which any value, positive or negative, may be 
' assigned at pleasure. 

Substituting u-\-7!^ or, which is the same thing, a:C + w for a: 
in the proposed, it becomes 

(z' + ttr + A(a;' + tt)-i + B(ar' + w)'^ . . . T(a:'+ii) 
+ U=0,(1) 
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or dareloping the seyeral terms by the binominal fomiula, and 
ananging with reference to the ascending powers of u, 



3f- 
U 



(»— 1) Aar»-« 



u + 






(n-1) 
(«-2) 



1.2 

»-2 

1.2 



Aar"-^ 



1.2 



-Bar--» 



. . . . tt^'ssO. (2) 

Observing the manner in which the different coefficients of tt 
are formed, the following remarkable law will be discovered : 

l^ The coefficient of tf® is siinply w^at the first equatidn 
becomes when x' is substituted for x. 

Let us designate this coefficient by X. 

2®. The coefficient of u is formed by means of the preced- 
ing or X, by multiplying each of the terms of X by the exponent 
of x^ in that term, and diminishing this exponent by unity. 

Denote tb^ coefficient by Y. 

3^. The coefficient of w* is formed from Y, by multiplying 
each term of Y by the exponent of x' in that term, dividing the 
product by 2, and diminishing each exponent by unity. 

Let -^ be this coefficient It is evident that Z is formed in 

the same manner from Y that Y is formed from X. In general 
the coefficient of any power of ti is formed from the preceding 
coefficient in the following manner, viz. : 

By taking each term cf the preceding coefficient in succession, 
multiplying it hy the exponent of x', dividing by the numbm 
which marks the place of the coefficient^ and diminishing the ex 
ffonent ofx'by unity. 

The preceding development will be represented generally hy 

The polynomials, Y, Z, &c., are called derived polynomials of 
X9 since Z is derived in the same manner from Y, that Y is 
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from X. Y is called the firit, Z the second, V the t.drd^ 
derived polynomial of X, and so on. 

Ex.LetX = a:» — 6a;« + llar — 6 = 0. To find the 
derived polynomials. 

Ans. Y = 3a^— 12a: +11 
Z=6a:— 12 
V = 6. 

238. Betuming to onr purpose, let it now be proposed to find 
an equation, the roots of which shall be greater by unity than 
those of the equation 

4a;8— 5a:« + 7a:-9 = 0. 
Let us put x=zu — 1, from which we have tt = a;+l. 
From the preceding development the transformed equation will 

in which a;' = — 1. To find the coefiicients, we have therefore 
X= 4(— 1)»— 5(— 1)» + 7(— 1) -9 = — 25 
Y=12(— 1)»— 10(— 1) +7 .= 29 

|=12(-1)^-. 6 =-17 • 

^-4 =4 

2.3 ~ 

The transformed required will be 

4tt» — 17w* + 29tt-25=:0. 

Ex. 2. Transform the equation a:* — 43:* — 8 a:-f-32a=0 

into another, whose roots shall be 2 less. 

Ans. «* + 4a:» — 24a;=0. 

239. The process above being still .laborious, another more 
simple is to be sought. 

In order to this, we resume the general equation, and also 
equation (2) art. 237, denoting the coefiicients of this last b) 
A', B' . . . . T', U', respectively, thus, 

a- + Aaf^i + B2:"-«+ Ta; + U=0, (1) 

ti- + A'w-i + B'tt'^»+ . ..... T'm + U' = 0. (2) 

Substituting in this last for u its value x — x\ we obtain 
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^x — gf)- + A\z —x'f-^ + B' (a: - a:')""* + .... T (a: - x') 
+ U' = 0, (3) 

which when developed must, it is evident, be identical with 
equation (1) ; since the second is formed from the first by the 
substitution of m -[" ^ ^^r a;, and the third is formed from the 
second by substituting z — 7f for w, by which we necessarily 
return to (1), the original equation. We have, therefore, 
(a:_a:')«_f.A'(a:-a;')"-i+ . . . T {x—x')-\-JJ' = a^ 
+ Aar-i+ ^ ^ ^ ,Ta: + U. (4) 

Now, if we divide the first member of this equation by a: — a!^ 
every term will be divisible by it, except the last, which will be 
the remainder after the division. And since the two members 
of this equation are identically the same, we shall obtain the 
same quotient and the same remainder by dividing the second 
member by a: — x'. But XJ' is the last or absolute term of the 
transformed equation. It follows, therefore, that if we divide 
the proposed equation by a: — x\ the remainder will be equal to 
the last or absolute term of«the transformed equation. 

Again, let the quotient arising from the division of the first 
member of (4) by a: — ar' be represented by 
(X — a:')"-! + A' (a; - a:')"-' + . . . . . R' (a: — a:') + T'. 

If we now divide this quotient by x — x\ every term will be 
divisible by it, except the last, or T, the coefficient of the last 
term but one of the transformed. And, since the remainder 
must be the same when the quotient of the second member of 
(4) by a: — a:^ is also divided by x — af^ we shall obtain, it is 
evident, the coefficient of the last term but one of the trans- 
formed equation by dividing this last quotient also by a; — x'. 
And it is easy to see that thus, by successive divisions, all the 
coefficients of the transformed equation may be obtained. 

Thus, resuming the equation already transformed, viz. : 4a^ — 
5a:* + 7a: — 9 = 0, and dividing by a:+ 1> we obtain a quo- 
tient 4 ar* — 9 a: + 16, and a remainder — 25. Dividing next 
this quotient by a; -|- 1, we obtain a new quotient 4 a? — 13, ard 
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a remainder 29. Diyidiiig next this last qnotieiit by x-^l^ the 
operation tenninates, and we have a remainder — 17. The 
transfonned will be, therefore, as before, 

4m» — 17i^ + 29u— 25=0. 

We have, then, the following rule bjr vriach to obtain the 
transformed equation : 

Let 2< be the quantity hy which the roots of the equation are 
required to be increased or diminished. Divide the equation 
by X — a:', or X -f- a;', as the case may require, and the quotient 
thus obtained by the same quantity, and so on until the division 
terminates. The coefficient of the first term, or that containing 
the highest pojoer of the transfonned, unR be the same vnth the 
coefficient of the first term of the proposed equation ; and the 
successive coeffidents vnU he the remainders arising from the 
successive divisions taken in a reverse order, the first remainder 
being the last or absolute term of the transformed equation. 

The successive divisions, which are tedious by the common 
method, are performed in a very concise and elegant manner by 
synthetic division. 

Thus, in the last example, 



1 
— 1 



4— 6 



_ 4-. 9 — 16 



— 9 

- 4 



9 



16-25 
13 



13 + 29 
4 



— 17 

In which the remainders, as before, are • 



-S5, 29and — 17. 



Ekamflbs, 



1. Transform the equation 5a?* + 28x'-{-51a:*+32x — 1 
a=0 into another, having its roots greater by 2 than those of 
the proposed equation. 
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Sb9 



Ofbbation. 

54.28+51+32-1 

_10_36— 30— 4 



5 + 18+15+ 2 — 6 
_10_16+ 2 



5+ 8— 1+ 4 

— 10+ 4 
6_ 2+ 3 

— 10 



12 

Ans. 5a!« — 12a:» + 3x» + 4a:-5 = 0. 
2. Find an equation whose roots shall be less by ^ than thoM 
of the equation 3 a:* — 13 a? + 73:*— 8a;— 9= 0. 

Placing the divisor at the right, as in ordinary division, and 
' omitting all the figures in the fin* coliunn except the first, the 
calculations may be more conveniently disposed, thus : 
3 —13 +7 —8 — 9 I 1 
1-4 1 - 2^1 i 

-11* 



-12 
1 


3 
-3| 


—7 
- » 


— 11 
1 


- 1 


-7J 


— 10 
1 


—4 





S^^9a?-A^-^x-^^0. 



- 9 

Ans. 

3. Transform the equation 2? — 12 z — 28 = into another 
whose roots shall be less by 4. 

In the use of synthetic division the missing term in this 
example must be supplied by coefficient. 

Aiis. a^+12x'+3ez — l2=0. 
4 Transform the equation 3a:* — Aa^-{-l a^-j-Sz — 12 
= into another, whose roots shall be less by 3. 

Ans. 3«* + 32a;8+ 133 ai* + 266 x + 210 = 0. 
19 
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5. Find the equation whose roots shall be greater by 2 thari 
those of the equation a:* + 10 ar* + 42 a:» -j- 86 a:* + 70 or -|. 
12880. Ans. ««+2a:« — Ox'— 10a: + 8=0. 

6. Find the equation whose roots shall be less by j than those 
of the equation 2a?* — 6 «* + 4a;*— 2a + ls=0. 

Ans. 2a^ — 2a:» — 2a:«— |:r + |=0. 

240. The transformation above is the only one for which we 
have immediate occasion. There arq others, which are some- 
times useful, which we will here explain. 

1. From what has been done we may readily transform an 
equation into another, deprived of its second term. 

Resuming the geneml equation a:* + A a:^^ -f- . . . Ta:-f- 
U = 0, and putting a:=tt + a:', developing and arranging with 
reference to the descending powers of t^^ we have 

M»+(na/ + AJM— 1 ..... =0. 

In order that the second term of this last may disappear, its 
coefficient mu^t be equal to 0. We shall have then the relation 

nas'+AssO; whencear'ss . 

Hence, to make the second tem^of an equation disappear, 
P. Divide the coefficient of the second term by the highest 
power of the UTiktwwn quantity. 2^. Transform the equation 
into another whose roots shaU be less or greater by the quotient 
thus obtained, according as the sign of the second term is nega 
tive or positive. 

Examples. 

Deprive the following equations of their second terms : 

1. a?— 63:« + 4a: — 7=«0. Ans. x» — 8a: — 15a*=0. 

2. ai^ — 8s?+iea^+lx~l2^0. 

Ans. a:*— 8a;« + 7a:4-18=0. 

3. a:*— 6a:* + 8a: — 2. Ans. a:»— 4a: — 2 = 0. 

4. 3:»+15a:*+12a:»-r20a?4-14a:— 25=0. 

Ans. a:»— 78a:» + 412a? — 767a:4r401 = 0. 
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2. An equation may be transfonned into another, the roots 
of which shall be any multiple of those of the proposed equa- 
tion. 

In the general equation af + A x*"^ + . . . . T a: + U «= 0, 

X X 

let z= — . Substituting - for Xy and clearing of fractions, we 
m in 

obtain 

xT + Amar-^ + Bn^ar^ Ti»"-iar + Um»s=0, 

the roots of which are m times greater than those of the pro* 

posed. The required equation is, therefore, found by multiply^ 

ing the second coefficient of the, proposed by 971, the third by 

fft^, and so on, m representing the number of times the required 

roots are to exceed those of the proposed. 

Ex. Find an equation whose roots shall be three time6> 
laiger than those of the equation a? — 6 a^ -i- 8 x -^ 9 =xO, 
Ans. a:«—18a;» + 72a:— 243=0. 

By means of this principle we may transform an equation 
with fractional coefficients into another, whose coefficients shall 
be integral. In order to this, we have merely to transform the 
proposed equation into another, the roots of which shall be 
equal to those of the proposed multiplied by the least common 
multiple of the denominators of the fractions. 

Ex. 1. Transform the equation a:* + o ^ "" t^: + 2 = in- 
to another, the coefficients of which shall be integral. 

Ans. a:» + 4a:« — 36x + 3466 = 0. , 

In this example the number 6, when raised to the square, will, 
it is evident, be divisible by 4 The fmctional coefficients may, 
therefore, be removed, and a more simple result obtained, if 
we multiply by the successive powers of 6. It will be easy to 
apply the like simplification to other cases. 

Ex. 2. Transform the equation x* — k^^+s^^: — ^^sdsO, 

into another, the coefficients of which shall be integral. 

Ans. a:»— 14a? + llx — 75 = 0. 
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3. In like manner an equation may be transformed into 
another, the roots of which shall be the reciprocals of the pro- 
posed equation. 

In order to this, substituting -for a; in the general equation, 

clearing of fractions, and reversing the order of the terms, it 
becomes 

Jj3r + T;xr'^ + S3r^+ Aa:+1 = 0, 

the roots of which are reciprocals of those of the proposed equa- 
tion. 

The transformation is there4>re effected by simply changing 
the order of the coefficients of the proposed equation. 

If the coefficients of the proposed equation are the same, 
whether taken in the reverse or direct order, the transformed 
equation, it is evident, will be identical with the given equation, 
and will furnish the same series of roots. 

Equations of this description are called recurring equations, 
or, from the form of the roots, reciprocal equations. 

4. From what has been done, an equation, it is evident, may 
be transformed into another, whose roots shall be greater or 
less than the reciprocals of the proposed equation. In order to 
this, we reverse the order of the coefficients, and then apply the 
process of art. 237. 

Ex. I. ^Transform the equation a? — Ix + 7 into another, 
the roots of which shall be less by 1 than the reciprocals of 
%tho8e of the proposed. Ans 1 a? -{-Ua^ + 1 x+1 =0. 

Ex. 2. Find the equation whose roots shall be the reciprocals 
of those of 3a^— 13 a:» + 7«^ — 8ar— 9 = 0, increased by 2* 
Ans. — 9a?* + 64a:»— 161a:«+151a: — 23 = 0. 

LIMITS OF THE ROOTS. 

241. The methods for resolving numerical equations of any 
degree consist, in general, in substituting particular numbers 
for a; in the equations, in order to see if these numbers will 
?eri^' them ; or for the purpose of determining the initial figures 
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(li the roots. It is important, therefore, as a preliminary step, 
to determine the limits between which the roots of an equation 
are to be sought. 

1. A number numerically greater than the greatest positive' 
root of an equation is called a Superior Limit to the positive 
roots, A number numerically greater than the greatest nega- 
tive root, abstraction being made of the sign, is called a 
Superior Limit to the negative roots. 

The extreme limits to the positive roots, it is evident, will 
be and + cx) , and those of the negative roots and — cx) , the 
sign OD, being used to denote infinity. In practice, much nar 
rower limits than these will be required. 

Since the largest of the positive roots when substituted for x, 
reduces the equation to 0, it follows that a number greater than 
this, when substituted in like manner for x, will give a positive 
result. If, therefore, a Ttumher substituted for x in an equation 
gives a positive result, then this number wiU be a superior limit 
to the positive roots. 

1. It may be shown that in any equation the greatest negOF- 
tvve coefficient increased by unity is a superior limit to the posi- 
tive roots. A much nearer limit may, however, be found. 

2. Let us take the general equation, 

7r+Aar-^+ . . . — Dar^ — Pa;'^. . . . U = 0, 

and let — D a:""*" be the first negative term, and — P the great- 
est negative coefficient; then, if all the terms after the first 
negative term are negative, the sum of these negative terms, * 
it is evident, must be equal to the preceding positive terms. 
And any value, which, substituted for a:, will make the sum of 
the positive terms greater than the sum of the negative terms 
will be a superior limit. And, P being the greatest negative 
coefficient, for a still stronger reason, any number will be a 
superior limit, which substituted for x gives 

a;" > P {af^ + rr"-^^ + .... a: + 1), (1) 
or, since the right hand factor of this inequality is a progression 
by quotient, art. 176, 

25* 
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But this inequality will be satisfied if we have 

or, reducing (x — 1) :f^ > P * (3) 

but a: — 1 is less than x, and by consequence {x — 1) (« — 1T^\ 
or, (a: — l)*'is less than {x, — l)ar*^^; the inequality (3) will, 
therefore, be satisfied if we have 

(a:— 1) ' «, or > P, or a: «, or > P- + 1. 

Thus, to obtain a superior limit of the ^sitive roots, toe in" 
crease ly vmty the root of the greatest negative coefficient ^ whose 
tndex is the number of terms v^uch jfrecede the first negtxttwe 
term. 

EXAMPLES. 

Find superior limits to the roots of the following equations : 

1. a:» + 7a;*— 12a:»— 49a:8 + 52a: — 13 = 0. 

1^ 1 

Ans. P' + l = (49)«+l=8. 

2. a?* — 5a:» + 37a:« — 3a:+39r=0. Ans. 6. 

3. 2a? — 2^"— 11 a: + 4=0. Divide the equation firs 
by 3, then applying the rule the limit will be 5. 

4. a?*+ 11a:* — 25a: — 67 = 0. The greatest negative o* 

efficient, if that of sf, or 67, and the missing term being counted 

1 1 

which is necessary, r = 3 ; whence P' -[- 1 1= (67) ' -j- 1 = 6 

6. a:*+lla;«-25ar — 61 = 0. Ans. 5. 

242. A number numerically less llian the least positive root 
of an equation is called an inferior lijnit to tha positive roots. 

In the preceding examples we have regarded as the inferior 
limit of the positive roots. Thus the positive roots of the first 
example are all comprised between and 8. A nearer inferior 
'imit may, however, be found. 

Let J = be any equation, and in this equation let us puf 
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x^-. We shall obtain, it is evident, a derived equation Y = 

in wliich the greatest value of y will correspond to the least 
value of X. If then we find the superior limit L to tlie roots of ^ 

the equation Y rsO, the reciprocal of this, or y-) will be the in- 

ferior limit to the roots of the proposed equation, or X = 0. 

Thus, let it be proposed to find the inferior limit of the posi- 
tive roots of the equation a? — 42 a:* + ^^ ^ — 49 = 0. 

Putting rr = - , we have for the transformed equation, 

y 

which gives, by the rule, 10 for the superior limit of its posi- 
tive roots. Thus the inferior limit to the positive roots of the 

proposed, will be ^t;. 

243. The particular form of the equation may sometimes 
suggest artifices, by means of which closer limits may be ob- 
tained than those given by the preceding rules. 

Thus, the equation a:*4-lla;* — 25a; — 61 = 0, may be put 
ander the form 

x{x^^25) + u(^~^ 

« in which it is evident that a: = 3, or any nimiber greater than 
3, will give a positive result. We shall have 3^ therefore, for 
the superior limit to the positive roots, which is much nearei 
than 6, the limit obtained by the rule. 

The equation a:* — 5 a:* + 37 a:* — 3 a: + 39 = 0, maybe put 
under the form 

V(a:-5) + 37a:(a:^l)+39 = 0; 

and the equation ««+ 7a:* — 12a:» — 49a;» + 523:— 13 = 
under the form 



296 KUOKRsm of algkb&a* 

It is evident that 5, and any number greater than 5, sab* 
otituted for a; in the first of these equations, and 4, or any 
number greater than 4, substituted for x in the second, will give 
positive results. We have, therefore, 5 and 4 respectively foi 
the limits, instead of 6 and 8 obtained by the rule. 

The artifice consists in decomposing the equation into part^ 
each of which is composed of two factors, the first a positive 
monomial, and the other a binomial in a;, the second term of 
which is negative, and then determining x in such a manner, 
that all the &ctors within parentheses shall be positive. 

244. It remains to find the superior and inferior limits to the 
negative roots. In order to this, we transform the proposed 
equation into another whose roots shall be the same as the pro- 
posed with contrary signs» The limits of the positive roots of 
this equation, taken witn a contrary sign, will be the limits to 
the negative roots of the proposed equation. 

Thus, let it be proposed to find the limits to the negative root 
of the equation a^ — lx'\'ls=iO. Putting a; = — a:, or, whicli 
' is the same thing, changing the signs of the alternate terms, 
the missing term being supplied, we have 
a:«— 7«-7 = 0, 
the limits to which are 4 and 3 respectively. The negative 
root of the proposed will, therefore, lie between — 4 and — 3. 

245. In the preceding numbers we have found the limits 
between which the roots aU lie. When the roots of the pro- 
posed are incommensurable we shall wish to find limits between 
which the individual roots are situated, in order to determme 
more readily the initial figures of the roots. 

Let a, 3, c, icc.f be the real roots of an equation in the order 
of their magnitude, so that we have a>3, 3>c, &c.; and 
let a\ b\ c', be a series of numbers, such that a' is greater than 
ff, h' a number comprised between a and h, so that we hav« 
y ^ a, y ^ 3, and so on. 

The original equation, it is evident, will be 

{x — a){x^b){x^c) =0. . 
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If now, in this equation, we substitute a* for a;, it becomes 
(a' — a) (a'— i)(fl^ — c) . . . .=0; 

and since a! is greater than a, 3, c, &:c., the factors will each be 
positive, and hence their product will be positive. 

Again, let b' be substituted for x^ the equation becomes 
^b' — a){l/ — b){b' — c) =0; 

here, since b' is less than a, but greater than by c, &c., the first 
factor will be negative and the rest positive ; the product, there- 
fore, will be negative. 

If, again, (f be substituted for z, the equation becomes 

{c'—d:){c' — b){c' — c) =0; 

here, since cf is less than a and 3, but greater than c, &c., the 
first two factors will be negative and the rest positive; the 
product will, therefore, be positive. 

Hence, 1®, If a quantity, greater than tlie greatest real root, 
be substituted for x, the result will be positive, 

2*. If quantities intermediate between the roots, beginning 
with the greatest, be substituted, the results will be alternately 
negative and positive. 

Ex. 1. The roots of the equation a^ — 13 a; -f 12 =s 0, are 
3, 1, and — 4. Substitute 4, 2, 0, and — 5 for rr, and observe 
the signs of the results. 

Ex. 2. Make a like substitution in the equation a:" — Sa:* -)~ 
' 2 a; + 8 = 0, the roots of which are 4, 2, and — 1. 

From the preceding principles it follows, 

P. If two numbers be successively substituted for x in any 
equation, and give results with different signs, then between 
these numbers there must be oTie, tkree^five^ or some odd number 
of roots. « 

2°. But if the numbers substituted for x give the same sign, 
then between these numbers there will be either no root, or 
there will be two, four y or some even number of roots. 

3®. If any quantity q and every quantity greater than q 
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renders the result positive^ then q is greater than the gretUest 
root of the equation, and will be a superior limk of the roots. 

4^. Hence, if the sigm of the alternate terms are char^d^ 
and if p and every quantity greater than p renders the result 
positive, then — j? is less than the least root, and will be an 
inferior limit. 

6®. If the degree of the equation be even, the substitution of 
a number less than the least root will give a positive result. 
But if the degree be odd, the result will be negative. 

246. The substitution of the natural series, 0, 1, 2, 3, &c., 
taken negatively as well as positively, will enable us to discover , 
the position, and determine, in general, the initial figure of 
the real roots. 

Ex. 1. Let it be required to find one of the roots of the 
equation a^ — Aa^ — 6x-^8 — 0. 

Substituting for x, we have 8 for the result. Substituting 
|iext 1, the result will be — 1. There will be a root, therefore, 
between and 1, and very near 1. Try next .9. Putting .9 
for X, the result is .089. There is, therefore, a root between 
.9 and 1. We shall have then .9 for the initial figure of the 
root. 

Ex. 2. Find the first figure of one of the roots of the equation 
st^+2a^ + 2si^ + 6x^148^0. 

Ans. The substitution of 2 gives a negative, and of 3 a posi« 
tive result. There is, therefore, a root between 2 and 3. 
Hence 2 is the first figure of the root. 

Ex. 3. Find the first figure of one of the roots of the equation 
fp^^+x^ + x-- 100 = 0. Ans 4. 

"Ex. 4. Find the first figure of one of the roots of the equation 
aJ»4.1.5r»+ .3a:— 46 = 0. Ans. 3. 

Ex. 5. Find the first figure of one of the roots of the equation 
3? — l2x + 8 = 0. Ans. .6. 
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LIMITING EQUATION. EQUiL ROOTS. 

247. An equation, the roots of which are intermediate be« 
tween those of a proposed equation, will have for its roots limits 
to those of the proposed equation, and is, therefore, called ihe 
separdiing or limiting equation. 

Let a, b, c, &c., taken in the order of their magnitude, be the 
roots of the equation 

af* — Aar-i + Ba:»-«+ Ta; + U = 0,- (1) 

it is required to find an equation the roots of which shall lie 
between or separate those of the proposed equation. 

Diminishing the roots of the proposed by x\ we put xssu 
-f- x\ and developing, as in art. 237, it becomes 

M»+A'IA-14. T'M + U'asO, 

in which the coefficient of the last term, U', will be 

a:'» + A/-i + Ba:'»-^+ . . . TaT + U; 
and the coefficient T' of the term before the last will be 
nar'»-i-f.(?i — 1) Aa:'*-« + (« — 2)Ba;"^+ . . . . T. (2) 
But a, h, c, &c., being roots of equation (1), the roots of the 
transformed will he {a — a^), {b — a^), (c — of), &c. Henice, 
by -art. 229, the coefficient of the last term but one of the trans- 
formed will be the sum of the products of every w — 1 of 
these roots with their signs changed. Thus this coefficient 
will be 



(a:' ^b) {af -- c) {z' — d)to «— 1 factors, 
,^laf ^a){af^c){3f —d) « « 

-- (a/ — a) (aT — 3) (sf — d) « « 

V — a) (a^ — i) (V— c) « « 
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all the factors save one occurring, of course, in each term. 

But the expressions (2) and (3) are equal, since they are but 
different expressions for the same thing, viz^ the last coefficient 
but one of the transformed equation. Hence, whatever changes 
are produced by substitution in one of these expressions, tlu^ 
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same changes will be produced by a like substitution in the 
other. 

If we now substitute a for a:' in each term of (3), all the 
terms, except the first, will vanish, and the coefficient will be 
reduced to (a — 3) (a — c) (a — J) . . . in which the signs of 
the factors are each positive, since a is greater than by c, d^ &c. 
Substituting 3, in like manner, all the terms vanish except the 
second, in which the sign of the first factor will be negative, and 
those of the rest positive. For the substitution of a, 5, c,* &c., 
successively, we shall have the following results. 
lst,fl, (a — h) (a-c) (a— rf) . • . =+ . + . += + 
2d,^ (i-fl) (3 — c) (*-rf) ...=-. + . += — 
3d,c, (c— fl) (c — 3) (c — ^ . . . =— . — . + = + 
4th,i?, {d—a) {d'-h) [d'-c) . . .=—. — . — = — 

&:c., &;c. 
and by consequence the same changes of sign will result from 
a like substitution in (2). 

If then we put (2) s: 0, and write z for x\ it becomes 

nx^i-f-(n — 1) A«^ + B (n— 2)z*-^+ T = 0. (4; 

And since, from what has been done,,the substitution of a, ^, c 
5dc., in this last gives results alternately positive and negative 
its roots will be intermediate between these quantities, that is, 
between the roots of equation (1). 

Equation (4) will, therefore, be the limiting equation to equa- 
tion (1) ; and since the former is the derivative of the latter, 
in genera}, th^ derwative of an equation tmU he its limiting 
equation. 

Ex. 1. "What is the limiting equation toar* — 7a:' + 5a:' + 
31:r-30 = 0? Ans. 4a:»-21a:«4. 10a:+31 = 0. 

248. The roots of equation (1) in the preceding article, being 

represented by a, 3, c, &c., respectively, if y, c', d\ &c., in like 

manner represent the roots of equation (4), the roots of the two 

equations arranged in the order of their magnitude will stand 

thus: 

a, ^, ^, <^, e, d\ kc. 
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Here, if the difference between a and h is zero, the difference 
between a and h' must also be zero ; that is, if a is equal to 3, it 
must also be equal to h' ; hence the factor x-^a will be found 
both in the proposed and its limiting equation. The two equa 
tions will, therefore, have a common measure a: — a. 

Again, if h and c are each equal to a, then h\ c\ will also br 
each equal to a, and the two equations will have a common 
measure (2: — a)\ and so on. 

Conversely, if a proposed equation and its derivative have a 
common measure x — a, the proposed will have two roots, each 
equal to a. If they have a conunon measure, (a: — a)*, the 
proposed will have three roots, each equal to a, and so on. 

To determine, therefor^, whether an equation has equal roots, 
we form the derivative or 'limiting equation, and then seek the 
greatest common divisor of the two equations. 

The factors of this oommon divisor being determined, it is 
evident they must enter each once more into the proposed, and 
thus the number and value of the equal roots will be deter- 
mined. 

Suppose the greatest common divisor of the proposed and its 
derivative to be (x — a)' (a: — i)* (a; — c). The proposed will 
have 4 roots equal to a, 3 equal to b, and 2 equal to c. 

Ex. 1. Find the equal roots of ^e equation 3 a:* — 10 2' 
+ 15x + 8 = 0. 

The derivative is 15 af* — 30 a:* -f- ^^ = ^* ^^^ ^® greatest 
common divisor is a^ -{- 2 x -^^ 1, ot, {x -j- 1)'. The proposed, 
therefore, has 2 roots equal each to — 1. * 

Ex. 2. Find the equal roots of the equation 3^ — Uai^'\'6l 
aJ — 84a; + 36 = 0. 

The greatest common divisor between the proposed and its 
derivative isa:* — 7a: + 6 as(a: — 6) {x — I). 

Ans. Two roots equal to 6 and two equal to 1. 

Ex. 3. Find the equal roots of the equation a?* — 2 a:" + 1 
sss 0. Ans. Two equal to 1, and two equal to — 1. 

26 
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Ex. 4 Find the equal loots of the equation x' — 2a^^ 4a 
+- SsO. Ans. Two equal to 2. 

Ex. 5. Find the equal roots of the equation ;i^ — 6 2* + 8 
^^6:r— 9 = 0. Ans. Two equal to 3. 

IMAOnCABT AND BSAL BOOTS. SmTRM's THBOREM. 

249. In the search for the roots of aa equation, it is of the 
first importance to determine, at the outset, the precise numher 
of real roots the proposed equation contains, in order that the 
substitutions required in the solution may be restricted within 
the narrowest possible limits* To separate the real and im- 
aginary roots, of a proposed equation so as to determine the, 
exact number of each, is a proUem of great imd acknowledged 
difficulty. It entirely baffled the skill of mathematicians, until- 
in 1889 it was completely solved by the.beautiful Theorem of 
Sturm, which we shall now explain. 

heiY=ur + A2r'^ + B3r^+ . . . Tar + U=0, 
be im equation of the nth degree with no equal roots, and VissO 
be its derivatiye or limiting equation. 

We now apply to V and Vi die process for finding their greatest 
common divisor until a remainder is obtained independent of a;, 
observing, however, to change the. signs of each remainder as 
we proceed. 

Let the series of remainders, with their signs changed, be 
represented by V,, Vj, V4 . . . V^ V, being the last remainder 
or that wh^h is independent of x. 

Let p and q be any numbers taken at pleasure, of which p is 
the greater. Let p be substituted in the place of a; in the func- 
tions V, Vi, Va V„ and write in order in one line 

the signs of the results. Substitute next 9 in the same manner, 
and write in order the signs of the results. The difference in 
the number of variazums between the two rows of signs resulting 
from these substitutions^ wSl be equal to. the number of real roois 
ef the equation F=; 0, comprised between the numbers p and q. * 
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This is tbe Theorem, of Stunn, which we now proceed to 
demonstrate. 

In order to this, let Q, Qi, Q^ kct represent the quotients i^ 
tained in the successive divisions of V by Vi, Vj by Vj, and so 
on. From the manner in which these functions are derived, 
we shall have this series of equations : 

• • • • • • 

This being premised, we remark 

P* No two consecutive fiiinctians can become 0, or vam^ for 
the saTne value of X, • 

For if two consecutive functions Y» Vs, for example, can at 
the same time become equs^ to 0, then we shall have V4 = ; 
and Vg, V4 being each equal to 0, then V5 will be equal to 0, 
and so on, until fufially V„ or the last remainder, will be equal to 
0, ^ich is impossible, since this remainder is independent of x, 
and cannot be aflected by any change in the value of x. 

2*. If cmjeof the funetiom, Vj, for example, becomes for a 
particular value of x, then the adjoint Junctions between whkh 
it is placed, have for thai value contrary signs. 

For we have Vj|= Q, Vg— V4 ; 
hence, if Vg == 0, V, ssr — V*. 

Thus the adjacent functions have in this case.contpiry signs. . 

Let now j? be greater than the greatest root, and negative 
roots being regarded as less than corresponding positive ones, 
let q be less than the least root of the' equations 

V=:0,Vi = 0,V,=aO .... V^a = 0, 
and let q increasing by insensible degrees until it reaches the 
value of ji, be substituted successively for x in these equations. 
We remark again, 

1^. So long as q remains less, than the least root of the equa- 
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tions, no change will be produced in the signs by its snbstita- 
tion. 

2?. But when ^ in the process of its increase becomes equal 
to the least root of the equations, in Vs, for example, then for 
this value V3 vanishes. But there will be no change in the 
number of variations of the signs produced by this circumstance. 

Indeed, q being still less than the least root of V^ and V4, the 
signs of these will not change by the substitution which causes 
Vy to vanish. And since when Va vanishes, Y^ and V4 have 
necessarily opposite signs, the signs of the three consecutive 
functions must before have been, either 

• V„V„V,) (V,V„V« 

+ =F-1 " |-± + 
which give each, whichever of the double signs is the true one, 
one permanence and one variation. 

Now, when Ys vanishes, the signs become 

+ -I »' 1-0 + 

in each of which there is still one variation. 

If q now becomes greater than the least root of V^, but is still 
less than the roots of V^, V4, the signs of Vs, V4 will remain as 
ihey were before ; but the sign of Vt will change. The three 
consecutive signs will then be 

+ ±— iOr — =F-f-, 
still exhibiting one permanence and one variation. 

The same reasoning obviously applies to any of the inter- 
mediate functions between V and V,. 

The function V„, being the last remainder and independent 
of X, can undergo no change of sign, whatever value is sub- 
stituted for X. It follows, therefore, that there can be vo change 
in the Tvwmher of variations of the signs^ ufdefs it arise from a 
change of sign in the primitive function, 

3". Of the two equations V =8 0, Vj s=s 0, one will necessarily 
be of an even degree and the other odd. If, therefore, a number 
less than their ^east roots be substituted in them, the results 
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(art 245) will be of different signs. Let us then suppose next 
(hat the value of g in its increase has noMr become greater &an 
ikb least root of Y ss 0, but is still less than Ihe least root of 
V^i±=0, the toots of the latter (art. 347) being necessarily 
greater than the least root of the former. When q peasaeH 
the least root of V = 0, there will be a change of sign in ikis 
equation ; thus the results of th^ substitution in ihe equations 
VsOyVic^O will now have the same sign. That is, the 
results of the substitution in the&b two equations, which before 
exhibited a variation, ^HU, in its steady exhibit a permanence. 
And by consequence the whole ntunber of variationir is in this 
case diminished by unity. • 

If q goes on to increase until il has passed the lea^t root of 
Vi = 0, this function will change sign, so that V fend Vj will 
give difierent signs, but will again have the same sigil when the 
second root of V =s is passed. Thus ihete will be tso change 
in the number of variations until the second root of V = is 
passed, when the number of variations will again bef diminished 
by unity. 

In like manner it may be shown that when q in it^ progress 
towards p passes successively each of the remaining roots of the 
primitive function V = 0, the nuitber of variations in each case 
will be diminished by unity. 

It follows, therefore, since no change in the number of vii^* 
tMMis is made when any of the functions except th^ primilave 
are reduced to zero, that the difference in the immber of wnith 
tiom^ when p and q are successively substituted in the fimctkns 
y, Yi) V<2, if c, wUl e3bw<jsfi he equsi to the number of real roofs 
comprised between p and q* 

This is the propoiritioh which was to be demonstrated. We 
will illustiate by an example. 

For this purpose let us form the equation whose roots shall be 
1,2, 3, and 4. Itwill be a?*-- 10«« + 863:«-50* + 94 = 0. 

The functions f^Mnoaed according to the tule, And their rootSr 

wh'^n the functions are made equal to 0, will be as folloiN% : 
20 
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RmOioiu. 








JZMf. 


V— «*- 


10 a* 


+ 35 a»- 


-60 


* + 


24 


1. 2, 3, 4 


V,=»4:r» — ! 


50i» + 70«. 


-60 






1.3.2.5,3.6iieaily 


y.arSz*— ! 


25z 


+ 29 








1.8, 3.1 


V,b2x - 


5 










2.5 


V«=9 














Since the least root of the fanctioiis is 


1, we will b^in die 


sabstitotions with 


a number less than this .8, for example. 






V V, 


V, 


V, 


V4 




s^JB 


gives -j 


+ 


— 


+ 


4 TSiiatioDS. 


.9 


M 


+ - 


+ 


-r- 


+ 


4 


1 


«« 


— 


+ 





+ 




1.1 


«C 





+ 





+ 


3 


1.9 


M 


- + 


— 





+ 


3 


2 


U 


+ 


— 





+ 




2.1 


u 


+ + 


— 





+ 


2 


2.5 


*t 


+ 


— 





+ 


2 


2.9 


tt 


+ - 


— 


+ 


+ 


2 


3 


tt 


— 


— 


+ 


+ 




8.1 


tt 





— 


+ 


+ 


1 Tariatum. 


3.9 


tt 


- + 


+ 


+ 


+ 


1 


4 


tt 


+ 


+ 


+ 


+ 




4.1 


tt 


+ + 


+ 


+ 


+ 


novaiiation. 



From inspection of dus table, we see 

1*. So long as the value substituted for x is less than the 
least root of the functions there is no change in the signs. 

2*. When in the process of the substitution Vj, Vj vanish, 
the adjacent functions are of opposite signs, and no change 
takes place in the number of the variations. 

3®. That whatever changes of sign take place in the secondary 
functions Vi, &c., the number of variations is not affected by 
diese changes. 

4®. That in every case when the pnmitive function changes 
sign, there is a loss of one vanation and of one only. 

6*. The roots of the equation being comprised within the 
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imits of the values assigned to x, the number of vant^tioDS 
lost is precisely equal to the nnmber of the real roots of the 
equation. 

250. If the number only of the real roots is required, it will 
be sufficient to substitute -f- oo, and — oo, the extreme limits, 
instead of x. 

Ex. 1. Required the number of real roots in the equation 
aJJ_9a:2^23a:— 15 = 0. 

We shall have for the functions 

V= ««-. 9a:» + 23a:— 15 
Vi = 3a;«— 18a:+23 

Substituting in these functions + oo and — oo successively, 
we have the following results : 

a:= + 00 gives + + + + No variations. 
x=i — 00 " ^j h 3 variations. 

Here the difference of the variations is 3. There will be, 
therefore, three real roots in the proposed equation. And as 
the equation contains no permanence, the three roots will all be 
positive. 

If the situation as well as ntimber of the roots is required, we 
proceed as follows. Beginning with 0, we substitute the seriei^. 
of natural numbers 1, 2, 3, 4, &c., for x in the functions, thus, 

2;s=0 gives f- "" + 3 variations. 

a: = l " -f- h 2 " 

a:=2 "^ H [- 2 « 

a:=:3 « — 0+1 variation. 

a:=4 " 1-+ 1 " 

a;ssss5 " 0-j--|--J- no variation. 
Since the numbers 1, 3, 5, reduce Ihe proposed to 0, these 

are die roots of the equation, which are thus completely dele> 

mined by the process. 



30S 
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Bx. 2. To find the number and raitutl figmea ef the footi of 
the equation a^ — 4x* — 6z-(-8ss0. 
The functions aie y = «•— 4z*— 6a:-f 8 

Vi= $«»— 8*— 6 

V,=17a: —12 

v.=+. 

The sign only of Vg is written, since this is all that is neces- 
sary, and this may be determined without actually performing 
the division. 

Substituting -f- oo, and — od, 

« = -f- ® gives -f- "t" "h "h '^^ variations. 

a:=s — GO «« 1 1-3 variations. 

There will be, therefore, three real roots ; and as there is one 
permanence in the proposed, one of these will be negative. 

To determine the situation of the roots, we substitute the 
series of natural numbers 0, 1, 2, ftc., positive ai^ negative, 
thus: 



Var. 



xsst Ogives-j \- 

«3sr— 1 

a: =— 2 



±±Z*^ 



Var. 

S 

2 

3 



x=0gives-| 1- 2 

at^stl ^ U-- 1 

z = 2 « 1- 1 

x = 3 " 1 

a? = 4 '* [- + -- 1 

Ffom the column of variations, it is evident that the Toot» lie 
between and 1, 4 and 6,-1 and ^ 2. The initial figures 
of the roots are, therefore, 0, 4, and — 1. To obtain the first 
decimal figure of the root between and 1, we substitute in 
the order of tenths. And since 1 is v^near ihe root we begin 
with .9. Thus 

ar= I gives — — -f- + 1 variati<«. 
a:=s=.9 " -^ f- -f 2 variatiort*. 

ttre initial figures of the roots acre, therefore, .9, 4 and ^ 1. 

St S. How many rest toots faais llie ecfcuitioii if — ^af-^ 
11« — 6 = 09 Ans. Three, vi^., 1, % and % 
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Exw 4. Hpwmftayi^al xwM b»6 the eqimtion x" — i>Jt^ + 
«a:— J=0? Am, 1- 

Ex. 5. How many real roots has the equatioa t/^^^lz^ 
1 = 01 
Ans. 3. Two hetween 1 and 2, and one between — 3 and — 4. 



SECTION XXVU. — SoLTjnoif of hitmebical bquations of 

ANT IXE6BBE. 

The principles now obtained are sufficient for the solution of 
numerical equations of any degree with one unknown quantity. 
We proceed to apply them. 

COHMENSURABLB BOOTS. 

851. A commensurable root, it will be recollected, is one 
wl^ch has a common measure with unity. It may, the]eft»<», 
be an integer, or a definite fraction, such as, ^, ^, j>, &c. We 
commence with the research for integral roots. 

Since 6very root of an equation (art. 229) is a divisor ^ the 
last or absolute term, the integral roots of equations must, as we 
have seen, be sought among the entire divisors of this term. 
They will be comprised, moreover, between the limits of tlie 
roots. Every equation, the coefficients of which are entife 
numbers and that of the first term equal to unity must have 
(art 230) entire numbers for its commensurable roots. We 
begin with equations of this description. 

Ex. 1. Let it then be proposed to find the integral roots of 
theequationar*— 5a?*+a» 4-160^ — 20 af+ 16 = 0. 

The limits of the roots are 5 and — 4 The integral loots 
of the equation must, therefore, be found among the entire divi- 
sors of 16 comprised between 6 and — 4. These are 4, 8, 1, 
— 1, . — 2,-4. But 1 and — 1, it will be seen at once, are 
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not loots, smce they will not satisfy the equation. The tnal 
diTiaon, are, therefore, leduced to 4, 2, — 2, — 4. These we 
try in soccenion. 



1«.5 + 1 + 16 — 20+16 
+ 4-4—12+16—16 



«.1_3+ 4— 4 
2 + 2— 2+ 4 



1-1 + 

_2 + 2— 



1 — 1 + 1. 

From the opeiation, 4, it is evident, is a root, since the diyis- 
ion by X — 4 leaves no remainder. Dividing the quotient of 
this division by z — 2, there is no remainder; 2 is, therefore, a 
root Dividing next this last quotient by a; +2, there is no 
remainder; hence — 2 is a root. We proceed no further with 
the negative divisors, since the equation exhibiting but one per- 
manence can have but one negative root, and that is now found. 
The coefficients of the remainder after these successive divisions 
are 1 — 1 + 1* Hence we diall have for the depressed equa- 
tion containing the remaining roots of the proposed, s' *-:e + 1 
s= 0, the roots of which are imaginary. 

Bz. 2. What are the integral roots of the equatioif 
xs_10a:* + 31« — 30=0? 

Since the equation exhibits only variations of sign there can 
be no negative roots. It will be necessary, therefore, to find 
only the superior limit of the positive roots, and to emjdoy the 
divisors of 30 between and this limit. The limit is 10 ; and 
since 1 is obviously not a root, the trial divisors will be 2, 3, 5, 
and 6, by means of which we obtain 2, 3, and 5, for the roots. 
And the equation being of the third degree only, these are all 
the roots, and the equation is completely solved. 

Ex. 3. What are the integral roots of die equation :i^ — 10 
i6»4-37«»— 60« + 36 = 0? 

The equation has no negative roots. Applying the process 
we obtain 2 and 3 for the po^tive roots. These, it is evident, 
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may be equal roots. To discover whether this is the case, we 
continiie the division by 2 and 3 upon the depressed equation 
after taking out the roots 2 and 3. Or we( substitute 2 and 3 
successively in the derivative of the proposed. And since they 
satisfy this equation also, they are (art 247) equal roots. ' Thus 
the integral roots of the proposed are 2, 2, 3, 3 ; and since it is 
of the fourth degree only, these are all its roots. 

252. When the number of trial divisors is large, the process 
is laborious. It will admit of some simplification in the manner 
WB will now explain. 

Let it be proposed, for example, to find the integral roots of 
the equation r* — 15 a:* + 74a: — 120 = 0. 

The equation has no negative roots. The superior limit to 
the positive roots is 15 ; and since 1 is obviously not a root, the 
trial divisors will be 12, 10, 8, 6, 5, 4, 3, 2. 

In making trial of the divisors it will be found most conven- 
ient to invert the order of the coefficients, that is, arrange with 
reference to the ascending powers of a;, and then change the 
signs of the divisor, the effect of which will be merely to change 
the signs of the quotient. 

Thus, in the present example, if we begin with 3, the work 
will be • 



120 + 74—15+1 
— 40 



34 

8 is not a root, since 34 is not divisible by 3, and the total divis- 
ion by 3 is,jtherefore, impossible. Try next 4. 



120 + 74-15 + 1 
_30+ll_l 



44—4 0. 

4 is a root, since there is no remainder. Proceeding with the 
process we find 5 and 6 for the remaining roots. 

If the operations performed above be examined with attention, 
the following principle, which may easily be proved to be 
general, will be discovered, viz. : In order that a number may 
be a root, the first coefficient or absolute term, must be divisible 
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hy it, 80 iQUSt also the siun of the quotient a^d tbq n^X q^ 
efficient, the sum of this last quotient i^nd tbQ nex:t coefii^iiii^^ 
and so on throughout, the Ux^ quotiyent being always -^X. 
Any number which will not sustain ttie^e tests in suGsfie^OMii^ ip 
no( a root 

Taking advantage of what has now been said, th« esntQe 
work in the example proposed may be conyepiently perfoimfd 
as follows : 



-180 


12, 10, 


8. 


6, 6, 4, 


3. 


8, 


+ 74 


_ 10,-12, - 
64, 62, 


15,. 
59, 


-20,-24,-30,- 
54, 50, 44, 


-40,- 
34, 


-60, 
14, 


- 15 


* * 


* 


9, 10, 11, 
_6,_ 5,- 4, 


* 


7 
—8 


+ 1 






— 1,— 1,— 1, 




— 4 



# 

The coefficients of the proposed are placed in a vertical 
column with their proper signs. On the same horizontal line 
with the first coefficient, or absolute term, are arranged the trial 
divisors. Beneath these, in the same horizontal line with the 
second coefficient, are placed the quotients arising from the 
division of the absolute term by the 'trial divisors. Beneath 
these, in the next line, are placed the sums of the first quotient 
and second coefficients. These are the dividends to be divided 
next by the trial divisors ; and the quotients of this divisi(m axe. 
placed beneath them in the next line below, and in the scMiie 
line with the third coefficient, and so on in order. 

On the second division the divisoi-s 12, 10, 8, and 3 are re- 
jected, and the divisor 2 on the fourth. The only divisors which 
sustain the required tests are 6, 5, and 4, and these are, there- 
fore, roots of the equation. 

The following examples will serve as an additional exercise. 

Ex. 1. What are the integral roots of the equation 2^ -|" 3 
«•— 8a:4-10 = 0? Ans. — 5. 

Ex. 2. What are the integral roots of the equation a^ + A 
^• — a:»— 16a: — 12=0? Ans. 2, — 1,-2, and — 3. 
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Sx. 3. What are tfao integml foots of thfi equAiion a^ -^ af 
•^13^+16a; — 48;s«0? Aos. 4, and -^4 

Ex. 4 What are the integral roota of the equation o:^-*-^ 7 
/^17:^„nx + 6«=0? Ans. 1, l,2,andS. 

253. The method ahove is applicable also to equations, die 
eoeffidenta of which aie entire numbers and that of the first 
term different from unity. In this case the last quotient will 
be — 1 multiplied by the coefficient of the first term. 

Ex. 1. Find the integral roots of the equation 2 2:' •-^222' 
-f02x — 42 = 0. Ans. 1, 3, and 7. 

Ex. 2. What are the integral roots of the equation 3 x' ^^ 23 
a:* + 44a:— 20 = 0? Ans. 2 and 6. 

254. We proceed next to equations which contain fractional 
commensurable roots. 

Let it be proposed, for example, to find the commensurable 
roots of the equation 

"^ 12'^ + 24'^ 24'' + 12"-"- (^^ 
To find Ae integral roots, we free the equation from denomi- 
nators, which will not alter the value of the roots. This gives 
24 a?* — 74a;» + 61a:» — 19a: + 2 = 0. 
Applying next the process above to this equation we obtain 
2 for the integral root. Removing this from the proposed, the 
reduced equation will be 

Since 2 is the only integral root of the proposed, the commen- 
surable roots of this last, if it have any, must be fractional. 
To determine these we transform the equation into another 
whose roots shall be integral. In order to this (art. 240, no. 2) 

we put a; ^ ^, 24 being the least common multiple of the de- 
nominators, and we have for the transformed 

aJJ_26a:« + 316a: — 576 = 0. (8) 
Applying the process for integral roots to this equation tih« 
27 
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vooto aie found to be 12, Q» and 6. But these, it is evident, 
aie 24 times larger than those of equation (2). Hence the 
xoolB of (2) aie ^, ^^ and ^. 

The roots of the proposed equation will be, therefore, 2, ^, ^, 
and j^. 

Ex. 2. Find the commensurable roots of the equation vf -^ 

31 1 1 

gg^' + g* — 35 = 0. Ans. i,i,andf 

Ex. 3. Find the commensurable roots of the equation 3 2* — 
14a:* + 21a: — 10 =s 0. Ans. 1, f, and 2. 

Ex. 4. What are the commensurable roots of the equation 
12:c* + 20a;»-llz«-5x+2=0? 

Ans. J, ^, — J, and — 2. 

INCOMMENSUBABLB ROOTS. 

255. Incommensurable Roots are those which have no com- 
mon measure with unity, such as surds and interminable deci- 
mals. 

We proceed next to equations having incommensurable roots. 
These may be found by the principles explained above to any 
degree of approximation we please 

Let it be proposed, for example, to find the roots of the equa 
tion «» + 1 1 a:« - 102 a: -t- 181 = 0. 

The substitution of -{• co and — oo shows that the equation 
has three real roots. And since there is but one permanence, 
two of the roots will be positive. The functions are 

V= a:« + lla:*-102«+181 

Vi=* 3a:»4-22a:-.102 

V,= 122a: — 393 
' V,= + 

Putting a?= gives -j 1- 2 variations. 

a:=l « 4 [- 

a: = 2 " -] + 

a:=3 " -j f- 2 « 

zsssA " + + + + no variation. 
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The two positiye roots are, therefore, comprised between 3 
and 4. To approach ihem more nearly, we transform the pro- 
posed equation into another whose roots shall be less by 3. 
. n&e functions will be, 

Ts= 1222—27 

FiQtdng in these 

a; = gives -| 1- 2 variations. 

« = .l « ^ 1- 

a: = .2 " -j 1- 2 « 

* x = ,3 " + + + + ^^ variation. 
The two positive roots of the reduced equation are comprised, 
therefore, between .2 and .3. Hence those of the proposed are 
comprised between 3.2 and 3.3, 

To approach the roots still nearer we transform the last 
transformed equation, 2?-^20a:^ — 9a:-}- 1» ii^to another, the 
foots of which shall be less by .2. The functions will then be 
V= a;» + 20.6a:«-.88a: + ,008 
Vi= 3a« + 41.2a: — .88 
V,= 122a:— 2.6 
V. = +. 

In these a: = gives -| [- 2 variations. 

:c = .01 « + h 2 

a; = .02 " f- 1 variation. 

a; = .03 " + + + + ^^ variation. 
The two positive roots of the last transformed are comprised, 
therefore, between .01, .02 and .02, .03. By consequence the 
first three figures in those of the proposed are 3.21, and 3.22 ; 
and since the sum of the three roots is — 11, the negative root 
will be — 17.43. We shall have, therefore, for the approximate 
roots of the proposed 3.21, 3.22, and — 17.43. 

By the process above we may approach the roots of an equa- 
tion as nearly as we please. The process is, however, laborioub, 
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and may be much abridged. 'Die follewing method of accom- 
yUahing this object was finit published by W, G. Honev, of 
Bath, England, in 1819. 

EDBNEa'S MBTflOD OF APPKOXIMATION. 

« 

266, This method is founded upon the following principles. 
Let there be the equation 

V = a:' + Aa:-i+ T:c-f U = 0. 

Let 3f be the part of the root of this equation akeady found, 
and y the remaining part, y being very small compared with x'. 
Then, transforming the proposed into another, the roots of which 
shall be less by af, we obtain 

V' = ^ + A'3r^+ .... T'y + U' = 0; 
then, since y is a very small quantity, all the terms of this equa- 
tion, in which the power of y is abore the first, may be neglected, 
and the equation T* y -{- U' = 0, will give the value of y very 
nearly. Resolving this equation we have 

U' 

Thus, in the equation 3? — ba^^Sx — 1 = 0, the value of 
X, it is easy to see, lies between and 1. Neglecting the terms 
which involve x above the first power, we have for a trial equa- 
tion Sx — 1 = 0, from which we obtala x = .126. The first 
figure of this decimal is true, since by substitution it will be 
found that the value of x lies between .1 and .2. Thus the 
first figure of the approximate root is easily determined. In 
order to proceed to the next, we transform the equation V ' =3s 
into another whose roots shall be less by the part last found. 
, This will give a new trial equation, by which to find the second 
figure of the root, and so on. The rule may be tiius stated : 

1^ Find by trial, or by Sturm's Theorem, the situation and 
fint figure of the real roots. 

2^. Transform the proposed equati<»i into anodier, viAyooe 
fooli shall be less than those of the given equation by the part 
•f the loot already found. 
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3^. With the absolute term in this tmnsformed equation fof 
a dividend, and &e coefficient of z for a divisor, find the next 
figure of the root and verify it ia the transibrmed equation. 

4^. Diminish the roots of the transformed equation by fke 
value of the figure last obtained, divide as befor^ for the n^tt 
figttre^ and so on. 

Ex. 1. Find the roots of the equation tifi -{- \Q ix? -^ b 9 ^ 
260 = 0. The functions will be 

V = ;«»+10a:« + 6* — 260 
Vi = 3«» + 20:c +6 
Vs==17a?+239 
V. = -. 
Substituting in these functions as above, the equation, it will 
be found, has but one real root, the fir^t figure of which is 4. 
Transforming it into another, the roots of which s^all be I^M 
by 4, the operatbn will be 



1 1 


+ 10 


+ 5 


—260 


4 


4 


56 


244 




14 


61 


-16 




4 


■7S 






18 


133 






4 







and flifetiansfonned win be as* + 22 a:* + 133 ar— 16 = 0, (2) 
We have, therefore, few (he first trial equation 133 z — 16 
=0, which gives .1 for the second figure of the root. Thus 
the root of the proposed will be 4.1 nearly. Transforming 
next the equation (2) iitto another, whose roots shall be less by 
.1, &e operation will he 

iri +S2. +133 —16 



1 0.1 2J21 13.^1 



22.1 13&21 --2.479 

22J2 131.43 

.1 



22.3 
27* 
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and the tiansfoimed will be 2* + 22.32*+ 137.43 x— 2.479 
=0. (3) 

We luLTe, iherefaie, for the next trial equation, 137.43 a? -r- 
2.479 = 0, which gives .01 for the next figure of the root. 
The root wilU be, therefore, 411 nearly. Transforming, next, 
equation (3) into another, whose roots shall be less by .01, the 
operation will be 

111 +22.3 + 137.43 — 2.479 

.01 I M .2231 1.376531 

22.31 137.6531 — 1.102469 

.01 J2232 



22.32 137.8763 

.01 



22.33 
and the transformed will be 

«» + 22.33a:»+ 137.8763 X— 1.102469 a=0. (4) 
And we hare for the next trial equation 137.8763 a:— > 
1.102469 = 0, by which we obtain .007 for the next figure of 
the root. Transforming (4) into another, whose roots shaU be 
less by .007, the operation will be 



111 +22.33 ^-137.8763 -1. 

.0071 .007 .156359 .966228613 

22.337 13a032659 -.13624038^ 

.007 .156408 

22.344 13a;89067 

.007 

22.351 

and the transformed will be 

«» + 22.351 a:» + 138.189067 a: -.136240387 = 0, (5) 
and the next trial equation is 138.1890672 — .136240387 =s 0, 
from .which we obtain .0009 for the next figure of the root 
The root of the proposed will be, therefore, 4.1179 nearly. In 
like manner the approximation maybe pushed as fiir as we 
please. 
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The calculations may be performed more concisely as in the 
following table : 



1 1 +10 
4 4 

14 
4 


+ 5 
56 

61 
72 


- 260 1 4.11' 
244 

*-16 . 
13.521 


18 
4 


*133 
2.21 


* — 2.479 
1.376531 


1. *22.1 
.1 .1 


1^35.21 
2.22 


* — 1.102469 
.966228613 


22.2 


* 137.43 


» — .13624038r 



.1 



.2231 



.01 



.007 



♦ 22.31 
.01 



.01 



* 22.337 

7 

22.344 

7 



137.6531 
.2232 

* 137.8763 

.166359 

138.032659 
.166408 

* 138.189067 



* 22.361 

The process, when compared with the preyious work, will be 
easily understood. The coefficients of the successive tmnef- 
formed equations are marked with a star. The .1 placed at 
the right of "^22 in the first column is the .1 added in the first 
step of the process for obtaining the second transformed equa- 
tion, the addition being more conveniently made in this manner. 
A similar remark applies to the right hand figure of the other 
coefficients in the same column. 

The successive figures may be verified as they are obtained 
in the transformed equation. The process, it is evident, be- 
comes more accurate as we proceed. After four or more 
decimals have been obtained, two or three more may in general 
be found by simple division. 

The sign of the last term will sometimes change in the 
course of the operation. Unless there is in this case a change 
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oi sign in the preceding column ako, die fifftm Which kaa 
given rise to the change must he incorrect. This diange wMf 
not, however, always occur at the same figure of thcr root. 

257. In the preceding example a greater number of dedd^ 
places has been employed than is necessary to obtain the root 
to the degree of approximation atlidned, and the work might 
have been abridged by the omission of some of them. 

Let it be required, as a second example, to find the roots of 
the equation a^'-^lTa^ + Mx — 3Me= 0, to three places of' 
decimals. 

The equation has but one real root, the first two figures of 
which, found by trial, or Sturm's Theorem, are 14 The le 
mainder of the work, according to the rule, will be ai$ follows : 



1 1 

14 * 


— 17 
14 


+ 54 
-42 




—360 1 14.964 
168 




- 3 
14 


12 *■ 

.164 


-182 
170.379 




11 
14 

*25.9 
.9 

26.8 
.9 


*166 * 
23.31 

189.31 
24.12 

» 213.413 
1.3|876 


- 11.621 

10.740 


876 ■ 


1 
.9 


»— 880 
866 


125 
275664 




. —14 849336 


1 
.05 


* 217.75 
5 


214.81178 
1.S|900 


f 


/ 


27.80 
5 

* 2 7.854 
4 

27.858 
4 


* 216. 2075 
111416 




1. 
.004 


216. 


318916 
111432 






216. 


43034S 





27.862 

If this work is examined with attention, it will be seen that 
the result will still remain the same^ if all the figures to die 
right of the vertical lines, and those below the vertical line in 
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sei« 



the left hand column are omitted, by which the labor will be 
much abridged. 

The object is to retain no more decimal places in the ]^8t 
colunm than are necessary ; and these, in general, will not be 
greater than the number of places required in the root. Thus, 
in the present example, three places only being required in the 
root, we cut off in the last column, by a vertical line, all the 
remaining figures after three places have been obtained. This 
occurs after the operations with the figure 9 of the root have 
been completed. Then, since the multiplication by each new 
figure of the root produces one new decimal place in each 
cobimn as we proceed from left to right, in order that no new 
decimal places may occur in the right hand column we must, 
it is evident, cut off one figure in the column next preceding, 
two figures in the column next preceding that, and so on. The 
operation with the figure 5 of the root being completed, we 
again cut off oi^ figure in the column next preceding the last» 
and two in the column next preceding that, and so on. The 
work will then stand thus : 



1 
14 



-17 



54 



1 
.9 



.05 



004 



14 


-42 


-3 

14 


12 
164 


11 
14 


*166 
23.31 


*25.9 
9 


189.31 
2412 



-350 
168 



1495407 



26.8 
9 



•—182 
170.379 

»— 11.621 
10.741 

— .880 
865 



» 213.413 



1.3 



8 



*2 



7.7 
1 



2148 
1.3 



l-l .2|7.8 2|1|6|.2 

Care, it is evident, mast be taken that, in the result of each 
opeiatien, the figure immediately preceding the (me cnt off 
remain the same as if the contraction were not made. Thns 
21 
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Uk dM operation with the figure 5 of the foot, we contimie die 
use of the 77, cut off in the left hand column, until the oj^retioD 
with the 6 if completed. We retain abo, ia the column next 
following, one of the decimal places cut off. This gtToa, when 
tiM operation with the 6 is completed, 216.2 in this colasm, 
preciaely as if the contraction were not made. Gutting off nejrt 
one figure, the 2, in the column hefore the last, and two in tte 
column before that, there will be none remaining in this cdumn, 
and the multiplication by 4, the next figure pf the root, wiH 
produce no effect upon the following columns. 

Having obtained the 4, two addition^ figures may be found 
by simple division. In order to this, cutting ofi* the 6 ia die 
cohunn before the last, we have 21 for a divisor and 15 for a 
dividend, which gives for the next figure of the root. Again 
otttting off the 1 in the column b^ore the last, we have 2 fcv a 
divisor and 15 for a dividend, which gives 7 for the next figure 
of die root; and the <^pemtion, true to 5 placet^ of decimals, is 
now terminated. 

There is room for die exercise of judgment in the use of the 
figures cut cfBL The object being to keep the right hand figure 
in the result of each operation what it would be if the contrac- 
tion were not made, die learner must judge, in each case, what 
is necessary for this purpose. What has been done will serve 
as a genend direction. After a litde practice die operations 
will be easily executed, and die root obtained, to any degree of 
approximation required, with extreme facility. 

Ex. 3. To find the rbots of the equation af*— 7a: + 7 = 0. 
There will be one negative and two positive roots. To find the 
negative root, we change the sign of the alternate terms, and 
proceed as for a positive root. The result, with its sign changed, 
will be die negative root sought 

The roots are 1.356895, 1.6^21, and — 3.04S917, true te 
ISEX places of decimals. 

Two d the roots being obtained, the other may be fiiund by 
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ike ptinciple, art. 2S9. Thus, to find the negative root, w« iaA» 
the sfum of die two fjositire roots with the contrary sign. 

Ex. 4. Find one root of the equation a^-^ST^-j-^x — 178 
eat 0, true to 6 places of decimals. Ans. 4.5388B5. 

Ex. 5. Find the? roots of Ae equation a^ — 6 a: — 3sat^ 
ttue to four places of decimals. 

Ans. 2.4908, — 0.6566, - 1.8W®. 

Ex. 6. Findaroot of the equationa:*-f"2^""^* — TOt= 
X tarue to four places of decimals. Ans. 5.13^. 

Ex. 7. Find the root of the equation a:' + 3a?* + 2a:* — Sa^ 
- 2 a? — 2 == 0, to four places of decimals. Ans; 1 .0691. 

Ex. 8. Findthe roots of the equation 31*— a^-f"^^ + * — * 
= 0. Ans. 1.14699469, and — 1.0905986. 

268. The preceding process may he applied to the extraction 
f the roots of numhers. 

Ex. 1. Let it he required to extract the third root of 9. 
In this case, we have to solve the equation o^ — 9±:±0, 
which, hy the preceding process, gives 2.0800838 for th« 
answer. 

Ex. 2. To find die roots of the equation aJ* — 2 = 0. 

Ans. ±1.414213.. 
Ex. 3. Find the fifth root of 2. Ans. 1.148699. 

SECTION XXVni. ELDnmATioif. — Soltttioh of equatioiw 

WITH TWO OE MOSE UNKNOWN QUANTrriES. 

. 259. The equations of any degree, thus far solved, contain 
one unknown quantity only. We proceed next to equations 
with more than one unknown quantity. 

Let there be two equations with two unknown quantities. It 
is proposed to find the systems of values for the unknown 
quantities ps and y, that will satisfy these equations. In 
order to this^ we must first eliminate one of the unknown quan- 
tities. 

Let the equations, arranged in reference to z, be represented 
by A = 0,Bss0. 
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Applying to these the principle of the greatest common divisor, 

let Q = the quotient of A by B, and R = the remainder ; then 

A=:BQ + R. 

It follows from this equality, that all the values of z and y 
which give A = 0, B s=s 0, must also give R := 0. The sys- 
tem of equations A s= 0» B = 0, may, therefore, be replaced 
by the more simple system, B s=: 0, R si 0. 

Dividing next B by R, let a new remainder R' be reached. 
We may, in like manner, substitute for B s= 0, R = 0, the sys- 
tem, R ss 0, R^ =0, in which R' is of a lower degree in respect 
to z than R. And we may thus continue until a remainder, R'' 
for example, is obtained independent of z. The original sys- 
tem, A as 0, B s=s 0, may then be replaced by the system R' as 
0, R'' sO, in which R" contains y only, and R' is generally of 
the first degree in z. The equation R'' = 0, from which z is 
eliminated, is called the^SnoZ equation. 

The values of y being obtained from the final equation, those 
of X will be easily found; and thus the systems of values lor x 
and y, proper to satisfy the proposed equations, be determined. 

Ex. 1. To find the values ofz and ^ in the equations 

» +y — 8«0. 
Applying the process of the greatest common divisor, 

z' + iy — Sjz I x — y + 8 

-(y — 8)a:— y« — 34 
— (y — 8)^ — 3^+163^-64 

2 y* — 16 y + 30= Remainder. 
Patting this remainder equal to 0, we have for the final equa- 
tion, y» — 8y+15 = 0. 

Resolving this equation we obtain ya=3or5; and, substi* 
tuting in the divisor, we obtain for tiie corresponding values 
ofZfZs=5 or 3. Thus the system of values for z and y, 
which satisfy the proposed equations, are y ss 3, 2 s= 5, and 
ysszb,z = 3. 
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Ex. 2. Find the yalaes of x and y in the equations, 
^2^ + y* — 333 = 0, 
xy' + y— 21 = 0. 
Ans. ^ = 3, 2= 2, or y = 18, X = j^^. 
Ex 3. Find the values of x and y in the equations 
4x — 2y+ y»— 11 = 0, 
a:-f 4y —14 = 0. 
Ans. y = 3, a: = 2, ory= 15, « = — 46. 

260. In the process for finding the greatest common divisor, 
it may he necessary, in order that the division may he exactly 
performed, to multiply one of the quantities hy a factor contain^ 
ing y. In this way roots may he introduced into the final 
equation foreign to the proposed equations, and which must he 
rejected. 

In like manner, for convenience, factors containing y may be 
suppressed in the course of the operations, which, when put 
equal to 0, may give values for y proper to satisfy the equations, 
but which, from the suppression of the factors, will not he found 
in the final equation. We must, therefore, in order to a com- 
plete solution, make the factors introduced or suppressed equal 
0. We shall thus establish relations which, with the final 
equation, will enable us readily to detect the foreign solutions 
and to determine all the values of the unknown quantities 
proper to satisfy the proposed equations. 

261. Various simplifications may be introduced into the opera« 
tions, and the process improved so as to avoid the foreign solu- 
tions. The general idea of the process we have "given is all 
our limits admit. We subjoin a few additional examples. 

Ex. 1. To find the values of x and y in the equations, 
a:*— ^ — 6a: — 9 = 0, 
a^ + 2xy+ y2_i = o. 
Ans. y = — 1, a: = 2, and y = — 2, a; =a 1. 
Ex. 2. To find the values of x and y in the equations, 
a:3_3yaj»+(3y« — y+l)a:-3^ + y» — 2y = 0, 
a?^2yx +f — yz=0. Am. x = 2,7=l. . 

28 
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Ex. 3, To find the TBlues of z and y in the equetions* 
ya»-(/-3y^l)»+y = 0. 

Ana. The equations aie incompatihk. 
It will be easy to aee how we aie to proceed widi thiee efua- 
tioiis with three unknown quantities, and so on. 

SECTION XXBL iMFnnn Sbriss. 

90S. An infinite series is one in which the number of tenns 
is iinKinitoKl ; the law of the series being generally discoTeiabfe 
•f <A ^xuounation of a few of the terms. 

A wni9vrgmg series is one whose successive terms deoreassi 
or become less and less. 

A a^ergmg series is one whose successiYe terms increase, or 
become greater and greater. 

An atcending series is one in which the exponents of the 
unknown quantity continually increase; and a denosniin^ series 
is one in which the exponents continually decrease. 

When the tbIuc of an algebmic expression cannot be exadif 
determined, we expand the expression into a series, and thus 
endeaTor to obtain an approximate value. We have, therefeie, 
two questions to solve in respect to series. 1^. To eiqiaad 
algebmic expressions into series. 2^. To find any term of a 
series, and the sum of all the terms. 

UNDETSBXmBD COEFFICIENTS. 

263. In the development of algebmic expressions in series, 
the method of undetermined coefficients is found of great 
utility. 

We will give a brief exposition of this method. 

Let there be the equation, 

= A + Bx-i-Cx' + J)3^+ ... 
in which the coefficients A, B, C . . are independent of x; it is 
leqittiied ti determine these coefficients so that Ifae equation 
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iHay be titnt ^atever vahid is assigned to x. Sinc&tibe eiMi& 
cients A, B, G . . are to be determined, they are on this account 
called undetermined coefficients. 

Since by hypothesis the proposed equation must be true, 
whateyer value is assigned to Xj it must be true for the particu- 
lar value x = 0. Putting x == 0, the equation is reduced to 
OaaA; we have, therefore, A^O. Substituting th^ value 
of A in the equation, and dividing both sides by x, it becomes 

= B + Cx-f-Dx24- .. 
but since this equation must also be true whatever the value of 
ar, putting a; = 0, we obtain B = 0. By the same course of 
reasoning if may be shown also that 0=0, D = 0. 

If, then, we have an equation of the form 

= A + Ba:4.Ca:' + Da:»+&c., 
in which the coefficients A, B, C, &c., are independent of x, in 
order that the equation may be true whatever value is assigned 
to X, each separate coefficient must necessarily be equal to zero. 

This is the principle upon which the method of undetermined 
coefficients is founded. We pass to some applications of the 
method. 

Ex. 1. Let there be a dividend x^ --px-^p', let the divisor 
be a; — a, and the quotient x — q; to determine the conditions 
necessary in order that the division may be exact. 

Since, when there is no remainder, the divisor multiplied by 
the quotient should produce anew the dividend, we must have 

{x — a) {x—q)=i3? — px-^-p^ 
or, performing the multiplication indicated, transposing and re- 
ducing, * 

= (a + g — ;?) a: + (p' — ag) ; 
but since this equation is true whatever the value of a;, we must 
have 

a 4"? — jp=0, and/ — agsssO; 
eliminating q from these last, we obtain 
a^ = ap^pf. 

In order, therefore, that the division may be exact, ih 
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hare the relation a' == a p — p', or, which is the same tiling 

Ex. 2. Let it be proposed to decompose ^ — ^ — -^-^ into 

fractions, whose sum is the giren fraction, and whose denomi- 
nators are the factors of the given denominator. 
The factors of the denominator are 2 — 3, a; — 2 ; we assume, 

therefore, 

3 + bx ^ A B 

(a:— 3)(x— 2)"x — 3"^a; — 2' 
Freeing from denominators, transposing and reducing 
= (A + B— 5)a:— (2A + 3B + 3# 
whence A -f B=5, and2A + 3B = — 3; 
from which we obtain A = 18, B = — 13, and we have 
34.5a: _ 18 13 

aJ»_5a; + 6~a: — 3 ar — 2" 
Ex. 3. Find for A and B values, such that we may have 

1 + dz _ A B 

\ — 1. _R"r 



(a: — 6) (a: — 3) a:-6~a;-3' 

Ans. A = 26, B=-17. 
Ex. 4. Find for A and B values such that we may have 

3a; — 5 A B 

(^^ir4)(a: — 2)~a: — 4 a: — 2* 

Ans. A = J, B =s J. 
264 We proceed to the application of the method to t{^e 
development of algebraic expressions in series. 

Ex. 1. Let it be proposed, to develop the expression in 

series, according to the ascending powers of x. In order to this, 
we assume 

--^ = A + Ba: + Ca:» + D«» + Ea?*+ . . . 

* ~f* X 

die co^Scients A, B, G, being independent of x. 

Freeing the first member from its denominator, transposing 
and arranging with reference to a;, we obtain 
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-zl a| b| cl 

we hare, therefore, the series of equations 
Az — «==0iB«4-A = 0, Cr+B = 0, D;r4-C = 0, &c. 
from which to deduce the values of A, B, C, &c. Performing 
the opemtions and substituting in the assumed expression, we 
obtain for the derelopment required 

Ex. 2. Expand the fraction •= ^ — r—^ into an infinite 

series. 

Assume ^_^^^ =A4-Bz + ^^ + D^ + E^ + 

&c. 
Freeing from denominator, transposing and reducing 



:A+ B|a:+ C 

— 2A — 2B 

A 



a:*+ D 
-2C 
B 



a:8+ E 
— 2D 
C 



from which we obtain A = 1, B = 2, C = 3, D = 4, &c., 

whence = -L__= 1 4-2a: + 3a:» + 4a:» + 5a:«+ &c. 

1 — 2x + ar I I I I I 

1 4-2« 
Ex. 3. Expand the fraction ^ _^ into an infinite series, 

Ans. l+3a: + 4a:> + 7a:»-f llar*+18a;* + 292:«4.,&c 

l + 2« 
Ex. 4. Expand , "^^ into an infinite series. 
^ 1 — 3a: 

Ans. l + 6:r + 15a:»+46a:» + 135ar*+, &c. 

What is the law of the coefficients in the three preceding 

series ? 

Ex. 6. Derelop (a — a:)**in series. 

Assume(a — a:)*=A + Ba: + Ca:» + Da;» + &c. 

Squaring, (a— a:)=A»+2ABa:+ B«(a:»+2BC|x»+ &c., 

2AC| 2AD| 

whence A =a* , B = — ^r— r, C = — tttt-t &C'» 

from which the development sought will be easily obtained. 
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265. Let it be required next to expand 5— —-^ into an infi* 
nite series. 

If we assume ^— -— 5 = A 4- B a: + C a:* -f D a*+, fcc., and 

determine the coefficients accordingly, we shall have — 1 = 0, 
3 AssO, 3 B — A = 0, &c., the j&rst of which is absurd. 

The proposed cannot, therefore, be developed in this form. 
Indeed, if we put in the proposed fraction :r = 0, the fraction 
takes the form of infinity. The development, therefore, for this 
hypothesis, should take the same form. But in order to this it 
must contain, it is obvious, a term in x with a negative exponent. 
We assume, therefore, 

_l—^=Aari + Ba:« + Cx + Da:>+Ea:» +,&»•, 

from which we obtain successively 

It is usual to assume the development so that it shall proceed 
according to the ascending powers of x, beginning with a?. But 
fliiB form will not always apply. And in any case in wkidi it 
is not applicable the fact will become evident, as in the preced- 
ing example, by the appearance of some absurdity in the result 
^f the operation. 

The form which the development should take may, in 
general, be discovered at the outset, by putting a? rs in the 
function to be developed, and observing the result. If the func- 
tion, on the hypothesis a; = 0, is finite, the development should 
be taken according to the ascending powers of x, beginning with 
2*. If the function on thb hypothesis becomes 0, the first term 
of the development should contain x. If it takes the form of 
infinity, the first term of the development should contain x with 
a negative exponent. 

266. The following miscellaneous examples will serve as an 
additional exercise. 
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t I J, 

Bx. 1. To derelop , ' in series. 

Ans. 1-f S2;-f 2a^-f-2j^+,te. 
Ex. 2. Derelop 7=— j — r5 in series. 

Ans. 1 — 2:f + 3a:» — 4a;» + 5a:*— ,&c. 

Ex. 3. Expand (1 — z)^ into an infinite series. 

. ^ z a^ 3a^ 3.5a^ . 

^- ^"2-23^23:6 -"2A6l-"'*^- 

3:e*— 1 

Ex. 4. Decompose , _i_i\ , rr ^^ partial fractfoos. 

a: (a; -f- 1) (x — 1) 

* 1,1.1 

Ans. - + 



z^z+i^z—r 

The Differential Method. 

267. Let there be any series represented by a, b, c, d, &c. ; 
if we subtract the first term from the second, the second from 
the third, and so on, the differences thus obtained will form a 
B8W series called the Jirst order of differences. If we subtract 
figain, the first term from the second, the second from the iMti, 
&c., in this last series, the differences thus obtained will fon& a 
third series, called the second order of differences, and so on. 

Thus, the series of square numbers, with the several orden 
of differences, is as follows : 

1 4 9 16 25 36 49 
3 5 7 9 11 13 Ist Difference. 
2 2 2 2 2 2d « . 

3d «« 

If in a proposed series the first differences are all the same, 
«r constant, the series is called a difference series of the Jirsi 
iprder. If the second differences are constant, it is called a 
difference series of the second order, and so on. Thus, th6 
MII98 ef square mimbeis above is a difference series of the 
se3ond order. 

Ex. Of what order is the series 1, 4, 10, 20, 35, 56 ? 
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268. From what has been done we shall have the foUowmg 

questions to solve in respect to series : 1". To find the succes- 

rive differences of the t^rms of a series. 2^. By means of 

these to find any intermediate term, and the sum of all the 

terms. 

1. Resuming the general series, we have 

a, b, c, df 0, &c. 

3 — a, c — i, d-^Cf e — d 1st Diff. 

e—2b + a,d—2C'\' b, e—2d+c 2d " 

J_3c+3i— a, &c., 3d " 

tt 

If we now represent ihe first terms of the successive orders 
of difierences by Di, Dj, &c., we shall have, reversing the order 
of the terms, 

Di=— a+ b 

D,= a-'2b+ c 

D3 = -.a+3i — 3c4-i 

D4= &c. 
In which it will be perceived that the coefficients of the several 
terms correspond with those in the expansion of a binomiaL 
And we shall have, generally, 

the upper sign corresponding to the case in which the difierence 
is even, and the lower to the case in which it is odd. 

By means of this formula, we readily find the first term in 
any order of difierences. 

Ex. 1. What is the first term of the third order of difierences 
in the series of cubes 1, 8, 27, 64, 125, &c. ? 

In this case, n being odd, we use the lower signs of the for- 
mula, and we have 

D8 = — 1 + 3.8 — 3.27 + 64 = 6. 

Ex. 2. What is the first term of the fourth order of diflbr- 
I in the series 7, 12, 21, 36, 62 ? Ans. 3. 
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Ex. 3. What is the first term of the fifth order of differences 
in the series 1, 6, 21, 56, 126, 252, &c. ? Ans. 1. 

. 2. Let it he required next to find any intermediate term of 
the series. * 

From the expressions D^, Dg, D^, &c., we ohtain 
b = a+ T\ 
c = fl-f2Di+ Da 
rf = a -|-3 Di +3 Da + Dj, 

in which it will be perceived that the coefficients of the sncces- 
sire terms are the coefficients of the power of a binomial one 
degree less than the number of the term ; whence, putting L 
fiir the nth term of the series 

L=a + («-l)D, + (n^l)!i^D,+ .. 

The series will terminate if the differences become after a 
certain order. Otherwise it will be infinite, and L can be deter- 
mined only approximately. 

Ex. 1. What is the 50th term of the series 1, 4, 8, 13, &c. ? 

Here fl = l, Di==:3, Da = l, Ds=0. Ans. 1324. 

Ex. 2. Required the tenth term of the series 1, 4, 8, 13, 19, 
&c. Ans. 64. 

Ex. 3. Required the twentieth term of the series 1, 5, 15, 35, 
70, 126, &c. Ans. 8855. 

Ex. 4. What is the twelfth term of the order of cubes, or, in 
other words, what is the cube of 12? Ans. 1728. 

3. Let it be required next to find the sum of any number n 
terms of the series 

a, b, c, <2, e, &c. 

Assume the series 

0, a, a -|- (, a -|- 3 -}~ ^> ^ + ^ H~ ^ H~ ^> ^' 
Subtracting each term from the next succeeding, we obtain a, 

bf c, df &c., the proposed series. From this it follows that the 

sum of n terms of the proposed series is the {n -|- l)th term of 

the assumed series, and that the nth order of differences in the 

fiist series is the same as the (n -}- l)th order in the second 
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We diall hare, therefore, by snbstitatiDg m the formula for L 
above, 

for a, « + ^ f^ ^» ^ ^^ ^i» ^i ^^^ ^2» *^'> • • • 
S = «a + n!i^D. + « ^"-^^.<"-'^ D,-h... . 

which is the expression for the smn of any number n terms of 

the series. 
Ex. 1. Required die sum of 12 termd of the senes 

1, 4, 8, 13, 19 

Here a= 1, Di==3, Da=^ 1, Ds=0, n= 12. Ans. 430, 
ESx. 2. Required the sum of n terms of the series 1, 2, 3, 4, 

5, &c. . n' + It 

Ex. 3. Required die sum of ten terms of the series 1, 5, 16, 
36, 70, 126, &c. Ans. 2002. 

Intebpolation. 

269. The formula for L may be applied to the process of 
i&terpolation, or that of finding numbers intermediate belww n 
those contained in tables. ^ 

Suppose that we have a table of the square roots of numben, 
from 1 to 100, and that we wish, for example, to insert the 
square roots of the intermediate numbers to every ^ of a unit. 
If the first difierences of the roots of the numbers already in tibe 
tables were constant, we should have merely to find proportional 
parts of the difierence between any two consecutive roots, which 
we should add to the rooto respectively. This would be 
the method by first difierences. But the first difierences not 
being constant, the second mtist be taken into consideration, 
and M> on, until the difierences beccnne constant, or the requisite 
degree of approximation has been obtained^ For this purpose 
we employ the formula L above. Putting, for convenience, te 
thift formula n, to represent the distance of any term from €it 
fiitt, we have x=ssn — 1, and the formula beccHues 
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= « + ^D, + i^^D,- 



x{x — l) (g— 2) 



D«-f •. 



2 ^^^ 2.3 

Let three contiguous numbers of the table, with the square 
roots and differences to Dg, be as follows ; it is required to find 
the square root of 94^, or 94.25. 



No. 


Square root. 


A 


D, 


94 
95 
76 


9.69536 
9.74679 
9.79796 


.05143 
'.05117 


-.00026 



In the present case we shall hare a ss 9.69536, Di sas .05143, 
Dsas= -r- .00026, and ar = i j whence 

L = 9.69536 + i (.05143) +^(.00026) 

= 9.70824, Ans. 
Sx. 2. Given the logarithms of 6, 7, 8, 9, and 10, to .fipd 
that of 6.5. 



No. 


Logs, 


Di 


D, 


D. 


D4 


6 
7 
8 
9 
10 


0.778151 
0.8^098 
0.903090 
0.954243 
1.000000 


.066947 
.057992 
.051153 
.045757 


— .008955 

— .006839 

— .005396 


.0rf2116 
.001443- 


-000673 



- L = a4-jDi— iD2+TVl>8— T^D4=0.812901 Ans. 
Ex. S. Giyen the natural sine of 37'' equal to .60182 

SQ^ « 61566 

" « 39* " .62932 

« 40* « .6427l> 

to find that of 37* 30'. Ans. .60876. 

Summation of iNFmriE Series. 

270. The summation of an infinite series consists in finding 
a finite expression equivalent to the series. 

Since the sum of a series must evidently depend upon the 
law of the series, no formula can be given for the summation of 
series which will apply universally. A great variety of useful 
series may be summed by the following principles. 
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Let theie be a series, the tenns of wfaidi sliall be 
by the firaction, 

J 1/? ? 



whence 



n{n+p) 



p\n 



n+P, 
9 



;) 



- 1 its 8aiii« it 



If, ihen, a series be represented by — ; — -. — r , 

n {n+p) 

evident, will be equal to a |ith part of the difference of the two t 
series represented by - and — 7 — . 

Ex. 1. What is the sum of n terms of the series 

-L J_ -L JL 

IJ2' 2.3* 3.4' 4.5 •• 
Here, in the gieiieral term q=t 1, ^==1, nsss 1, 2, 3, &e., 
whence we have for the sum S, 

^ 3"^" n 1 !t_ 

— 1_1_ _1 1_ > — n + V 

2 3 •• n n + l J 

If n e= QD, the sum, it is evident, will be 1. 

Ex 2. What is the sum of n terms of the series 

U' SA' 6?7' 7:9' 931-toinfimty. 
Here gs l,p=2, and n= 1, 3, 5, 7 . . . ; whence 



'=i+5+k 



s-^ 


1 1 1 


1 




2 , 


' 2«— 1 

1 


1 


n 


L 3 5~7"' 

Ana. 


2«-l 


2«+l 



2n+r 
If n = QD, the sum, it is evident, will be ^. 



,,d^ ■ 
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U^.xAjLXxkIA it '< 






. ^ 



v i » 



'J i <.VV 



i K 



«"'^C.i .^ -v-t y" 



/^ N i 



r/:.t.(^ r r .^ 



f .} I 



C'r\ 



A ./ 



.'• :.C 



> c'r 






''''"l ''"': P^^/. ..:> 



.; '"■ 



^ 'J 



Ht -; 



/' 



A 






U ; 



^< 



5 ■ / , l 



^-i^'- .,'-•,. 



hi'' 
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FROM 



XjuJUU C,.<»-UUr#U« 






^^ 
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Darvart) College Xibrari? 


FROM 


TvJUlX ^^^-«»^^^ 
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-Si% 
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